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This Edition has been edited by Professor James 
Thomson, E.R.S., Professor of Civil Engineering in the 
University of Glasgow, and Professor Sir William 
Thomson, E.R.S., Professor of Natural Philosophy in 
the University of Glasgow and Eellow of St. Peter's 
College, Cambridge, two sons of the Author. They 
have taken greater liberty with the original text than 
other editors would have been entitled to take. Con- 
siderable changes and additional explanations have 
been introduced by Professor James Thomson in the 
earlier chapters of the work, up to Discount. Several 
of the later and less important chapters have been 
abridged. In the chapter on Annuities new informa- 
tion has been introduced, to bring it up to date, accord- 
ing to the practical experience of modern life offices. 
The chapter on Exchanges, which had been revised 
many years ago, after the gold discoveries, by Dr. W. 
Neilson Hancock, formerly Professor of Political 
Economy in the University of Dublin, has been again 
revised by him for changes consequent on the deprecia- 
tion of silver. The whole work has been edited by 
Professor Sir William Thomson. 
Ukivbrsitt, Glasgow: 1880. 



A 3 



AUTHOR'S PREFACE 

TO 

THE TWENTY-THIRD EDITION. 



•*0»- 



The object of the following treatise is to present a fall 
and regular course of wliatever is useful in arithmetic. 
With this view, rules are given for performing all the 
requisite operations, and are illustrated by many ex- 
amples ; and numerous exercises are prescribed, to afford 
the pupil that practice which alone can produce expert- 
ness and accuracy in the management of numbers. 

The more important of the definitions and rules are 
in the largest type employed in the work, and are such 
as some teachers may perhaps consider it proper for the 
learner to commit to memory : the examples and exer- 
cises, and the principal illustrations, are in a character 
somewhat smaller : the less important illustrations and 
remarks are in a type still smaller, and may perhaps be 
omitted by the younger pupil : and the notes contain 
miscellaneous information, which may be interesting to 
many readers. 

The reasons of the rules and operation are explained, 
not in strict, formal demonstrations, but generally by 
simple and easy illustrations of particular cases and 
examples ; and it is hoped that the subject will thus be 
rendered intelligible and attractive to the learner. This 
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part of arithmetic is too generally neglected, both in 
treatises on the subject, and in teaching : and thus one 
of the principal divisions of mathematical science is 
converted into a mere practical art ; and what is pecn- 
liarly fitted to call forth and improve the reasoning 
powers, is degraded into a dry exercise of memory. It 
will be found also, that, besides acquiring intelligence 
and habits of inquiry, so useful throughout life, the 
pupil who is taught to understand the reasons of the 
various processes, will find the study much more agree- 
able than if it were pursued in the usual way, and he 
will become more expert, and will acquire a much larger 
amount of real and substantial knowledge, than he 
otherwise would in the same length of time. 

Of the examples and exercises, some are proposed in 
purely abstract terms, being intended merely to afford 
practice to the learner in the rules and modes of calcu- 
lation. In addition to these, there are given, in the 
parts of the work in which it could conveniently be 
done, other questions, which will not only afford the 
pupil farther exercise on the rules that precede them, 
but will also furnish him with many important facts in 
geography, astronomy, chronology, and other depart- 
ments of knowledge. As the information contained in 
these questions has all been derived from authentic 
sources, its correctness may be depended on ; and it is 
hoped, that what is thus presented may excite in the 
young reader a desire to enrich his mind, by the acqui- 
sition of other information of a similar nature. 

The principal and more important parts of the work 
have been explained and exemplified more largely than 
the rest ; and in these parts a greater number of exer- 
cises have been left unwrought for the improvement of 
the pupil. Thus, the simple and compound rules, pro- 
portion, practice, interest, and exchange, have been 
treated at considerable length ; and much care has been 
taken to render the operations employed in them as 
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simple and easy as possible. Specimens of tlie most 
common and nsefol kinds of merchants' accounts, snch 
as invoices, sales, accounts cnrrent, <&c., according to 
modem and approved forms, are likewise given, and 
will be found to form useful exercises for pupils wlio 
may be intended for tbe counting-house. 

Some subjects are omitted, which in several works 
on arithmetic are given at considerable length. Such 
is barter — an application of the rule of proportion, 
which is of scarcely any use as a part of mercantile 
arithmetic. Neither has the method of calculating 
annuities at simple interest been introduced; as it is 
unjust in principle, and, in real transactions, all calcu- 
lations regarding annuities are made according to the 
principles of compound interest. Many applications of 
the rules to the circumstances of bodies in motion, and 
to other subjects in natural philosophy which have been 
given in works on this science, have also been omitted, 
as the mere arithmetical pupil cannot be acquainted 
with their principles. Other subjects, however, have 
been introduced, which are little known, but which can- 
not fail to be interesting to the more advanced student. 
Such are continued fractions, the theory of scales of 
notation, and the article on mental arithmetic. Great 
improvements have also been introduced in the extrac- 
tion of roots. 
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TREATISE ON AEITHMETIC 

THEORY AND PRACTICE. 



INTRODUCTORT EXPLANATIONS. 

NoTB. — This chapter of Introductory Explanations is meant 
rather for the consideration of teachers, and for affording sug- 
gestions towards Terbal explanations from them to their pupils, and 
for affording information to advanced learners, than as a passage 
to be continuously studied by young beginners. 

Arithmetic * is the science of numbers and of quantities 
expressed and considered nninerically. 

It has to do with the question how many ; and it has 
besides to do with the question how much, when the 
answer is to be by a number or combination of numbers. 

It may now be asked, JVhat is numher, or what are numbers f 
To this question there is no short reply possible. Notions of num- 
bers are arrived at in many ways ; and, indeed, by every intelligent 
mind considerable progress is made in their acquisition even in 
early childhood. By consideration of a few examples, such as will 
now be briefly sketched out, the learner may acquire clear funda- 
mental notions respecting the nature of numbers, or may get his 
existing knowledge extended or confirmed. 

If we put a pebble into an empty basket, we say there is one 
pebble in it. If we put another in, we say there are now two in it, 
or we say that the number of the pebbles in the basket is two. If 
we put again another in, we say there are three in it, or we say that 
the number of the pebbles is tkrte. If, at the same time, a farmer 
puts ji sheep into a field where there was none before, we say there 
is one sheep in the field. If he puts another in, we say there are 
two in the field ; and if he puts again another in, we say the number 
of the sheep in the field is three. Now, the group of sheep in the 
field is very unlike to the group of pebbles in the basket; but, in 
one respect, the groups can be perceived to be perfectly alike, and 
that quality or character of likeness is expressed by saying that the 

* The namt arithmetic is derived from the Greek word arithmas» number, 

B 



^1 



2 INTROPUCTORY EXPLANATIONS. 

two gpoupi" are alike in number, or are of the same number, or that 
the number of the eheep is the same as the number of the pebbles. 

Again, if yet another pebble were put into the basket, and 
anotlier Hht-ep were put into the field, there would be a new number 
of pebbles and a new number of sheep, and the two groups so 
arrived at would be again perceived to be perfectly alike in one 
character, while quite unlike in every other respect. This character 
in which sameness can be perceived in the two new groups is still 
called number, and the new number now arrived at, different from 
the number which was before attained, and was named three, is 
called the number four, . 

We can after this go on indefinit<»ly, increasing the number of 
the pebbles, or of the sheep, or of both, by continually adding one 
more to those already put together ; and we can give a new name to 
each new number arrived at, which is more by one than the previous 

number. , 

It is scientifically proper, and it is essential for practical con- 
venience (although sometimes misfitting awkwardly with the arbi- 
trary structure of the English and of many other languages), to 
call one a number, as well as two, three, four, fc. ; and thus to 
maintain freedom to say, when only one pebble is in the basket, that 
the nurnber of pebbles in it is one ; or freedom to say, that if pebbles 
are from time to time put in and taken out, so that the number in 
the basket is to be considered as varying, we may have the number of 
the pebbles in it, for instance, three, then^wr, then tuH), and after- 
wards <me. This is to the same effect as to speak of a group of 
things being changed in its number till we have to regard the group 
as being reduced to only a single one of the things which might be 
brought together into it. 

^metimes also even zero, or nought, is called a number ; but this 
application of the term " number" can scarcely be supported, unless 
occasionally for convenience, and with some correction mentally in- 
troduced ; since 0, nought, or zero, expresses the absence of any one 
or more of the things contemplated as counted or expressed. As a 
matter of convenience, however, it is allowable to make such state- 
ments as that the numbers of births in a town on five successive 
days were 3, 1, 2, 0, and 4 ; and the extension of the signification 
of the word "number" in this way is scarcely, if at all, liable to 
introduce any perplexity or any inaccurate modes of thought. 

The explanations now given are sufficient to show fully what is 
the character of groups of objects which can properly be called their 
number, and to specify the different characters which can properly 
be called different numbers, and which are distinguishable by differ- 
ent names, as one, two, three, four, five, six, seven, .... eleven , 
• . . . seventeen twenty-four, &c. 

Besides numbers, properly so called, there are very important 
numerical expressions, which may be called /ror^Kmo/ numerical 
expressions, such as one half two thirds, four and three fifths, seven 
and two tenths and three huncbrdths— or, as they may also be 
written, J, 1, 4|, 7'23 — to which the designation number is frequently 
applied. The application of the word " number** to such fractional 
numerical expressions, although sanctioned by very frequent usage. 
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inTolres, unfortunately, ambiguity in language, and tends to intro- 
duce perplexity in thought. It is indeed esfientially inconsistent 
with the employment of the word " number " in the simple sense 
which has been already explained, and which is certainly sanctioned 
by universal usage as the primary or fundamental meaning of the 
word. Fractional numerical expressions ha^ no direct applicability 
in counting the number of sheep driven into a field, or of rough 
lumps of broken stones which might be put into a basket, and 
which, though different in their sizes, and in their forms, and in 
their material — some being perhaps of basalt, some of flint, and 
some of slaty rock — might still be perfectly well used as counters 
to indicate the number of sheep put into the field. A living sheep 
can only be counted properly as one : it cannot be regarded as made 
up of three third parts of a sheep, each alike with the other two. 
Also we cannot put 4| rough fragments of stone into a basket ; if 
we put four in, and then, for the half, break another stone into two 
parts, and put one of those parts into the basket, we shall find that 
we have really put five pieces of stone into the basket. But other- 
wise and indirectly fractional numerical expressions may be used 
for expressing numbers of individual objects by the device of using 
groups of those objects and fractional part^ of a group, as when 
we speak of 4^ dozens of eggs, or df millions of persons ,* but in 
each case here we state directly, not the number of individuals, but 
the number of groups, and we superadd a fraction of a group ; and 
by custom we often slip into speaking of the number and the frac- 
tion jointly as being a fractvmal number. Again, though, as we 
have seen already, we c^innot put four and a half rough fragments 
of stone into a basket, yet we can perfectly well put four pounds 
of butter and half a pound of butter, or what for brevity is called 
four and a half pounds of butter, into a basket. We here meet 
with a very important distinction in passing from the counting of 
individual objects, such as fragments of stones, to the numerical 
statement of quantity of any kind of indefinitely divisible thing, such, 
for instance, as quantity of butter. We are passing from the one 
province of arithmetic which has to do with the question how many^ 
and entering on the other province which has to do with the question 
how much. It is only in giving numerical expression to the much- 
ness or quantity of things that fractional numerical expressions un- 
avoidably arise ; they have no applicability in expressing directly 
the numerouaness or the number of individual objects, though indi- 
rectly they can be used for making known the number of individual 
objects by taking the objects in groups, and then stating, not the 
number of the objects themselves, but the number of groups and the 
fractional part of another group, as when we say 6 millions of per- 
sons and f of another million, or briefly 5^ millions of persons. 

Fractional numerical expressions are referred to at this place 
merely to notice them in connection with the meaning of the word 
" number," and to make early mention that they are distinct from 
numbers properly so called, and to state that though they are often 
spoken of as numbers, yet this arises through imperfections of the 
language which has been handed down to us from remote times, im- 
perfections which the people at any period living in the world have 

b2 



4 INTRODUCTORY EXH.ANATIONS* 

not power completely to amend.* The meaning of these remarks 
about fractions will be more fully appreciated by the learner when 
he comes to study the explanations of fractions which will follow 
at various places in this treatise. 

It is proper to notice that things which can be counted or 
characterized by number, through the statement of how many there 
are of them, are not necessarily tangible objects of bodily substance, 
such, for instance, as pebbles, sheep, houses, &c. The word thing 
may be taken in a very general sense to include any article j events 
extent of time, extent of space, or other object of our conception 
which can be considered by itself, and also as associated with others 
like itself. Then a single thing is sometimes spoken of as one of 
its kind of things, and sometimes it is called a unit. A group or 
assemblage of any of those single things, as, for instance, a dozen of 
them or a million of them, is itself also an object of our conception ; 
and may, when we please, be treated as a single thing, or as a unit, of 
which we can count two, or three, or five, or any otlier number. The 
treating of a number of objects as a " unit," meaning one group, 
and then expressing by a nuTuber how many there are of those ones 
or single groiips, is a process of thought which has very important 
applications in arithmetic, especially in fractional arithmetic. 

Now for giving numerical expression to quantities of things, as, 
for instance, to quantities of money, of weight, of time, or of length, 
a particular quantity of the thing to be dealt with is in some way 
specified, and is called a iTNrr of that thing-; and to that unit some 
nanie, or denomination, is usually given. Thus a pound sterling is 
a unit of money, an ounce is a unit of weight, an hour is a unit oi 
time, and a foot is a unit of length. The selection of the unit in 

* As one step towards abating the difficulty and p?rplexity of language hero 
referred to, and also for the sake of brevity, we may, when we find it convenient, 
call a fractional numerical expression by the shorter name & fractional numeric ; 
and we may use the name numeric to signify mmwrical expressions, whether 
numbers properly so called, such as one, two, three, four, .... eleven, .... seventeen, 
drc, or fractional numerical expressions, such as |t |, 4|, 7*23, &c. This nomen- 
clature will at once supply us with (what is at present an important desideratum) 
a word free from ambiguity for what is implied by " nnmb^ " when used in its 
extended sense, or a single word which will briefly and precisely express what is 
often designated habitually by the inconvenient name in four words, " whole 
number or fraction,** Further, it would, if it were once sufficiently established in 
use, allow of our practically keeping the word " number " for its own proper 
signification, saving us from being obliged to use or interpret it in some cases 
as restricted to its proper signification, and in other cases as extended so as to 
include fractional numerical expressions. It is difficult, however, to make any 
considerable change in language which is already established in customary use, 
and in the present treatise no complete reform will be attempted. The eflfort 
will be to .t?ach almost exclusively the ordinary nomenclature in common use, 
and which ought to be made known to all learners of arithmetic in present 
times ; but still every eJQFort will be made to use to the best advantage the best 
parts of the ordinary modes of nomenclature, and, as far as possible, to avoid or 
to amend the more faulty parts. In this vray we must still be contented some- 
times to bear with more or less of the old incongruities and ambiguities in verbal 
statements ; and we must be ready to make adjustments or amendments by mental 
reservations or by temporary explanations. If a pupil were taught arithmetic 
from a book in which all objectionable or faulty nomenclature was completely 
obviated, he might sometimes be at a disadvantage in answering in competitive 
examinations to examiners using ordinary language, defective perhaps in pre- 
cision or in perspicuity, and might often in ordinary intercourse with other 
people be Insufficiently prepared for ready communication of ideas. 
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which ft quantity of anything is to be expressed is arbitrary ; and 
usually there are several units established in which quantities of a 
thing may be numerically expressed. Thus time may be expressed 
in years, in minutes, or in seconds, taken -as units, as well as in 
hours ; weight may be expressed in tons, in hundredweights, or in 
pounds, as units, as well as in ounces ; and so on. Sometimes one 
unit may be much more convenient than another for some particular 
purpose. Thus it may be mdre convenient to express a weight of 
coals as so many tons than as so many ounces ; and it may be con- 
venient to express a quantity of tea in pounds as units, and very 
inconvenient to express it in tons, or as a fraction of a ton, in such 
a way as will soon be explained. 

The unit having been selected, the quantity required to be ex- 
pressed is specified by stating the number of the selected units 
which would make up the quantity, if any number of them would 
exactly do so ; or, if not, then by stating the number of them, and 
the fraction or portion of an additional unit which would make up 
the quantity. One of the usual modes by which the magnitude of 
the fraction or additional part of a. unit is specified, either quite 
exactly or with sufficient nearness to the truth, is by conceiving 
the selected unit to be divided into any convenient number of equal 
parts, and taking one of these parts as a subordinate unit by which 
to measure the Actional part; the quantity of that fractional part 
being stated exactly, or approximately, by telling the nimiber of 
the suhordinate units that it contains. If, for instance, in order to 
measure the length of an object, we have selected the inch as the 
primary unit, and an eighth of an inch as. the subordinate xuiit, and 
if we find the length of the object to be 7 inches and 8 eighths of an 
inch^ we have got the length specified numerically through means 
of a known unit of length, the inch. We may, however, regard the 
result in several difiTerent ways. One way is to adhere to the mode 
of thought by which we have arrived at it, and so to consider it to 
be a numerical expression consisting of itoo distinct numbers^ 7 of 
one unit and 3 of a smaller unit of the same kind of thing — namely, 
length. Another way is to regard it as being 7 inchiss, and an 
eighth of a length of three inches ; so that in this way no mention 
nor thought of the subordinate unit, before dealt with, is introduced 
at all. In both cases the fractional part of an inch, required with 
the 7 inches to make up the whole length, is specified by means of 
three components — namely, the numbers 3 and 8, and the name of 
the selected unit of length, the inch — and so it is denoted as | inch. 
The numerical expression f in this is called a fraction, and is 
sometimes more particularly described as an arithmetical fracticn. 
The whole length then comes to be expressed as 7 inches and § inch, 
or more briefiy as 7| inches. Then as, in speaking of 5 inches, we 
say the number of inches is 6 ; or as, in speaking of 10 inches, we 
say the number of inches is 10 ; so, in speaking of 7| inches, we 
very naturally slip into saying that the number of inches is 7f. 
The occasional extension of application of the word " number" to 
fractional expressions in this way, while its primary and specially 
proper signification is also retained, and while statements about 
numbers are often made which do not hold good for fractional 
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numerical expressions,* has been noticed already as tending to am* 
biguity and perplexity. On the other hand, there are important 
advantages of convenience and of brevity in our agreeing to speak 
of the number of inches in a given length as being 6|, or of the 
number of gallons required to fill a cistern as being 5^, and in 
speaking often of fractional numerical expressions as being »«m^«. 
In fact, with the existing language available to us, we cannot avoid 
often using the word number in this extended way. Sometimes, 
for distinction, the true or proper numbers, such as 3, 4, 5, 17, 22, 
&c., are called exact numbers^ whole mmibcrs, or integers (the word 
integer being just the Latin word for whole\ and they may well be 
called proper numbers ; while such expressions as J, §, 7J, &c., are 
CAWodi fractions^ or fractional numbera, or fractional numerical ex- 
pressions ; but for brevity, or through inadvertence, such distinctive 
names are commonly neglected. Now, there is clearly a departure 
of our language from adaptation to any precise idea when we talk 
of a. fractional number of times a complete unitf or of a complete unit 
takm a fractional number of times; and instead of trying to bring 
out a clear notion from those words themselves, we are just to bear 
in mind that they are to be interpreted as meaning either a frac- 
tional part of a complete unit^ as in the case of ^ or |, or else a 
number of the units and a fractional part of another of them, as in 
the case of 7|. 

Often in practice a quantity of any kind of thing is expressed 

* In support of this assertion two instances may be cited, one exemplifying 
usage in practical business ofEairs, and the other exemplifying usage among 
scientific writers on aritiimetic. These two may soffioe, but the list might easily 
be extended indefinitely. 

In the public regulations for Post Office Savings Banks, issued by authority 
of the Postmaster-Gkneral, the intimation is made that " Deposits of one shillitig, 
or of any number of shillingsy or of pounds and shillings^ may be made by any per- 
son at the Post Office Savings Banks" subject to some provisions which need not 
be considered here, being mercly for assigning limits to the amounts which will 
be accepted as dejwsits from one person. Now, the words here quoted would 
convey a false statement of what the Post Office authorities really mean to an- 
nounce, if the word " number " were allowed to mean a fractional numerical ex- 
pression. The announcement is obviously framed on the presumption that the 
word " number" in it can only mean legally what in the present treatise in the 
text above is stated as its only proper signification— namely, what is commonly 

designated as "a whole number ; " as, for instance, 8, 4, 0,. . . .16 22, and the 

like ; but not 2^, 3|, 5'17, or the like. If an intending depositor, understanding 
the word " number in the extended sense in which it is very often and also quite 
authoritatively used, would offer a deposit of 8^ pounds, his offer would be re- 
fused, as it woujd amount to 3/. 12«. Bd., which is not contemplated in the regu- 
lations as an amount to be accepted as a deposit. 

Again, in the treatise on arithmetic by I^fessor De Morgan, an author justly 
recognised as of high authority in arithmetical science, we find the statement (in 
the chapter on Division, § 99, at page 48 of the dth edition, 1846) that "All 
numbers are measured ^ 1; that iSy contain an exact number of units." This 
statement, again, only holds good if the application of the word " number " to 
fractional numerical expressions is excluded. Throughout his treatise on arith- 
metic, indeed, he seems generally to have been very curef ul to avoid applying the 
name " number " to fractional numerical expressions. These he generally calls 
fractions, whether they be greater or less than one. He usually sp^iks of " num- 
bers " and of " whole numbers " as synonymous. But still occasionally he seems 
to slip, as others habitually do, nto speaking of a fractional numerical expres- 
sion under the name " a number," as, for instance, where (at page 82, § 161, of his 
6th edition) he speaks of a number of miles as havini^ been measured and found 
to be 17-846217 mites. 
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hy a number of units of it, each of one magnitude ; together with 
another number of units, each of a smaller magnitude ; and perhaps 
with other numbers of units of still smaller magnitudes added. 
Thus a quantity of money may be expressed by a certain number of 
pounds, together with a certain nimiber of shillings, and a certain 
number of pence, as when we state a quantity of money by the 
designation £26-15-11; and a period of time may be expressed 
as 6 hours, 23 minutes, and 18 seconds. Now, the expression 
£26-15-11 may properly be called. a numerical expression for a 
certain quantity of money ; and that numerical expression may 
properly be said to be made up of three numbers of three distinct 
units.* Any such expression is called a compound expression, and 
the quantity expressed is often called a compound quantity. The 
quantity so expressed is also spoken of as being expressed in units 
^ different magnitudes, or expressed in units of different deno^. 
minationSf or, briefly, as being a quantity in different denomina^ 
tiatis ; and the expression is said to comprise different units. When, 
a quantity is expressed by a number of units of it, each of one 
magnitude, it is sometimes spoken of as a simple quantity, or a 
quantity in one denomination, or a quantity expressed t?i units of a 
tingle d<nomination, or, briefly, a quantity expressed in one unit. 

A number is said to be abstractly considered when it is considered 
88 disassociated from any particular objects or units which it might 
count or characterize numerically, and as left applicable to things in 
general. For instance, when we say twice three are six, or four and 
three are seven, or 5 is contained 3 times in 15, the numbers are all 
abstractly considered. On the other hand, a niraiber is said to be 
concretely aonsidered when it is considered in connexion with some 
particular objects, or particular units of quantity, which it counts or 
characterises numerically. For instance, when we speak of 7 apples, 
5 horses, 3 ounces, or 8 yards, the numbers mentioned are all con- 
cretely considered. Numbers abstractly considered are often called 
abstract numbers, while numbers concretely considered are, on the 
other hand, often called concrete numbers. It ought not, jiowever, 
to be imagined that there are really two different k^nds of numbers, 
abstract and concrete ; the number in either case is purely a number, 
and not one kind of number out of more kinds than one. The 
whole expression five horses means a certain group of horses — a 
group characterized by the number five — and the/i;& in that expres- 
sion is purely a number. Also the whole expression eight yards is 
not a number, but is a quantity qf length, or is the expression for a 
quantity of length. The 8 in that expression is purely a number ; 
and if called a concrete number, the concreteness is merely in our 
employment of it as connected with the yard unit, so that the two 
come to denote jointly a quantity of length. 

^ « The practice, which is rather common, of calling such an expression as 
£26-16 -11 a number is objectionable, and can only be supported by gome rather 
ittnincd Yieni'B of the nature of the expression ; as, for instance. I y saying that 
the 15 in it means 15 times 12 of the penny un ts, and thtit 26 means 26 timos 20. 
times 12 of tho penny units, and that so the whole expression denotes in a 
complicated way a certain nimiber of the penny units. The simple state of the 
case is that the expression denotes 26 of the pound units of money, 15 of th« 
shilling units, and 11 of the penny units; and so consists of three distin<^ numbers. 
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It is important now to observe thnt fractions in arithmetic may, 
like numbers properly so called, be considered either abstractly or 
concretely. If "we speak of | of an inch, or | of a gallon, or ^ of a 
yard, the numerical expression §, occurring in each of these three 
entire expressions, is an arithmetical fraction, applicable alike to 
the inch unit, the yard unit, or any other imit of any other kind of 
thing measurable in quantity. We could speak just as well of f of 
a pound of matter, or f of a certain unit of power in steam-engines, 
water-mills, &c., called a horse-power. Thus the fraction f may be 
spoken of and dealt with as disassociated from any particukir kind 
of unit, but left applicable to units of quantity in general ; and in 
this way it is abstractly considered. On the other hand, the whole 
expression Jive eighths of an inch means a quantity of length, and 
that length may be called a fraction of an inch. That quantity of 
length may be exhibited to the eye, or submitted to the touch, on an 
ordinary foot-rule, or by a little piece of wire cut of that length. The 
piece of wire would show and preserve the length intended, without 
any reference to the inch unit being required at all ; but that same 
length, when specified by a numerical fraction § conjointly with the 
inch unit, in being named ^ of an inch, comes to be called a fraction 
of an inch. In this case the arithmetical fraction, being used con- 
jointly with the inch unit to specify a quantity of length, may be 
said to be concretely considered ; and corresponding statements might 
be made in respect to | of a gallon, f of a pound of matter, or f of 
any unit of any other kind of thing measurable in quantity. 

Throughout the foregoing explanations the word quantity has 
been applied in its proper sense, in which it is quite distinct from 
number, and signifies mtushness, or signifies what is contemplated 
under the question hoy) much ? In this proper sense a great gtian- 
tity of anything would mean much of that thing, while a great 
number ^of any things would mean many of those things. The word 
** quantity," however, is often extended in its' signification by being 
taken to sen^e indiscriminately as a designation both for number 
and for quantity properly so called. This occasional extension of 
meaning of the term is subject to the great objection of tending to 
ambiguity of expression and to confusion of ideas, but still it is 
80 frequent in the customary language of arithmetic, and more 
especially in that of algebra, that it ought to be known and under- 
stood. Indeed, the usage is so completely established in algebra 
that it can scarcely now be entirely discontinued ; but in all cases 
of its employment care should be taken to have the intended mean- 
ing sufficiently shown by the writer and properly understood by the 
reader. In respect to the correct uses of the words ** quantity " and 
*' number," it may be remarked that we cannot properly speak of a 
quantity of water as equal to a quantity of length or to a quantity 
of time, but that we can properly speak of equality between the 
number expressing a quantity of water, and the number expressing 
a quantity of length, and the number expressing a quantity oz 
period of time. 
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NUMERATIOI^r AND NOTATION. 

Numbers are usually expressed either by words or by signs or 
characters. The whole subject of the expressing of numbers is 
properly called Numbbation, and the part of it which relates to 
the expression of numbers by characters is called Notation.* 

In modern arithmetic all numbers are expressed by means of 
ten characters, or figures, called the ten digits,t which are shown here 
following : 0, 1, 2, 3, 4, 6, 6, 7, 8, 9. The first of these, called the 
cipher, or zero, or nought, indicates a place kept void from any other 
figure, and has important significance through the effects which 
it is capable of producing on the values or importances of other 
figures placed in connexion with it, as will soon be explained. The 
remaining nine denote respectively the numbers one, two, three, 
four, five, six, seven, eight, nine. These nine are commonly called 
the significant figures ; but this fSesignation ought to be abandoned 
as conveying essentially an erroneous idea, since the figure 0, in ex- 
pressing precisely the absence of the thing or things (or of the 
number applicable to things in general) that would be expressed by 
any other figure put instead of it, has quite as definite a significa- 
tion as any of the other nine. When a distinctive appellation id 
wanted, the figures 1, 2, 3, 4, 5, 6, 7, 8, 9, may be called the vaLva 
figures, and nought, 0, the void figure. 

When any of the nine "significant'* or value figures stands by 
itself or when it is followed by no other figure, it expresses merely 
its number of ones, or of single thiiigs counted ; but when it is fol- 
lowed by one figure it expresses its number of tens of the things 
counted; when by two, it expresses its number of hundreds of 
them ; when by three, it expresses its number of thousands of 
them ; and so on. Thus in 3333 each 3 stands for three of some- 
thing ; the first 3 at the right means three of the things counted ; 
the second signifies 3 groups of ten each ; the third, 3 groups of a 
hundred each ; an4 the fourth 3 groups of a thousand each. 

Thus in the expressions 5, 25, and 366 the figure 5 denotes 
simply five of the things counted ; while in 52 and 256 it means 
five tens of the things couuted, or fifty of them ; and in 524 it 
denotes five hundreds of them. Tlius the expression 576 means 
^\e hundreds, seven tens, and six units ; or, as it is briefiy read, 
five hundred and seventy-gix. 

When a number expressed by several figures h to be read off 
in words, the three next the right hand, taken together, are read as 

• The word numerati&n is frequently used, in a restricted sense, as meaning 
merely the method of expressing in words the valqes of numbers alr^y ez^ 
ptcsEed by characters ; while, in conjunction with that restricted signification, 
the word notation is applied to the reverse process of exprfessing by characters 
nambers already given in words, or else to the process of expressing them by 
ciiaracters when they aie givcu in any way ; as, for instancy when a group of 
objectB is given to be counted, and the number is required to be noted in charac- 
ters. It is better to apply the name numeration to the whole subject than to 
restrict it to one part. 

t The name digit is derived from the Latin word digitiu, finger. The ten 
fi^rores iised in arithmetic arq by some called the zero and fiine digits, and by 
others they are <»dled in preference the ten digi'ts. 

b3 
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being a number of units ; the three next them, taken together, are 
read as being a number of thousands ; the next three are read as 
being a number of millions ; and so on, according to the subjoined 
teble. When a line of figures is thus divided, the three next the 
right hand are called the first period, the next three the ucond 
period', and so on, as in the table. 

NUMERATION TABLE. 



u 

^ 




18,17,16 

V u t 



«0 

o 






I 




-3 
% 

|1 

«^ g 

o 2 

a a> P 

Sao 



1 
no 



^ 



S3 S fl 



6, 5, 4 3, 2, 1 




The periods after quadrillions may be called quintillions, sextilHons, sep- 
tillions, octillions, and nonillions ; and analogical names might be formed for 
the still higher periods. In actual practice, however, it is seldom necessary to 
name numbers exceeding millions. 

The local value of any figure used in expressing a number, is at once discovered 
from this table. Thus, 6 in the eighth place from the right hand, expresses six 
tens of millions, or sixty millions ; and, conversely, sixty millions will be expre^ed 
by the figure 6 in the dghth place.* 



* The method given above of dividing lines of figures into periods, and of 
naming those peri(>d8, is that which is employed by the French and Italians. It 
fe strongly recommended by its simplicity and elegance ; and it has been adopted 
in some works in this country. In most English works, however, the periods 
have been made to consist of iixfigurt* each ; and they have been designated by 
the same names as those in the table given above, except thousands, for which 
there is not a distinct period. The two methods agree as far as hundreds of mil- 
lions, and it is rarely necessary to name larger numbers. As the old method is 
still taught in many English books, and in order to warn the pupil that he 
must be careful to understand the words used for the expression of large numbers 
in the sense intended by the speaker or writer, the old method is shown in the 
subjoined table ; and the answers of the exercises are given according to both 
methods at the end of the book. In France a milliard is the same as what is 
called a billion in the foregoing table ; it is a thousand millions. It is scarcely 
necessary to say, that the rules and directions given in the text will be applicable 
Sn thid method, if the periods be made to consist of six figures each, insttad of 
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By practice the pupil will soon find it unnecessary to divide into 
periods any lines of figures, except those of considerable magni- 
tude. 

JExercises in converting the Expression of Numbers from 

Figures te Words, 

Write down in words, or name, the numbers signified by the 
following expressions : — 



Kxer. 1. 


24 


£x. 4. 1000 




Ex.7. 


9790 


Ex. 10. 4065070 


2. 


144 


5. 1728 


8. 


37048 


11. 800405 


3. 


365 


6. 2240 


9. 


30009 


12. 79503040 


Ex 


. 13. 800560080 


Ex. 


22. 100000001000 




14. 57290000 




23. 60660607007 




15. 080000042 




24. 1020304050607 




16. 93090093 




25. 910110120301 




17. 113355 




26. 200030040538 




18. 785398 




27. 820760005192645 




19. 7030462 




28. 10010001000100 




20. 24902490. 




29. 40506070089000 




21. 9003008005 






30. 794628900640030004 



Rule II. To exfpress numbers by figures : (1.) Make a 
ftTLfficient number of ciphers or dots, and divide them 
into periods of three each. (2.) Then, commencing at 
the left, place, in their proper positions, beneath the dots 
or ciphers, the value figures necessary for expressing 
the proposed number. (3.) If any places remaiu un-' 
occupied, let them be filled with ciphers. 

Thtis, the method of expreesing the nrnnber, two hundred and Ave millions, 
twenty thoueond, seven hundred, uid nine, will be found in the following 
msuiner ; — 

000,000,OOP, or ...,..,,.. ., 
2 5 2 7 '9, 2 5 2 7 9; 

and thence, by flUinR the unoccupied places, 205,020,709. 

By practice the learner WUI soon be able to dispense with the use of the dots 
or ciphers. 

Exercises in converting the Expression of Numbers from 

Words to Figures, 

Express the following numbers in figures :- 

Exer. 1. Fifty.two. 

2. Three hundred. 

3. Five hundred and four. 

4. One thousand and twenty-four. 

5. Two thousand. 

6. One thousand, eight hundred, and fifteen. 
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£xer. 7. Seven thousand, eight hundred, and fifty-four, 

8. Three thousand and eight. 

9. Five thousand and seventy. 

10. Four thousand, five hundred, ^.nd four. 

11. Twenty thousand, and eighty-four. 

12. Six hundred and fifty thousand, and ninety. 

13. Seven millions, seven thousand, and ten. 

14. Sixty-four millions, three hundred. 

15. Eleven millions, two thousand. 

16. One hundred and ten millions, and twenty 

thousand. 

17. One million, and fifty thousand. 

18. One billion, two hundred thousand. 

19. Seventy billions, ten thousand, and eighty- 

eight. 

20. Nine hundred billions, sixty-eight millions, and 

• ; • twenty. 

il.' 'the following numbers express the distances of 
the principal primary planets from the sun, 
in miles ;— express them in figures : — ^Mer« 

• • cury, thirty-five millions, five hundred thou« 

sand ; Venus, sixty-six millions, three hun- 
dred thousand ; the Earth, ninety-one mil- 
lions, six hundred thousand; Mars, one 
hundred and forty millions; Jupiter, four 
hundred and seventy-six millions; Saturn, 
eight hundred and seventy-four millions; 
Uranus, one thousand, seven hundred and 
sixty millions ; Neptune, two thousand, seven 
hundred and fifty millions.* 

Soch is the facility with which large numbers are expressed, both by fignrea 
and in language, that we have generally a very imperfect conception of their real 
magnitudes. The following considerations will assist in enlarging the ideas of 
the pupil on this subject :— To count a millfon, at the rate of one in each second 
of time, would require between twenty-three and twenty-four days of twelve 
hours each. The seconds in six thousand ydars are less than one fifth of a trillion.f 

* The distance of Uranus miRht be stated as one billion, seven hundred and 
«ixty millions ; and that of Neptune as two billions, seven hundred and fifty 
millions of miles : bift the mode ot ntiming these distances used above is well 
suited for conveying the informa^on in this case, because here the tniilion qf milet 
may conveniently be considered as a unit of distance, and the distances of these 
plimets may be thought of as so many milHons of miles, instead of being thought 
of as so many milet. In like manner laige sums of money are often spoken of in 
millions of pounds, instead of in pounds. Thus people would often prefer to say 
two and a half millions of poinds, rather than two ^nillions, five hundred thou- 
sand pounds. 

t This one-fifth of a trillion of the new numeration would be designated aa 
one-fifth of a billion, in the common or old numeration. 
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A quadrillion * of leaves of paper, each the two-handredth part of an Ineh In 
fhickneas, would form a pile, the height of which would bs three hundred and 
thirty times the moon's distance from the earth. Let It be remembered, also, 
that a million is equal to a thousand repeated a thousand times ; and a billion t 
is equal to a million repeated a thousand times. 



In the ancient Roman notation, I. signified one, Y. five, X. ten, L. fifty, and 
O. one hundred. To these characters were added* at a later period, B., signi> 
fjring five hundred, and M., one thousand. When any character was followed by 
another of equal, Or of less value, the compound value was equal to the simple 
values of both taken together ; but when a character preceded one of greater value, 
both together expressed a value equal to the difference of their simple values. 
Thus, II. expressed two ; XI., eleven, and IX., nine ; GX., one hundred and ten, 
and XC, ninety. We find also Iq. put for 600 ; and by every such o annexed, 
the value is made ten times as great. Thus, Iqo. signifies 6000 ; IqOOm 60,000, 
&c. CIq. was also used to express 1000, and the prefixing of C and the annexing 
of 0, increased the value ten times. Thus, CCIoo. signified 10,000 ; COCIqoo., 
100,000, &c. A line drawn over a lett?r, made it signify as many thousands as 

the letter itself expressed units. Thus, Y. expressed 6000 ; ^., 100,000, kc 



The following table, together w^ith the preceding observations, will give an 
adequate idea of the Roman notation : — 

1 1 IX 9 

II 2 X 10 

III 3 XX 20 

AAA. • . • • • o\' 

XL 40 

L 60 

LX 60 

LXX 70 



IV., or mi. ... 4 

V 5 

VI 6 

VII 7 

VXxX. ••«... e 



LXXX. ... 80 

XL>. • • • . 90 

C 100 

D., or Ip. . • 600 

M.,orCrr». . . 1000 

MM., orTl. . . 2000 

loo-. orT. . . 5000 



M.DCCCXLII., or CIoJoCCCXLll., 1843. 



SIMPLE ADDITION. 

The object of Addition, considered generally, is to 
find the number or quantity which is equivalent to two 
or more given numbers or quantities taken together. 

The number or quantity which is equivalent to two 
or more given numbers or quai^tjtiep taken together is 
called their sum. 

When simply numtjeys in the proper sense of the 
term — that is to say, numbers without fractions — are to 
be added, the operation is called simple addition. 

When quantities expressed simply by numbers of 
units, the units being all of one magnitude, or, as it may 
be saidf all of one denomination and all whole units, as 

* This quadrillion of the new numeration is the same as a thousand billions 
in the old numeration. 

t But a billion of the old numeration is equal to a million repeated a million 
of times. 
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all yards, or all gallons, are to be added, the aritlimetical 
operation consists simply in the adding of the mere 
numbers which express the quantities ] and is, in like 
manner, called simple addition. 

When quantities expressed numerically by units of 
one denomination together with fractional parts of the 
same units, or else by various fractional parts of the 
same units without whole units, are to be added (for in- 
stance, if a length of 3 inches and f of an inch, and 
a length of 1 inch and ^ of an inch are to be added 
together ; or else if f of an inch and § of an inch, and 
^ of an inch are to be added together), the operation is 
not simple, but is somewhat complicated, and is called 

FRACTIONAL ADDITION, Or ADDITION OF FRACTIONS. 

When quantities numerically expressed in different 
units, or, what means the same, when quantities in the 
expression of which units of different denominations 
occur, are to be added, the operation is called compound 
ADDITION. The quantities to be added must be all of the 
same kind, though the magnitudes and denominations of 
the units in which they are expressed may be different. 
Thus the quantities to be added may be all money, and 
so all of the same kind, while they may be expressed by 
numbers of pounds, numbers of shillings, and numbers 
of pence ; or they may be all time, and so all of one 
kind, while expressed in numbers of hours, numbers of 
minutes, and numbers of seconds. 

Quantities of different kinds do not admit of being 
added together in arithmetic. Thus we cannot add to- 
gether five inches, four gallons, and three minutes, to find 
either how many, or how much, of any kind of thing 
there would be. 

The sign + , called plus^ is employed in arithmetic and other 
pATtB of mathematics, to signify that the numbers or quantities 
between which it is placed, are to be added together ; and the sign 
= , called the sign of epiality, is used to denote, that the numbers or 
quantities between which it stands, are equal to one another. Thus, 
the exprepsion, 12 + 9 « 21, which is read, 12 phis 9 (that is, 12 more 
by 9) equal to 21, means that 12 and 9, added together, amount to 
21 ; or that the sum of 12 and 9 is 21. 

Rule for Simple Addition. To add numbers or to add 
quantities expressed by numbers of units all of one mag^ 
nitude or denomhiation : (1.) Place the numbers so that 
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units may stand under nnits, tens nnder tens, &c. (2.) 
Find the sum of the column of units, set down the last 
figure of it below that column, and carry to the next the 
number expressed by the remaining figure, or figures, if 
there be any. (3.) Proceed as before with the remain- 
ing columns, and at the last column set down its entire 
amount. 

Thus, to add together 9468, 2956, and 79, let them be set as in 
the margin, and proceed thus : — 9 and 6 are 1 5, and 8 

are 23 ; set down 3, and carry 2 to the column of tens. Exam. 1. 

Then 2 and 7 are 9, and 5 are 14, and 6 are 20; set 9468 

down 0, and carry 2 : 2 and 9 are 1 1, and 4 are l o ; 29r56 

set down 5, and carry 1 : 1 and 2 are 3, and 9 are 12 ; 70 

get down 12 : and the sum, or answer required, is "Tnen, 

twelve thousand, five hundred, and three. l-io03, mm. 

It is to be particularly observed, however, that after the acquire- 
ment of a little experience in arithmetic, a pupil, or a person doing 
addition in actual business, ought to use 4zx fewer words, aloud or 
mentally, than those which, for the purpose of explanation, are stated 
in this example. For instance, in adding the second column, counted 
from right towards left, he ought not to say, "Two and seven are nine, 
and five are fourteen, and six are twenty," but oi^ht only to say 
quickly, aloud or mentally, the following words, or even fewer still: — 
*• Carry tiroy nine, fourteen ^ tweiity" He should then set down and 
go on with carrying two to the next column. Advice of the same 
kind might be given in reference to many other examples for ex- 
plaining arithmetical processes in what follows throughout this 
book ; but the present explanatioi^ may suffice for guarding the 
pupil agsiinst a practice which sometimes interferes wi^ attainment 
of quic&ess and ease in arithmetical work. 



Reason of the HajiIq, 

The rule for performing addition depends on the nature of 
notation, and on the obvious principle, that the whole is equal to the 
9um of all its parts. By placing units under units, tens under tens, 
&c., we are enabled the more easily to add together the figures of 
the corresponding local values; and oTie is carried for every ^«», 
because, by the nature of notat'on, ten in any column is equivalent 
only to one in the column immediately to the left of it. We com- 
mence with the units merely for the conyenience of carrying to the 
next columns. 

Thus, in the preceding example, the sum of the column of unite Is 23 ; and 
therefore, after setting down 3, we have 20 remaining. But, by the nature of 
notation, 2 in the next coliunn is equal to 20 in this ; and therefore we cany 
only 2. 

Some teachers may, perhaps, consider it proper to make pupils commit the 
following table to memory :— ^ • •' 
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ADDITION TABLE. 






3 and 


Sand 


4 and 


Sand 


6 and 


7 and 


8 and 


9 and 


2axe 4 


2 are 5 


2are 6 


2 axe 7 


2 ace 8 


2 are 9 


2ax«10 


3asell 


3 .. ff 


3 .. 6 


3 ., 7 


3 .. 8 


3 .. 9 


8 .. 10 


3 .. 11 


8 .. 12 


4 .. 6 


4 .. 7 


4 .. 8 


4 .. 9 


4 .. 10 


4 .. 11 


4 .. 12 


4 .. 18 


5 .. 7 


6 .. 8 


5 .. 9 


5 .. 10 


6 .. 11 


5 .. 12 


5 .. 13 


5 .. 14 


6 .. 8 


6 .. 9 


6 .. 10 


6 .. 11 


6 .. 12 


6 .. 13 


6 .. 14 


6 .. 16 


7 .. 9 


7 .. 10 


7 .. 11 


7 .. 12 


7 .. IS 


7 .. 14 


7 .. 16 


7 .. 16 


8 .. 10 


8 .. 11 


8 .. 12 


8 .. 13 


8 .. 14 


8 .. 16 


8 .. 16 


8 .. 17 


9 .. 11 


9 .. 12 


9 .. 13 


9 .. 14 


9 .. 15 


9 .. 16 


9 .. 17 


9 .. 18 



To enable the learner to acquire accuracy and despatch in addition, he ought 
to accustom himself to add in the following manner, till he can do it with fad- 
rty : — Since 6 and 6 are 12, 26 and. 6 are 32 : (here he should observe that 12 and 
82 md in th^ same figure :) since 9 and 7 axe 16, 39 and 7 are 46 : since 8 and 6 
ax« 14, 88 and 6 are 94 : since 6 and 9 are 16, 86 and 9 are 46, &c. He ought, 
howe-ver, soon to become so expert as scarcely ever to require the aid of such 
modes of thinking ; as he ought to perceive the zonilts momentarily without 
waiting to think. 



Methods of Proof. 

i. If the addition has been performed in the order shown in the 
foregoing example — that is to say, by commencing at the bottom of 
each column, and proceeding upward — perform the addition anew, 
but in the reverse order, commencing now at the top of each column, 
and proceeding downward ; and if the result is the same in both 
cases, it may be presumed to be correct 

2. Separate the given numbers into two or more portions. Find 
the sums of these portions, severally, and add these partial sums 
together. If the last result be equal to that found by the common 
method, the work is right. 

This win appear obvious from the following example : -« 

Exam. 2. 37928 
9364Q 

23574 
75849 

Entire sum • • 230991 

Sum of the 1st portion 131568 
2nd .. 99423 



)• 



$t 



Entire sum 



2d099h proof. 



This method may also be employed with advantage in finding, 
the sums of large columns, instead of adding the whole at a single- 
operation. The iirst method of proof answers well, when the number 
of lines to be added is not great. 

3. Commencing at the left hand, add the several columns* mth- 
out carrying^ and set down the full sum of each column with the 
units in their proper place, and the tens below the figure immediately 

* The words add the teveral columns are used as an abbreviation signifying 
cdi toffe^r thejigures in th€ colunuu severaUy* 
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to the left. Add together the lines thus resulting, and if the last 
result agree with that obtained hy the common method, it may be 
concluded that both are right. 

Thus, in the annexed example, the sum of the left- Exam. 3. 
hand column is 25, which is set down in full : the 5945 
sum in the next column is 30 ; the cipher is set in > 0738 
its proper place, and 3 under the 5 ; and so with the 
rest. The sum of the two lines tlius obtained, is 
equal to the sum found by the ordinary method. 

This method of addition might be used instead 
of the common method ; and as it requires nothing 
to be carried, it may be employed with advantage 
vhen the calculator is liable to interruptions. 



2697 
9868 

28249, sum, 
25029 
322 

. 2S2^9, proqf. 



1. 

8789 
4236 
7483 
6047 



2. 

92864 

79784 

4759 

28936 



I 



Exercises. 

3. 

48675» 
537192 
468013 
16975 I 



4. 

17896 

570937 

784947 

9678 



I 



5. 

258111 
4174456 
6880921 
9911604 



6. 94753 + 2847 + 793688 + 9386 + 258 + 3466. 

7. 8289364 + 275224 + 6875144 + 1^897+ 7650368 + 949863474- 

42682 + 3749286 + 7676. 

8. 294796 + 489276 + 16759284 + 4938 + 5713245 + 8348675 + 

798426 + 9482 + 39867. 

9. 27515436+8937549 + 37246375 + 48795 + 878 + 2863487 + 

' 864937 + 3894 + 7863927 + 826967. 
iO. 986759 + 4976346 + 29483 + 898647 + 3984758 + 6489778 + 
57893 + 2468144 + 576989 + 498653. 

11. 4683795 + 248675931 + 94986473 + 2849758 + 53388336 + 

7788095 + 2137485 + 6758027 + 4926431 + 27720512+ 
7842634 + 949867 + 343216 + 78934. 

12. Add together 9466495, 375573735, 754547, 3789284, 29886799, 

992984,293675,2684487,3592873,8847699,788873,7849376. 

13. Required the sum of 978, 749, 4764, 8967, 79889294, 7759286, 

939723, 864937, 09375847,^294886, 94623, 024086, 794867, 
935279423, 9738413208, and 2468975. 

14. 28674 + 39257 + 3834 + 92751 + 92503 +86759 + 394876 + 

34938 + 375396 + 759394 + 267934 + 6846 + 04657835. 

15. Add together seven thousand and ninety-four ; two thousand, 
one hundred, and nine; eight thousand, nine hundred, and sixty; 
eighty*seven thousand and sixty-two ; three hundred and seventy- 
five ; nine thousand and thirty ; thirty thousand and forty-six ; fifty- 
four thousand, seven hundred, and seventy-five ; seven thousand, eight 
hundred, and fifty-four. 

16. James Watt was bom in the year 1786, and died in his 
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eighty-fourth year. Find two years in one of which, according to 
this information, he must have died.*^ 

17. William the Conqueror began his reign in England in the 

?ear 1066, and reigned 21 years; William II. reigned 13 years; 
lenry L, 15 years; Stephen, 39 years; Henry II., 35 years; 
Richard I., 10 years; John, 17 years; Henry III., 66 years; 
Edward I., 85 years ; Edward II., 20 years ; Edward III., 50 years ; 
and Richard IL, 22 years : in what year did this last prince cease 
to reign ? 

18. Captain Cook, in his first voyage round the world, sailed 
from Portsmouth to the Madeiras, a distance of 1451 British miles ; 
thence to the Canaries, 339 miles ; from these to the Cape Verd 
Islands, 985 miles; and thence to Rio Janeiro, 3068 miles ; from 
that town to Cape Horn, 2659 miles, and thence to Otaheite, 4919 
miles ; from Otaheite to the most southern point of the voyage, 1619 
miles ; and thence to Cook's Strait in New Zealand, 1988 miles ; 
from Cook's Strait to Green Cape in New Holland, 1368 miles; and 
thence along the eastern coast of New Holland to the most northern 
point of that island, 2176 miles ; thence to the straits of Sunda, 
2487 miles; and thence to the Cape of Grood Hope, 6818 miles; 
from that c»pe to St. Helena, 1884 miles ; and thence to Ascension 
Island, 822 miles ; from Ascension to Corvo in the Azores, 3462 
miles; and thence to Portsmouth, 1598 miles. What was the length 
of the whole voyage, exclusive of nimierous deviations from these 
courses ? 



SIMPLE SUBTRACTION. 

The object of Subtraction, coneidered generally, is to 
find the number wbich remains when one number is 
taken from another ; or to find the quantity which re- 
mains when one quantity numerically expressed is taken 
from another. 

The number or quantity fi^und as the result in sub- 
traction is called the bemaindeb, the diffe hence, or the 

EXCESS.t 

SuBTBACTiON is distinguished into three various cases, 

SIMPLE SUBTBACTION, FBACTIONAL SUBTBACTION, and COM- 

* Ton should observe that if you are informed that a person died in his first 
year, meaning the first year of his life, he may have died in the year of his birth 
or in the following year, these years being taken as commencing each with a 
New Year's Day, a 1st of January, while the years of a person's life are taken as 
commencing each with a birthday. Then, if he died in his second year, he must 
have died either in the year after that of his birth, or in the next following year, 
and so on 

t The number to be stibtracted is sometimes called the subtrahend ; and that 
from which it is to be taken, the minuend. These terms, hovi'ever, are properly 
falling into disusQ. 
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POUND SUBTRACTION ; and the distinctions between these 
may be easily understood by referring to the distinctions 
already explained (see pp. 14 and 15) between simple, 
FRACTIONAL, and COMPOUND ADDITION, with which they are 
in exact correspondence. 

The two given quantities, of which one is to be sub- 
tracted from the other, must be of the same kind. Thus, 
while it is possible to subtract 3 shillings and 2 pence 
from £4: — ^^that is, money from money ; or to subtract 
7 feet from 4 yards — ^that is, length from length ; it is not 
possible to subtract 3 shillings and 2 pence from 4 hours. 

The sign — , called minus, -when set between two numbers^ 
denotes that the one which follows it, is to be taken from the one 
which precedes it. Thus, 16 — 9 = 7, which is read 16 minus 9 (that 
is, 16 less by 9) equal to 7, denotes that if 9 be taken from 16, the 
remainder is 7. 

Rule for Simple Subtraction. (1.) Place the less 
number below the greater,* with units under units, tens 
under tens, &c., as in addition. (2.) Beginning with 
the units, take, if possible, each figure in the lower line, 
from the figure above it, and set down the remainder. 
(3.) But if any figure in the lower line be greater than 
the figure above it, add ten to the upper ; then subtract 
as before, and carry one to the next figure in the lower 
line. 

Methods of Proof. 

1. Add the remainder and the less of the given numbers together: 
if the sum be equal to the greater, the work is correct. 

2. Subtract the number found, from the greater of the given 
numbers: if the remainder be equal to the less, the work is correct. 

Exam. 1. From 7864 take 4513. 

Set the numbers as in the margin, and pro- 7854 

ceed thus : — 3 from 4, and 1 remains ; 1 from 4513 

5, and 4 remain ; 6 from 8, and 3 remain ; 4 334T, remainder^ 

from 7, and 3 remain : the remainder, therefore, ygg^ proof* 
is 3341. 

To prove the work, to the less of the given 7854 

numbers add the remainder, and the sum is 4513 

7854, the greater ; or, as in the second method, 334I, remainder^ 

subtract the remainder from the greater num- 45T3 nroof 
ber, and Uie result is 4513, the less. ' ^ "^ * 

* Though this is the usual method of placing the numbers, the greater is 
sometimes placed with advantage below the less. In this case, the words upper 
and lotcer must be interchanged throughout the rule. So likewise must (tbove and 
belotB, 
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Exam. 2. Bequired the difference of 3712 and 183U 

In this example proceed thus:— 1 from 2, 
and I remains : 3 from 11, and 8 remain: car- 3712 
ry 1 to 8 ; then 9 from 17, and 8 remain: 1831 
carry 1 ; and then 2 from 3, and 1 remains. 1881, remainder. 
The difference, therefore, is 1881 ; and the 
operation would be proved in the same manner as before. When 
we thus add 10, it is commonly said that we borrow 10. 

Reason of the E/ule. 

The rule for subtraction depends on the principle, that the differ- 
ences of the several parts of two numbers are, when taken together, 
equal to the difference of the numbers themselves. The reason of 
placing units under units, tens under tens, &c., is, that figures may 
be subtracted from others of the corresponding local value with 
more facility. By carrying one to the lower figure, we increase the 
lower line as much as we increased the upper ; and thus the differ- 
ence is the same as if neither had been increased. 

Thus, in the second of the preceding examples, when in the tens' 
place we subtract 3 from 11, we add 10 to the 1 in the upper line ; 
then the lower line is increased by the same value, by adding 1 
to the 8 ; because, by the nature of notation, 1 in the third column 
is equivalent to 10 in the second. Thus, therefore, both the given 
numbers are equally increased, and consequently the difference must 
be the same as if they had received no increase. 

As a further illustration of subtraction, let it be gg 
required to find the difference of 83 and 57. Here, as ^y 
7 cannot be taken from 3, we may consider 83 as equal -^ 
to 70 and 1 3 ; and subtracting 7 from 1 3, and 5 from . 

7, we find the difference to be 26. In this simple and 
natural method, the values of the given numbers undergo no 
change ; and, with only one exception, it might be employed with 
as much facility as the common method, the next figure in the 
upper line being always diminished by a imit, when one would be 
carried to the figure below it in the common method. The excep- 
tion is the case in which the next figure in the upper line is 0. In 
this case the common method is considerably preferable ; and, as in 
practice, that method is in no case inferior, it is universally preferred. 



Exercises, 



1. 45079-32048 

2. 33456-17748 

3. 65934-48566 

4. 90401-68270 
6. 623417-32686 

6. 8463192-177825 

7. 4444444-1234567 



8. 915161718-151617189 

9. 202122223-192021222 

10. 357012468-24680135 

11. 7603046571-34992884 

12. 376995145-49490718 

13. 153425178-53845248 

14. 100000000-10001001 



16. From a piece of linen 85 yards long, a piece 57 yards long 
is cut off: find how much remains. Observe : this is a case of sub- 
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trading a quantity from a quantity, and the result is to be a quan-^ 
tity, not merely a number. 

16. Subtract three thousand from three millions. 

17 From a cist^ern which contained 251 gallons of water, 87 
gallons have been drawn off: how much remains in it if none has 
gone away except those 87 gallons ? 

18. Required the difference between three, and three hundred 
thousand. 

19. La Place, the celebrated French mathematician and philoso- 
pher, was born in 1749, and died in 1827 : how long did he live ? 

20. Mont Blanc, the highest mountain in lihirope, is 15,680 feet 
high; and the height of Chimborazo, the highest in America, is 
21,400 feet : how much is the latter higher than the former? 

21. The following are the years of the Christian era in which 
the undermentioned events happened : required the number of years 
from each till the year 1875. Commencement of the Hegira, or era 
of the flight of Mohammed, 622 ; The Arabian or modern notation 
iu arithmetic, introduced from Arabia into Europe by the Saracens, 
091 ; First Crusade, 1096 ; Mngna Charta signed by King John, 
1215; Linen first made in England, 1253; Termination of the 
Crusades, 1291 ; Gunpowder first used in Europe, 1330 ; Algebra 
introduced into Europe from Arabia, 1412; Printing invented, 1449; 
University of Glasgow founded, 1450 ; Constantinople taken by the 
Turks, 1453 ; America discovered by Columbus, 1492 ; Copernicus 
died, 1543; Spanish Armada destroyed, 1588; Telescopes invented, 
1590; University of Dublin founded, 1591; Decimal fractions in- 
vented, 1602; Logarithms published by Napier, 1614; Barometer 
invented, 1643; Air Pump invented, 1654; Newtonian Philosophy 
published, 1686 ; Union of Great Britain and Ireland, 1801 ; Battle 
of Trafalgar, 1805; Battle of Waterloo, 1815; Catholic Emanci- 
pation Bill passed by the British Parliament^ 1829 ; Negro Emanci- 
pation in the British Colonies, 1838 ; Com Laws repealed, 1846 ; 
Close of the Crimean War, 1855 ; Battle of Solferino, 1859 ; Close 
of the American War, 1865 ; Atlantic Cable successfully laid, 1866. 
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The object of Multiplication, in the cases to which 
the term most obvioasly and properly applies, is to find 
the sum of a whole number or a fractional numerical 
expression or a quantity repeated a whole number of 
times : but the name multiplication is extended further 
to include also cases in which a repetition of the thing 
is made a whole number of times and a fraction of it is 
superadded; and also to include cases in which the 
thing is not repeated at all, nor taken even once, but 
only a fraction of it is taken. 
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In SIMPLE MULTIPLICATION, integers, or wbole nnmbersy 
called also proper minibers, alone are dealt with ; the 
treatment of fractional numerical expressions and of 
compound numerical expressions not falling within the 
scope of simple multiplication. We may thus notice 
that when qucmtities are to be multiplied any number of 
times, they must be expressed simply in one denominat 
tion, and must be without fractions, if the process is to 
be one in simple multiplication. 

The process is called compound multiplication when 
any quantity expressed in more denominations than one — 
as, for instance, a quantity of money expressed in pounds, 
shillings, and pence — is to be conceived as repeated or 
mnltiplied a certain number of times, and the amount 
due to the repetition is to be found. 

The number or quantity to be repeated is called the 
multiplicand ; the number which shows how often the 
multiplicand is to be repeated is termed the multiplier; 
and the number or quantity found is called the product. 
Both the multiplicand and multiplier are sometimes 
called factors, from their making or producing the pro- 
duet.* It will readily be observed that when the multi- 
plier is a whole number, the process of multiplication 
comes to be merely an abridged method of performing 
addition in the case in which the numbers or quantities 
to be added together are equal to one another. 

An important principle which holds good for numbers in general, 
whether whole or fractional, may now be established for whole 
numbers. It is that the product of two numbers is the same which- 
ever of them is taken as multiplier : that, for instance, 3 times 5 
are the same as d times 3 ; that is, that 3 times 5 objects of any 
kind are the same in number as 5 times 3 objects of any kind. To 
illustrate this let the objects be represented by dots, 

and let three rows each containing five dots be 

placed as in the margin. We have thus 15 objects ..... 

represented, which may be regarded either as 3 

times 5 objects, when we take the three horizontal 

rows; or as 5 times 3 objects, when we take the five vertical 

* It is plain, from the definition of multiplication, that at least one of the two 
factors— that is to say, that the multiplier, at least — must be a mere number, 
uludeor/mctionalf not a quantity of any kind of thing ; not an expression for 
money, weight, measure, or any other object. Thus, while we may multiply 6 
Bhillings by 6— that is, repeat 5 shillines 6 times— it would evidently be absurd to 
speak of multiplying 6 shillings by 6 shillings— that is, of repeating 5 shillings tf 
shillings times. Further remarks on this subject will be found in the article on 
Oompoand Multiplication. 
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rows, each of which contains three dots ; and a like illustration 
may be given in every case when whole numbers are dealt with. 
Fractional numbers and their multiplication will be treated of 
farther on in this book, but not at this early stage in what is called 
simple multiplication. 

The sign x , called the sign of multiplication, placed between 
two numbers, denotes the multiplication of those numbers together : 
that is to say, the multiplication of either of them by the other. 
Thus, 20x12 = 240, which, for brevity, may be re»id, 20 into 12 
eqtuU to 240, denotes that the product of 20 and 12 is 240. When 
the sign of multiplication x is placed between a number and an 
expression for a quantity, it denotes the multiplication of the quan- 
tity by the. number. Thus, 2 x £2 - 8 - 4, or £2 - 8 - 4 x 2, would 
denote £4-6-8. 



MULTIPLICATION TABLE.* 



Twice 


3 times 


4 times 


6 times 


6 times 


7 times 


1 are 2 


1 are 3 


1 are 4 


1 are 6 


1 are 6 


1 are 7 


2— 4 


2— 6 


2— 8 


2- 


-10 


2—12 


2 — 14 


3— 6 


3—9 


3 12 


3- 


-16 


3—18 


3 21 


4— 8 


4 — 12 


4 — 16 


4- 


-20 


4 — 24 


4 — 28 


5 — 10 


5 — 16 


6—20 


6- 


-26 


6 30 


6 — 35 


6 — 12 


6 — 18 


6 24 


6- 


-30 


6—36 


6 — 42 


7 — 14 


7 — 21 


7 28 


7- 


-35 


7 42 


7 — 49 


8—16 


8 24 


8 -32 


8- 


-40 


8 — 48 


8 — 56 


9 18 


9 27 


9 36 


9 


-46 


9 — 54 


9 — 63 


10 — 20 


10-30 


10 — 40 


lo- 


-60 


10 60 


10 — 70 


11—22 


11 — 33 


11 44 


ll - 


-65 


11—66 


11—77 


12—24 


12 — 36 


12 — 48 


12- 


-60 


12 — 72 


12 — 84 


8 times 


9 times 


10 t 


imes 


11 


times 




12 times 


1 are 8 


1 are 9 


1 arc 


) 10 


1 


are 11 




1 are 12 


2 — 16 


2— 18 


2 


20 


2 


— 22 




2—24 


3 24 


3—27 


3 — 


30 


3 


— 33 




3—36 


4 — 32 


4—36 


4 — 


40 


4 


— 44 




4—48 


6—40 


6— 45 


6 — 


60 


6 


— 66 




6—60 


6.- 48 


6 54 


6 — 


60 


6 


— 66 




6—72 


7 — 66. 


7—63 


7 — 


70 


7- 


- 77 




7—84 


8—64 


.8—72 


8 — 


80 


8 


— 88 




8—96 


9 72 


9—81 


9 


90 


9 


— 99 




9 — 108 


10 80 


10- 90 


lo- 


100 


10 


110 


1 


0—120 


11 — 88 


11 — 99 


ll— 


110 


11 


— 121 


1 


1 —132 


12 — 96 


12 — 108 


12 — 


120 


12 


— 132 


1 


2—144 



* Though the part of the mnltiplication table given in the text is enongh for 
the pupil to commit to memory at first ; yet, after he has made som9 proficiency 
in nrithmetic, ho may find it advantageous to commit what follows, as it will 
enable him, in many cases, to shorten his work in a considerable degree. The 
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It vriXi perliapB enable the pupil to oommit the preoediog table to memoxy 
with more ease if he construct it by addition. Thus, to find the products by 7, 
let him set in one column the tgme 1 seven times, in another the figure 2 seven 
times, in a third the figure 3 as oft^, &c. Then the sums of these columns will 
\^ the products by 7. 

It will also assist Um if he attend to the xelatlons subsisting between some of 
itae soocessive products in the table. Thus, he will see that tiie pvodncts by 10 
are formed simply by the addition of a cipher : that the first nine products by 11 
ar^ formed by r^eating the figure : that the iwoducts by 6 terminate in 6 and 0, 
alternately ; and that their first figures are each half of the number to be re- 
p^^ed, or <d the one next below it : that in the successive products by 9, the 
first figure generally increases, and the second decreases, by a unit, &c. 

BuLE I. When the multiplier does not exceed 12 : By 
means of the multiplication table, multiply each figure 
of the multiplicand by the multiplier, beginning with the 
Tinits, and setting down and carrying as in addition. 

Exam. 1. Multiply 5764 by 4. 

Set the nambers as in the margin, and pro- Multiplicand. 5764 
ceed thus: — 4 times 4 are 16; set down 6, Multiplier ... 4 

and carry 1 : 4 times 6 are 24, and 1 are 25 ; product 23066 

set down 5, and carry 2 : 4 times 7 are 28, and 

2 are 30 ; set down 0, and carry 3 : 4 times 5 are 20, and 3 are 23 ; 

set down 23: and the product is twenty-three thousand, and fifty-six 



The same product may also be obtained 
by writing down, as in the maigin, 5764 four 
times, and adding the four lines together. This 
exemplifies the principle stated on page 28 that 
multiplication by a whole number may be re- 
garded as a substitute for a particular case of 
addition — the case, namely, in which the numbers or quantities to 
be added together are all equal. 



5764 
5764 
5764 
5764 

23056 



1. 144 X 8 

2. 795 X 4 

3. 729 X 5 



Exercises, 

4. 936 X 6 

5. 1599 X 7 

6. 125 X 8 



7. 8046 X 9 

8. 7308 X 11 

9. 1729 X 12 



Bulb II. When the multiplier is greater than 12 : 
(1.) Place the multiplier below the multiplicand, with 

labour of committing a still more extended table would be acaicely compensated 
liy the advantage resulting. 



18 times 


14 times 


16 times 


16 times 


17 times 


18 times 


1» times 


S axe 26 


2 axe 28 


2 are 80 


2 are 82 


2 are 84 


2 are 86 


2 are 88 


8 — 89 


8 — 42 


8—46 


8 — 48 


8 -^ 61 


8 — 64 


8 — 67 


4 — 52 


4—66 


4—60 


4 — 64 


4 — 68 


4 — 72 


4 — 76 


5 — 69 


6 — 70 


6 — 76 


6 — 80 


6 — 86 


6 — 90 


6 — 95 


6—78 


6 — 84 


6 — 90 


6—06 


6 —102 


6 —108 


6 —114 


7-81 


7 — 98 


7 —106 


7 —112 


7 —119 


7 —126 


7 - 183 


8 —104 


8 —112 


8 —120 


8 —128 


8 —136 


8 —144 


8 — lfl2 


9 —117 


9 —126 


9 —136 


9 —144 


9 -153 


9 —162 


9 —171 
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units under units, tens under tens, &c. (2.) Find by 
Rule I. the products of the multiplicand by the several 
figures of the multiplier, successively, setting the right- 
hand figure of each product under that figure of the 
multiplier which produces it. (3.) Add these products 
together, and the sum will be the total product required. 

Exam. 2. How many days are tihere in 39 years, each year con- 
sisting of 365 days ? 

Set the numbers as in the margin ; multiply -^ w j- j «/*e 

by 9, and set 6, the first figure of the product, Mmt%pltcand...Z^h 

under the 9 ; multiply then by 3, and set 6, ^^^y?^^ ^39 

the first figure, under the 3. Then, by adding 3285 

these partial products, "we get fourteen thou- 109^ 

sand, two hundred, and thirty-five, the number Product 14235 

of days required. 

EuLE III. If, in either of the foregoing cases, the 
multiplicand, or the m/uUipliery or both, end in ciphers, the 
figures before the final ciphers may be arranged and 
multiplied in the manner that has been pointed out ; and 
to the result as many ciphers must be annexed, as are 
found at the end of the factors. 

Ciphers in any other part of the multiplier are to be 
neglected as multipliers, though they must be inserted 
in their proper places, so as to make the value figures 
range properly. 

Exam. 3. Multiply 320 by 2400. 

The numbers being arranged as in the 

margin, multiply 32 by 24 ; to the product, Multiplicand.., S2fi 

768, annex three ciphers; and the entire Multiplier 2400 

product is seven hundred and sixty-eight 128 

thousand. 64 

Product 768000 

Exam. 4. Multiply 36407 by 40206. 

Here the first figure of the first partial Multiplicand,., S6i07 

product, is set below the figure 6 of the Multiplier 40206 

multiplier; the first figure of the second 218442 

partial product, below 2; and the first of 72814 

the third, below 4 ; the ciphers in the multi- 145628 

plier being neglected, except as means for iVo<^^..1463779842 
making the figures m the partial products 
range properly. 
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Reason of the Rules. 

The Teason of the process in the first case, is evident from the 
illustration that has been |^ven of the operations in addition. 

Thos, in the example in the margin we have first 7 
times 7 equal to 49, or *Q and 9 ; the 9 is set down and Exam. 5. 
the 40 reserved. Then 7 times 9 are 63, and 4 are 67, ' ^^^ 

or 60 and 7. The 4 added to 63 is equivalent to the 7 

40 reserved, since, by the nature of notation, 4 in the 3479 
second place is equivalent to 40 in the first ; 7 is then set 
down, and 60 reserved ; for which, by the nature of notation, we are 
to carry 6 to the next column. 

In illustrating the second case, it is necessary to consider that 
the annexing of oni cipher to a number expressed by the modem nota- 
tioTif makes its wduis 10 tivnes whut it was before ; the annexing of 
two ciphers 100 times; qf three 1000 timeSf ^. HHab is evident 
from the principles of notation ; since the annexing of a cipher 
removes each figure one place to the left, and thus iticreaseis its value 
tenfold ; while, by the annexing of a second cipher, thi& latter value 
is increased tenfold, and, consequently, the original value one hun- 
dredfold ; and so on. Thus, the figure 7, with one cipher annexed, 
expresses seventy, or ten times 7 ; with two ciphers, seven hundred, 
or 100 times 7, &c. In like manner, if to '24 we annex a cipher, 
we get 240, which is 10 times as great as 24 ; the values expressed 
by Sie 2 and 4 being each increas^ in a tenfc^d degree. 

Hence it follows, that to multiply a number by 20 — that is, twice 
10 — we are to -double it and annex a cipher: to multiply by 300 — 
that is, three times 100 — ^we treble the number, and annex two 
ciphers : to multiply by 7000, we multiply by 7, and annex three 
ciphers : and so on. 

From these principles, the Operation in 

the margin will be understood. The mul- Exam. 6. 

tiplier is equivalent to 300, 40, and 6, 6758, multiplicand, 

taken together; and, therefore, the multi- ^^^, mtdtiplier, 

plicand is multiplied by 6, 40, and 800, 40548 = 6758 x 6 

successively, and the sum of the products <l(.^t^a fiL« ^ ^ 

taken. In m^tiplying by 40. the product J^cT^lZ " ViZ, I ^nn 

by 4 is found, anVa cipher annex^; and |?S^^It! b^ 

in multiplying by 300, two ciphers are an- 2338268 = 6768 x 346 
aezed to the product by 3. In the second, 

or common form of the operation, these «768, multipltcand. 

additional ciphers are omitted, but the _^» multiplier. 

omission is compensated by making the 40548 

figures occupy the same places which they 27032 

do, when the ciphers are annexed; and 20274 

hence the reason of setting the figures in 2ZU2^% product. 

the manner prescnbed in Kule II. is evi- -^ 
dent. When the pupil is learning the 

naaan of the rule for multiplication, he will find it advantageous 
for some time, to annex the ciphers, in the mode above explained. 

c2 
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. Methods of Proof, 

1. L«t the multiplier be taken as multiplicand, and the mnltipli* 
cand as multiplied; and if the result thus obtained agree with 
the result found before, the pfoeees is right* 

Thus, when 64 is multiplied by 40, Jg ^ 

the product is fotmd to hie 2880; and f^ f^ 

when 45 is multiplied by 64, the same SM^ 270 

result is obtained. 988U 3880 

2. Commencing at either end of the multiplicand, proceed to add' 
together its di^ts, neglecting 9 when it occurs ; and, whenever your 
sum attained amounts to 9 or more, subtract 9 from it, and use the 
remainder instead of it; and at the close reserve the final excess. 
Proceed in like manner with the multiplier and the product. Then 
multiply together the excesses found in the multiplicand and the 
multiplier; and, in the same manner as before, find the excess in 
this product. If this excess and the excess previously found in the 
product of the given factors be the same, the work is generally cor- 
rect : if they differ^ it must be wrong. The operation of subtracting 
9 from the sum attained whenever uiat sum amounts to more than 
9, is most easily effected by adding together the two digits of that 
0um, and taking as the requisite remainder the sum of these two 
digits, which will be the same as would have been obtained by sub- 
tracting 9.t 

* TUb method of proof depends on the principle already stated and exempli- 
fied (see page 23), that the product of two numbers is the same yrhkhevet ot 
than is taken as multiplier. 

t This mode of proof is veiry easy and convenient in praotioe. In some cases,, 
indeed, operations which ax« incorrect may a/ipear by it to be correct ; an occur- 
zence, however, which is very rare, unless it be either designedly effected, or arise 
from the niisplacing of flgnriBS ; and hence, for the purposes of the ezpetienoed 
arithmetician, it is perhaps prefemble to any other method. 
• The prhiciide on which this "process depends is, that if any nvmber and (he turn 
of iU dIgiU be taeh divided bv 9, the remainders are in both c€ues the tame. Thus, 
1000ss999+l, where the remainder must be 1, since 999 is evidoitly divisible by 
9, without remainder. Hence, 8000 is equal to 8 tim«s 999, together with 8 times 
1, or 8 ; and, since 8 times 999 is divisible by 9, it follows, that if 8000 l)e divided 
by 9, the remainder must be 8. In like manner it might be shown, that in 
dfviding by 9, the remainder in 5000 would be ff ; in 400, 4 ; In 90000, 8, <tc ; 
being, in all such cases, the same as the vatne figure contained In the number. 
Hence, if the number 487 be proposed, it is equivalent to 400+60+7; which 
parts, if divided successively by 9, would leave, on the for^poing principle, the 
TBmainders 4, 8, 7 ; and therefore the remainder of the entire number will evi- 
dently be the same as the sum of these, diminished h^f the regeetion of 9 as often 
aspoesiMe. 

Now, suppose it were required to multiply 112 by 48, we have 119 equal to 
108, that is, 12 times 9, together with the excess 4 ; and therefore the required 
product will be 48 times 108, together with 48 times 4. But, since 106 contains 
9 without remainder, its product by 48 wiU also contain it without remainder ; 
and therefore the excess in the final product will be the same as the excess in the 
product df 48 into 4. Again, 48 is equal to 45, that is, 5 times 9, tc^iether with 
the excess 8 ; and therefore 48 times 4 is the same as 45 times 4, together with 8 
times 4 ; and, since 45 contains 9 without remainder, 45 times 4 will also oontidii 
it without remainder. Hence the excess of the entire product will be the samo 
as that of tlu) product of 4 and 3, the excesses of the factors, 119 and 48 ; and 
tlws the reason of this method of proof is evident. 
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In the.aniwxed example, 6 and 8 are 14, which ezoeeds 9 by 5 
(as may be seen either bj directly sabtracting 9 ftom 14, or by tho 
easier pfoeess of adding together the digits 1 

and 4 of the 14, their sum befng 5, the same as 68597 8 

the ezoesa d got by sabtracting 9 from 14): 897 6 

thea 5 and 6 are 10 ; and the excess of this at- 480179 

tained sum above 9 is 1, or instead we may 617373 
prefer to say the sum of its digits is 1 ; 1 and 7 548776 
are 8, which excess we set opposite to the mnl- ci 58 1509 3 

tiplicand. In the multiplier, in like manner, 8 

and 7 are 15, and the sum df the digits of this 
attained snm is 6, and this excess is set opposite to, the multiplier. 
In the piodnet, 6 and 1 are 7» and 5 are 12, and the sum of the 
digits of this 12 is 3 ; 3 and 3 are 6, and 1 are 7, and 5 are 12» 
which has for the sum of its digits 3, to be set opposite to the 
prodndt of the ofiiginal mnltiplication as its final excess. Then the 
prodiMst of the two excesses, 6 and 8, is 48, the sum of the digits 
in which is 12, which again has the sum of its digits 8 ; that is to 
say, its excess above 9 is 3, the same as the excess in the product of 
the original mnltiplicBtion ; and hence we judge the work vezy likely 
tobecQcvect. 

Exerdsea. 

10. 1816 X 10 12. 40376 x 4000 I 14. 7854 x 000 

11. 40376 X 40 13. 819200 x 700 | 15. 4096 x 12000 

16. I^ on an estate, 1572 yards of new thorn-hedge are to be 
planted, and there are to be 9 thorns in each yard of length ; how 
many young thorns will be required ? Answ, 14148. 

The same property bdongs to the digits ; bnt, in pmotioe, it is better to 
iiae9. 

Another method of proof, which is neuly as eaqr» uid is periiapo more oer« 
tafn than the pieoediiig, depends on a p t vp er ty of the nember 11 in the decimal 
Dotetika. This property might to proved in a manner similar to that given 
above. It would be too tedious, however, to be intiodnoed here ; and indeed 
both axe iKtter and more easOy given by means of algebra. The following is tho 
method referred to : Oommenemtf tU the umOt qf the mtUt^ktmdt aM togethm' the 
4ii^ m tke ifd4 plaeei, refecting 11 a$ qftennu pot$U>te, and reserve ^ reeuU ; prom 
eeed in the emme maimer eriih the dibits tn the evenptacee, emdfroim thefbrmer re* 
ntt, inereaeedt if neeeetary^ bf 11, Mte this restiU, and pHeme the exeeee eppeeiU le 
%e maMpUeand, In a ttmOar wayjlnd the eseeaeee ef the wutU^Uer and the prO' 
dmet; then nutUlp^f the ejxeetee of the (loo fadort together, and find, in the *ame 
maaJMr, the exeeee <tf their product : if this excess, and the excess ef the produet pf 
(he /actors, be the same, the tpori is generaUjf correct; if theff difer, u mast be 
wronff. 

In the anneasd example (the work of which, for brevity, is omitted), we say« 
8 and 9 aro IS, which exceeds 11 by 1 ; 1 and 8 are 9 ; then 6 and 4 are 10, which 
being taken from 30 (s9+ll), the excess is 10. 

Then, hi the multiplier, the sum of 0, 0, and 4, is MuHtplicmnd, 84969. . . .10 
9, from which 1, the exoess of 8+4 above 11, being MuUipHer, 44085.... 8 

taken, the excess is 8. In the product, 9 and 8 are 

Is ; 9, the excess, and 9 are 11, which is rejected; 9 Produd, 8749698869.... I 
and 7 are IS, the excess ol which is 1 ; thai 6 and 8 

em 8, and 9 are It; 8 and 4 are 6, and 8 ore 9; 9 from 13 (sl+ll),and the ex- 
oesB is 9. The product of the first two excesses is 80, the excess of which (found 
by taking 8 from 11) is 9, the same as the excess of the product of the ftacton. 

Byapplylngboththesemodesof proof to the same operatieii an ahnost aheo* 
farte cntaiaty ef its comotoess would bs ofateiiied. 
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Exereites. Answers. 

' 17. 958 X 34.. «32672 

18. 7198 X 216 «1664768 

19. 31416x176 «5497800 

20. 8862x189 »1674918 

21. 7071 X 666 -8981476 

22. 93186x4466 «4]6143630 

28. 40980x779 « 31884470 

24. 12346x686 »8468670 

26. 4i5481x936 ^48606216 

26. 16734x708 = 11847672 

27. 7676x7676 = 67380625 

28. 8320900x1328 = 11050155200 - 

29. 17600x782 = 12810000 

30. 16607x3094 = 48288068 

31. 7422163x468 -3473667604 

32. 9264397x9684 = 88789980848 

33. 4687319 x 1987 = 9313702863 

34. 204063x1617000 = 329963701000 

36. 9607340x7071 = 67226401140 

36. 39948123x6007 = 239068374861 .: 

37. 73886246x6079 , = 449148410434 

38. 67902468x6008 = 289976669744 

89. 67902468x6080 = 294144637440 

40. 6790i2468 X 6800 = 336834314400 

41. 12481632x1609 = 18834782688 

42. 70068026x1386 = 109688282660 

43. 92948789x7043 = 664638320927 

44. 68763718x6754 = 396890161372 

46. 78084163x7684 -664270292192 

46. 144x144x144... = 2986984 

47. 3861x3861x3861 =967111104061 

48. 79094461x764096 = 60436674636845* 

49. 79648060x97280 = 7738434304000 

Exer. 60. Multiply fifty-six millions, seven thousand, eight hun- 
dred, and fifty-four, by eighty millions, six hundred thousand, nine 
hundred, and seventy-six. An^, 4614287696065604. 

61. Multiply^ eighty millions, seven thousand, six hundred, by 
eight millions, seven hundred, and sixty. Jnsw. 640121606776000. 

62. Required the' amount of seven hundred and nine millions, 
four hundred and sixty-five thousand, nine hundred, and eight, 
repeated eight hundred thousand, three hundred, and sixty-five 
times. Answ, 667831681466420. 

63. Multiply eight hundred and seventy-seven millioira, five 
hundred and ten thousand, eight hundred, and sixty-four, by five 
hundred and forty-five thousand, three hundred, and fifty-seven. 
Answ. 478556692258448. 

64. How many yards of linen are in 759 pieces, eadi containing 
26 yards ? Answ. 18975. 

66. Sound is known to travel at about the rate of 1130 feet per 
second ; how many feet will it travel in 69 seconds ? Answ, 779Z(^. 



DIVISION. 31 

56. In respect to a clock which strikes the hours- in the ordi • 
nary uray ; giving 1 Btroke at 1 o'clock, 2 strokes at 2 o'clock, and 
so on, np to 12 strokes at 12 o'clock; and then beginning with 1 
stroke at the next hour, 1 o'clock: find how many strokes it gives 
in 24 hours, and how many in a year of 365 days. This exercise 
involves, as may readily be noticed, both simple addition and simple 
multiplication.* Answ, 156 in 24 hours, and 56940 in a year. 

57. If a watch ticks 240 times per minute, how many ticks does 
it make in 3 years of 366 days each, if it never stops, but goes 
perfectly right, during that time ? Answ. 378482000. 

58. Rees's " Cyclopaedia " consists of 30 volumes, each containing, 
at an average, 774 pages of two columns. In each column there are 
67 lines, each containing, at an average, 10 words, and in those 10 
words there are, at an average, 47 letters. Make an estimate of the 
number of pages, lines, words, and letters contained in the entire 
work. Answ, 30186 pages, 4044924 lines, 40449240 words, 
190111428 letters. 

59. The distance from the earth to the sun is found to be about 
23,114 times the earth's radius (the distance from the centre to the 
surface) at the equator, and that radius is very nearlv 3963 miles. 
Required the distance between the earth and sun, in miles, according 
to Uiese given numbers. Amw^ 91600782. 



INTRODUCTORY EXPLANATIONS FOR DIVISION. 

If we fold a piece of cord by placing its two ends to- 
gether and drawing it out so as to have two lines of 
cord lying alongside of one another, we shall have 
divided the cord, or its length, into two eqnal parts ; 
and if we fold again this doubled cord so as to have f onr 
lines lying alongside of one another, we .shall have 
divided the cord into four eqnal parts ; bnt neither of 
these operations of division has been a case of division 
in arithmetic, as the length of the cord was not given 
ntunerically, and the result has not been brought out 
numerically. If, however, we are told that a piece of 
cord is 20 inches long, and if, as a result from reasoning, 
we find that the length of each of the four equal parts into 
which it might be divided would be 5 inches, we perform 
an operation in arithmetical division. In such cases as 
this, the meaning of the name division^ as applied to 
them, is very obvious. In some other cases included 

* In like manner aa in the exercise here giTen, and in accordance with an in- 
ttnwtion in the Preface, often in what follows in this treatise exercises given 
on any parttcnlar subject, or under any particular rule, may involve tor part of 
their vrotk. the application of previously taught rules <»: methods. 
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nnder the game name, the connexion of the na2me with 
the operation is not so readily noticed ; bnt a little con- 
sideration may show them all to be only varieties of one 
kind of operation. 

Division, then, in arithmetic, has seyeral someMrhat 
distinct objects in different cases, the chief of which will 
now be shown ; and, for simplicity, some cases will first 
be mentioned in which neither remainders nor fractions 
come into consideration. 

(1.) To find how often one given nnmber is con* 
tained in another. Thus, if it be wanted to find how 
often 3 is contained in 15, we shall find that it is con- 
tained 5 times ; and the question is one in division. 
This operation may be looked on as equivalent to divid- 
ing 15 into a set of lots each containing 3, BJid finding 
how many of these lots there would 6e.* 

(2.) To find a nomber which will be contained a 
given number of times in another given number. Thus, 
u it be wanted to find the number lYhich will be con- 
tained 3 times in 15, the answer wiU be that 5 is the 
required number ; and the operation is one in division ; 
and it may he regarded as being equivalent to dividing 
15 into 3 equal lots, and finding thai each lot will con- 
sist of 5. Another way of expressing the question in 

* Thet)peratioin and iMrindples <rf arkhnietic explained or mentioned bere in 
the text, and many others of like Idnds, may be brought very clearly before the 
mind by taking a soiBcient number 6t any convieilient objects, tmch, for in- 
stance, as pebbles or shells, and actually perfionning veith them tbe operations 
indicated, using them as counters. For instance, to exhibit an opoution of 
division belonging to the first case here mentioned in the text— namely, to find 
how often 8 is contained in IS :— place on a table IS pebbles in a heap : then 
take out of this heap 6ne lot of 8 pebbles, and then another lot of 8, and proceed 
taking out succeeslTe lots of 8 each, and laying them separate, until tliere be 
none remaining in the original heap. Then count how many of these lots there 
are, or, in other words, how often 8 is contained in 15. From the frequent ttse 
of pebbles among the ancients, ns counters for the performance of arithmetical 
operations, the words caleuWe and calculation have come down to modem times, 
derived from the Latin word calciihts, a pebble. It may readily be supposed that 
any such numerical notation as that of the ancient Romans, shown at page 14 
of this book, would be very ill suited for affording easy means of doing arith- 
metical work by written characters alone; but it appeam that they had In 
familiar use methods systematically contrived for bringing out the results in 
arithmetical questions by counters, which, whether real pebbles, as they some- 
times were, or small pieces of ivory, wood, or other substance, were generally 
called by the name calculus. Such systems for the practical performance of 
arithmetic by counters continued In very freqttent Use in England and various 
other countries of Europe until the middle or end of the sixteenth century, and 
even in occasional use later still, and were elaborately taught in treatises on 
arithmetic in those times. Many who could ndther read nor write could readfly 
wor< the arithmetic requisite for their business affairs 1^ the coftnten. In 
Shakespere's Wint^r^s Tale^ Act IV. scene 2 ; Clown talking of a sheep-sliearing 
says, <' Every tod yields pound and odd shilling : fifteen hundred shorn,—- Wbaft 
^mes the woolto ?-^I eannot do't without eoonters." 
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this case is to say that it is required to find, the third 
part of 15, and the answer will be that each lot of 5 is 
the third part of 15. 

The given number which is to be divided into lots 
is called the dividevp; and the other g^ven number 
which in one case is to be the number in each lot, and 
in the other case is to be the number of lots, is called 
the divisor. The reauired number is usually called the 
QUOTIENT, a name which, according to its Ziatin deriva- 
tion (from quotiefij hpw often), would apply originally 
fmd properly tp the answer to the que^tipn, How often is 
one given number or qumUity cotitaitied in another gi/oen 
number or qwmliiyf but in ordinary usage its meaning is 
often extended to apply to the answer in both the cases 
of division already treated of ^ i).nd i^sp to the answer 
in other cases following, when th^t comes out without a 
remainder or without a fractional part : but when there 
is a remaind^r or a fractional part in the ^s^er, the word 
quotient is subject to an ambiguity pi xneq^ning ; being 
applied ofben in two different senses in est^bUshed usage ; 
sometimes being made to include and sometimes not to 
include the fractional part. This yioll jbe more fully ex- 
plained a little farther on. 

It may how be noticed that in pne of the two cases 
already treated of, the given di^ri^pr e^^re^^es how many 
there are to be in each lot, and the question is. How m/my 
lots must tJiere then be? In the pther case the divisor 
expresses how many lots there ^ to be, and the ques- 
tion is, How nicmy must there be in each lot T 

The foregoing two cases 9^ve concerned with abstract 
numbers, or numbers detachefi frpnii the consideration 
of any one particulilir kind of thing which they count, 
but left applicable tp things in ^neral^ The next two 
cases which will be mentioned are concerned with quan-^ 
tities of some particulf^r thing expressed by numbers of 
units of that thing. 

(3.) To find numerically a quantity which will be 
contained a given number of times in another given 
quantity numerically e;|pressed. Thus, if the question 
is proppsed : — to find the quantity of money which will 
be cont^ned three times in £1 • 2 - 6, the answer, when 
fonnd^ will bo 7s. Qd, ; and the operation may be viewed 
as dividing £1 • 2- 6 into three equal parts and finding 

c3 
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that eacli of those parts will amonnt to 7«. 6(2. The 
answer here is a qnantity of money. 

(4.) To find the number of times that a given quan- 
tity is contained in another given qnantity. Thns, if the 
question be proposed : — to find how often the qnantity 
of money lOs. 6d, is contained in £1 - 11 - G, the answer 
will be tJiai it is contavned three times. The answer here 
is simply a number of times.* 

A few cases will next be briefly explained in which 
remainders or fractions arise to be considered in the 
answers. 

(5.) To find how often a given number or quantity 
is contained in, or may be taken out of, another given 
number or quantity, and how much will remain over 
after it has been taken put as many times as it can be. 
Thus, it may be required to find how many lots of 3 
pence each can be taken out of a heap consisting of 17 
pence, and how much will remain over, being less than 
another lot of 3 pence. The answer, when found, will 
be that, out o£ \7 peptce, 3 pence ca^i be taken 5 times, 
and that there t^U then remain 2 pence, which is too 
small to form anothe.r poi^plete lot of 3 pence. In the 
answer in this case the 5, or 5 tvmes^ is called the quO' 
Uent^ a;nd the 2 pejQCie is called the remainder. 

(6.) Nearly the same question for solution is fre- 
quently put in a modified way which brings out an im- 
portaiit distinction in the answer. Thus, it may be 
required to find how often a given number or quantity 
is contained in ai;ipther given number or quantity, when 
a remainder. Tf ould occur if the answer were to be given 
as in the last foregoing example ; l)ut it may be wanted 
that the answer ^hall be stated as a fractional number of 
times, instead of being stated by a yuhole number of times 
and a remainder. For instance, if the question is. 
How often can 3 pence be taken out of 17 pence P the 
answer is frequently given by a fractional number in 
saying that 3 pence cfin be taken out of 17 pence 5 J 
times. But th^re is a man^est incQ^;igruity of ideas in 
speaking of taking the full 3 pence 5 times out of 17 

* It T^BS pointed ont in a note on page 33 tbat it would be absnrd to speak of 
multiplying money by money ; bn^^ from wha^ is stated Ui the text here, it will 
be seen that there is no abntirdity in diyldinfir money by mon^, which means 
finding how oHUgk one som is contained in another. ' 
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pence, and then taking the full 3 pence a fraction of 
another time oat of it : and the form of answer sanc- 
tioned by nsage, and often aflfording adyantages of con- 
venience and brevity of expression, that it can be taken 
5f times ont of 17 pence, must be interpreted to mean 
really that the full 3 pence can be taken ont 5 times, 
and that, besides, f of the same quantity of money can 
be taken out once. In this case the entire answer, 5f , 
or of times, is called the qutiUent ; and, when used in 
this way, the word quotient has a different meaning from 
that stated in the case immediately preceding, where 
only the number 5 was called the quotient. 

The subject of fractions will be more fully discussed 
and explained farther on ; but as fractional results con- 
tinually arise in division, some elementary consideration 
or treatment of them forces itself inevitably both on the 
teacher and the pupil, even in the early stages of the 
pupil's progress. 

The sign -^, called the sign of division^ with one number placed 
before it and another after it, denotes that the number which pre- 
cedes it is divided by the one which follows it. The division of one 
number by another is also frequently denoted by writing the divi- 
dend above the divisor, 'vith a. line drawn between them. Thus 
either of the shorty statements 144-^9 = 16, or ^^«* 16, denotes that 
144 is divided by 9, and that the quotient is 16. Division in cases 
of other numerical expressions than mere numbers may be denoted 
in like manner. Thus we might write £16- 12 - 8 -i- 4 » £4 - 3 - 2, 

or, *l?ll?JL?=r£4 - 3 - 2 ; either of which two statements would 
4 , . . . , 

signify that if the sum of money £16-12-8 be divided into 4 equal 

parts, one of those parts will be £4 - 3 - 2. Also we might write 

^6 - 4 - 3-^£2 - 1- 6 = 3, or, f f,' ;"^ «3; either of which would 

£2 - 1 - 6 

denote that £6 • 4 - 8 is divided by £2-1-5, and that the quotient 

is 3, meaning 8 times', ' 

A procesa of division is called simple division in the 
following cases,* provided that neither i^e divisor nor 
the dividend be fractional : — 

* * . - " . * 

* It might at first sight appear to some readers that the three cases noted 
here are not ^1 really distinct, and, as a reason, it might be said that to divide 
16 quarts of milk into 8 equal quantities is the same as to divide the number 15 
into 3 equal parts. Let us, however, take another case, and an important fi\sf- 
tinction will become evident between the dividing of numbers and the dividing 
cf quantities by aid of numbers of units. 

A man and two boys go out in a boat to fish. They catch 89 fishes of various 
kincls, some lanare and some small, some much esteemed and some consideried 
as afanoflt worthless. They arrange among themselves that each person is to get 
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Ist. When the dividend is simply a ntlmber, as, for 
instance, 12, 80, or 100, in which case it necessarily 
follows that the divisor must also be simply a number. 

2nd. When the dividend is a quantity expressed by 
a number of units all of one magnitude^ or, as it may be 
said, all of one denommatum^ and the divisor is simply 
a number, 

3rd. When the dividend is a quantity expressed in 
units of one denomination, and the divisor another quan- 
tity of the same kind expressed in units of the same 
denomination. ^ 

It is to be obseryefi that although these three cases 
of simple division are distinct in priliciple, yet the arith^ 
metical process is identically the same in all. 

The name compound division is usually taken to dis^ 
tinguish those cases in which the dividend is a quantity 
compoundly expressed in units of different denomina- 
tions, and the divisor a mere number. But more 
generally division is properly to be called compound 
when, either in the dividend or in the divisor, or in both 
jointly, different denominations, or, as it may be said, 
unequal units, anywhere occur. 

Thus, if £1 - 7 -6 is to be divided by the dumber 8, 
01* by 28. (5d, or if £26 is to be divided by £8 - 6 - 8, the 
process may be called compound division in each cas^* 
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The nature and chief objects of Division in general, 
and the'distinction between simple and compound division, 
having been explained i» jbhe foregoing chapter, rules 
and explanations for simple division will now be given. 

KuLE I. When the divisor does not exceed 12 : (1.) 

the sAine number of flshefi as each of the rest, bat that the man is to get chiefly 
the larger fishes^ and that the boys are to get chiefly the smaller ones. The 
entire lot of fishes caught is then dlTided nnmerically into 3 lots equal to one 
another in number— the entire nnmbn, 39, being divided into 8 equal numbers^ 
13 each— but this is not at all a case of dividing a quantity of flsb (or of anything 
whatever) into three equal quantities. 

It is a very cUfferent kind of operat^'on from dividing a quantity of milk, 89 
quarts, into 3 equal quantities, each found as being 13 quarts. 

The two operations may, no doubt, be performed by use of one and the same 
arithmetical process ; but the practical results sought for and attained in the 
two cases are very distinct. In the one case there exists no equality of quantity 
in the lots arrived at, while in the other pase the resulting lots are pofectly 
•qnal to one another in quantitj. 
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Place the divisor before the dividend with a line between 
them. (2.) By the multiplication table, find how often 
the divisor is contained in the first fignre, or, if necessary, 
in the number expressed by the first two, or the first 
three figures of the dividend ; and write down for the 
commencement of the qaotient the fignre denoting the 
number of times. (3.) Find the product of this figure 
and the divisor, and take it from the number expressed 
by the figure or figures of the dividend formerly used. 
(4.) To the remainder annex, mentally, the next figure 
of the dividend ; and proceed as before, to find the next 
figure of the quotient, and the next remainder; and con- 
tinue the process till all the figures of the dividend have 
been employed. (5.) If there be a remainder at the 
conclusion, note it as a remainder after the quotient 
previously found; or else write it, with the divisor under 
it, as a f^tional addition to the previous quotient, in 
order to find the quotient under another of the ordinary 
significations of the term quotient.* 

Method of PrQof. — ^Find the product of the divisor nnd qootient, 
&nd add to it the remainder ; if the sum be equal to the dividend, 
the work is correctT 

Exam. 1. Let it bp r^uired to find how many weeks there are 
in 1738 dajB. 

To solve this que§tif>n, since a week consists of 7 days, we have 
merely to find how often 7 ts contained in 
1738: that is, to divide 1738 by 7. Set- 7^17S8 
ting then the divisor and dividend as in ~ino« 

the margin, we say, 7 is contained in 17 248^ ^ttent. 

(or, for brevity, 7 in 17) twice and 3 over, .^ 7 

and we write 2, for the firs^i figure of the 17 fiSt proof, 

quotient, under the 7 of the dividend : then 

the remaiuder 3 and the next figure 3 annexed mentally to it, ^- 
press 33 ; — 7 in 33, four times and ^ over, and we write 4 under the 
3 : then to the remainder 6 annexing, meiitally, the 8, we have 58 ; — 
lastly, 7 in 58, eight times and 2 over, and we set 8 under tiie 8, 
and next we write the remainder 2 with the divisor 7 under it^ to 
complete the quotient. It thus appear^, that in 1738 days there 

* The opei^tion aooording to this mle is generally termed ^lort tUvMon, 
while that aeoording to Bnle n. is called long divMon. 

t The work may alsp be proved in either of %h.e following methods : — 

1. Sabtract the remainder from ^he diyidf^nd, and divide the result by the 
quotient, taken as the whole numbisr without fractional part ; if the qaotient 
^08 found be the same as the given divisor, the work is right. 

2. X:kut the nUtet out of the divisor, dividend, quotient, and remainder ; then 
to the product of the excesses of the divisor and quotient add the excess of tbe 
remainder, and cast the nines out of the sum ; if this excess bo equal to the ex- 
cess of the dividend, the work may be presumed to be correet. 
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» 

are 248 complete weeks, and two days, or two seyenths of another 
week. 

Exam. 2. If 10,507 pounds sterling were diyided equally among 
12 persons, what would be the share of each ? 

The object in this question is to find a number of pounds which 
will be contained 12 times in the given number of pounds 10,507, 
or which, as it is termed, will be one ioMA«;A«y 
twelfth part of 10,607 pounds. Todothif ^^)}^2^ 
in the usual way, we proceed by finding 87 5^^, quottent. 

how often 12 is contained in 10,507. Then ^ 

in performing the operation, 12 is not con- 10507, proof. 

tained in the first figure 1, nor even in 10^ 

Taking, therefore, the first three figures, we say, 12 in 105, eight 
times, and 9 over; 12 in 90, seven times, and 6 over ; 12 in 67, five 
times, and 7 over; and the 7, with the divisor 12 below it, is written 
to complete the quotiehti Then th^ share of each would be 875 
pounds, with a twelfth part of the 7 pounds that r^nain at the end 
of the operation, as will next be explained. 

The operation here performed may be regarded in more ways 
than one, and the following is a simple way: — Every time that a 
sum of 12 poutfds can be taken out of 10,507 pounds, one pound can 
be given to ^ch of the 12 persons. Hencb when it is fbund that 
12 pounds can be take^n out of 10,507 pounds 875 tin;^es, leaving a 
remainder of 7 pounds, it follows that each of the p'eraons can 
obtain one pound 875 times, and that there will remain 7 pounds 
still to-be divided among the 12 persons, and that then, out of this 
remainder, each peirsbn will get one twelfth of 7 pounds. The 
whole quantity which each will receive is then expressed as 
875p pounds, which may be read in various ways. Thus it may be 
read as 875 pounds and a twelftii of 7 pounds, or. as 875 pounds and 
seven twel^is of another pound. ' ' 

As 7 pounds are seven >times as great as 1 poundya twelfth part 
of 7 pounds is evidently 7 times as great as a twelfth part of 1 
pound. It is plain, therefore, that the expression -^t regarded at 
first as denoting a twelfth of 7 pouhds, is the same in value as seven 
twelfths of 1 pound ; and hence it is usually i^d 8ev$n twelfihs of a 
pound. In like manner, | is read Jive eighths ; -|, one sixth ; ^, 
four elevenths, &c. It would be shown also, in a similar manner, 
that, if a ^shilling be the unit, the fraction, f , means either two fifths 
of one shilling^, or one fifth of. two shillings ; while, in refbnei^ce fx> a 
ton, I means equally three eighths 'of one ton, or one eigh^ of three 
tons. • ' ' ... 

In any fraction, expressed in the manner that has been now ex- 
plained, the upper number is called its nuhebator, and the lower 
its DENOMiNATOB. Thus, in |, 2 is the numerator, and 3 the deno- 
minator.* 



* The term nvmerator means numberer, and denominator means namet. Thns 
in the fractions ^i ^, ^, the namet, or denominations^ are fleTenths ; while the 
numerators, 2, 3, 4, eAiow the numbers of those sevenths expressed by the several 
fractions. 
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1. 470850^3 

2. 1 829765 -i- 4 

3. 4265983 -r 5 



Exercises. 

4. 3782047+6 
6. 7165537 -«- 7 
6. 27459332 -i-S 



7. 74593822+9 

8. 53248675 + 11 

9. 49275189 + 12 



Rule II. WJien the divisor exceeds 12 : (1.) Place 
the divisor to the left of- the dividenci, with a Hne be- 
tween them, and leave a space to the right of the divi- 
dend for containing the qnotieht. (2.) Separate off 
mentally frbni th^ left hand of the dividend the least 
number of its figures which will n^ike a number not less 
than the divisor. Consider the numbe]: formed by the 
figures so separated as a subordinate dividend ; and find 
how often the divisor is contained in it,* and set this 
number of times as the first figure in the quotient. 
(3.) Multijply the divisor by the figure thus found, and 
set the product below the number designated as the 
subordinate dividend, and subtract it from that number. 
(4.) To the remainder annex the npxt figure f. of the 
divid^4» Ski^d consider the number sq obtained as a new 
subordinate dividend now to be used. Then if ihis sub- 
ordinate dividend be not less than the divisor, find how 
oflten the divisor is contained in it, and pu^ tl^s number 
of times as th^ next figare in the quotient to the right 
of what is there already; but if the subordinate dividend 
now arrived at be less than the divisor, put a cipher as 
the next figure in the quotient, and make another new 
subordinftt^ dl^vi^end by annexing to the one last obtained 
the next fpllpwing figure of the dividend ; and, if 
necessary, go on repeating the process of putting a cipher 
in the quotient Q,nd an:^iexing a figure of the dividend to 
the last subordinate dividend, till a new subordinate 
dividend be obtained which is not less than the divisor ; 
then find how often the divisor is contained in the 
number so obtained, and put (his number of times as the 
next figare in the quotient. Multiply in either case the 
divisor'by the last figure obtained for the quotieT;it, and 
subtract thq product from the last subordinate dividend. 
(5.) Using the new remainder thus found, proceed 
again as inX^.) ; 8,nd go oii iintil all the figures of the 

* Instractions for aiding \n the finding how often the diVisor is contained in 
this sobordinate dividend, and in the others which suoceaeiyely follow, are given 
in connexion with the present rule at its end. 

t It is ]m>per, for preventing mistakes, to put a dot below each figure of the 
given dividend when it is brought down, ^ 
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diyidend are exhausted.* (6.) If there be any re- 
mainder at the end, deal with it as directed in Kale I. 

The finding how often the diyisor is contained in each of the 
succesfiire subordinate dividends, may be facilitated by first neglect- 
ing all the figures of the divisor except the first one or two at the 
left, and neglecting as many corresponding figures from the sub- 
ordinate dividend, and |;hen psing the numbers remaining, instead 
of the numbers themselves, for a trial to find the number to put in 
the quotient. Then, by actually multiplying the divisor by the trial 
number so obtained, it can readily l^ se6n -whether that number is 
too great or too small, or the right one. It is too great if the pro- 
duct is greater than the numbeir from which the product should be 
subtracted ; and it is too ^mall if the remainder left after the sub- 
traction comes to be equal to, or larger than, the divisor. By 
practice, facility may be attained for arriving speedily at the proper 
figure to place in the quotient ; and mode^ of assisting the md|[ment 
in guessing nearly the proper figure wilV ba readily noticea without 
their being formally set down here as rules. ' ' ' 

Exam. 3. Divide 15967 by 57. 

Let the divisor, 57, be set 57)15997(280^ 280^ 
before the dividend, 15967, as in 114 ' 67 

the margin. Observe that the "45^ 1957 

figures 159 will form the first 459 lloo 

•ubor(fiB»te dividend, and pro- —7 iSm.prtH^. 

eeed thus : — How often is 5 con- -^ ^ 

tained in 15? twice ; f place 2 in the quotient, multiply the divisor 
by it, and set the product below the subordinate dividend l59. This 
being subtracted from 169, the remainder is 45, to iffaich 6, 
the next figure of the dividend, is annexed. Again, how often 6 in 
45? 8 times : place 8 in the quotient, proceed as before, an^ there is 
no remainder. Then 7, the remaining figure of the dividend, con- 
taining 57 no timeSy a cipher is place4 in the quotient, and the 
remainder is written in the quotient over the divisor 57. The quo- 
tient, therefore, is 280^4 

* It is carefally to b^ obeprm} that for the set of flgniijaB at flrst separated 
mentally from the left of thl9 dividend, and for every subsequent flgnre of the 
dividend brought dowp, a dgiiz^ must be put in the qu0|ient : and hence it is 
easy to know, even at the beginniiig of the work, how mefny tLgarea the quotient 
must oontain. Attention to this' may ofi|^ prevent great mistakes, more eepe. 
cially in oases when ciidiers have to be piit in tiie quotient, as errors of inad- 
vertence are rather liable to occur in reject to the nnmher of ciphers inserted. 

t It would seem here, at first sis^t, that 8, and not 2, should be put in the quo- 
tient. Were the divisor mnltipli^ by 3, however, the product, 171, would be 
greater than 159. When the secona fimre of the divisor is above ff, in trpiHff Per 
^e flgnre to be placed in the' quottent, th^ first may be increased by unity* 
Thus, in the examine befo|;e us, we might have said, how often 6 in 10 ? Ac 

t The Frtsnch place the divisc^r to the right of the divi- 
dend, and th0' quotient below it, as in the example in the 591^3 1 82, divitor, 
margin. TI^s mode gives the work a more compact and 574 * | =a| ^^^^n^, 
neat appear^oe, and possessQS the advantage of having -^72 vottemt* 

the figures of ti^ quotient near the divisor, by whi<£ j^T 
means the praciU^l dUBculty of multiplying the divisor --|- 
by a figure placed i^^ a distance from it is removed. This °^ 
difficulty every one mi;^ have felt, particularly in long o2 
operations; and hence this arrangement might, with 
propriety, be adopted in preference to that which is emplo^-ed in this oountxy. 
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RtTLE m. If the dwiaoT ends in one or more eiphers^ 
cnt fchem off, to contract the operation, and cut off the 
same number of figures from the right of the dividend ; 
then proceed with the remaining figures, according to 
one of the preceding rules, and to the last remainder 
annex the figures cat off in the dmdend, to find the 
true remainder. 

Exam 4. Diviae 782967 by 8700. 

In this exercifle two ciphers 87^00)7a99v<'7( 31 l|fg{ 

ars cut off from 3700, and two 74 3 7 

figures from the divideDd ; then ~~i2 22dT 

the division by 87 proceeds in ^ ^ 147 7 

the common way, ana to the last "Kq 6 3 3 

lemainder, 23, ths figures cmt off ^^ ■ ■ ^ 

are brought down, and the true 11 7 8^96 Jtproof. 

remainder is 2267. 2 2 6 7, remainder. 

Hence, when the dirisor is unity, with one or more 
ciphers annexed, the quotient is found by cutting ofi^ 
from the dividend as many figures for remainder, as 
there are ciphers in the divisor. 

Thus, if it be required to divide 58826 by 100, the quotient is 
simply 638 jj^ 

Beaeon of the foregoing Bules, 

The principle on which the operations in division depend, is, that 
o part of the quotient is found, and the j^oduct of it and the divisor 
deducted from the dividend ; then another pari at the quotient is 
found, and its product by the divisor taken from the remainder ob- 
tained before ; and thus the operation proceeds till nothing remains, 
or till the remainder is less than the divisor. This will be under- 
stood from the following example: — 

Exam. 6. IXvide 31278 by 78. 73)81278(400 

Here, the first part of the quotient is 400, 29200^ 

the podnctof which and 73, is 29200. This 78)2078( 20 

taksn firom the dividend, leaves 2078 still to 1460 

be divided by 78. The next part of the 73)61 8( 8 

quotient is 20 ; the productof which and 73, 684 428 

is 1460, which still leaves a remainder of "34 
618 to be divided by 73. This gives 8, 

with the remainder 34. Hence, it appears 78)31278(428f« 

that 73 is contained in the dividend 400 + 202* 

20+8 times, or 428 times, with the remainder ~^m 

34. By comparing this, and the common ^.I 

prooess subjoined, it will be found that the 

ktter is merely an abbreviation of this, the J^J 

ciphers being omitted in the one and retained zzz 

in the other. ^ 
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Rule IV. When the divisor can he resohed into iwo 
factors^ neither exceeding 12, and each being an integer y or 
whole number, the dmdend may be divided by one of 
them by short division, and the resnlt by the otiner. In 
proceeding thns, if there be remainders, the true re- 
mainder on the whole division is fonnd by multiplying 
the last remainder by the first divisor, and adding to the 
product the first remainder. 

Exam. 6. Divide 20478 by 56. 7 )20478 

Here the first remainder is 3, and the second 8) 2925 .. .3 

5, and by the rule we obtain 38 for the re- 365... 5 

mainder in the division by 56. 865J| 

The special reason for this Rule IV. may be nnderstood through 
the following considerations : — 

2925 is 8 times 365 with 5 added, 
and 20478 is 7 times 2925 with 3 added, 

or is 7 times (8 times 365 + 5) with 3 added ; * 
or is 56 times 365 + 35 + 3 ; 
or is 56 times 365 + 38. 

Or the reason may be understood otherwise throngh the follow- 
ing considerations, in the statement of which the word quotient is 
to be taken in its sense of signifying the integer or whole number, 
and the remainder is spoken of as a distinct number. 

(1.) For every unit in the first quotient, 2925, obtained by the 
division by 7) there are 7 units in the given dividend ; and it has 
3 units besides, as is shown by the remainder 3. 

(2.) Again, for every unit in the second quotient, 365, obtaine(^ 
by the division by 8, there are 8 units in the first quotient, and that 
first quotient has 5 units besides, as is shown by the remainder 5. 

(3.) Then for every unit in the second quotient, 365, there are 
7 times 8 units, or 56 units, in the given dividend, and something 
more besides ; this additional number being, as may be seen from 
what was said in (1:), 7 times the 5 units of the first quotient which 
remained over in the second division; and the original dividend 
contains 3 units more besides. 

(4.) That is, the original dividend contains exactly the following, 
viz. : — 

56 times 365, and 7 times the remainder 5, and once the re- 
mainder 3. 

Introductory remarh for Bute V, — It is often the case 
that a number is required to be divided by the product 
of three or more given factors ; and it may also some- 

* In this it is to be nnderstood that the donble mark made thns ( ), and 
which is called a bracket or vinctiJvm, has the effect of connectinfr all that it 
encloses, so that all shall be afTected by the mnltiplier outside of the vincolom ; 
that is to say, shall be taken 7 times. 
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times be conyenient to resolve a given divisor into three 
or more factors. In such cases the following rale may 
often be used with advantage. 

Rule V. If the dmisor is given aa^ or is resolved into^ 
more than two fojctors^ none of them exceeding 12, and 
each being an integer, the dividend may be divided bj 
one of them by short division, and the result by another, 
and so on till all of them have been used ; and the true 
remainder, if there be any remainder, will be found by 
successive applications of the method stated in lUde IV. 
thus : — (a*) Confine attention to the last pair of . re- 
mainders and the divisor which gave the earlier of 
them : call that divisor, for the present, the initial divisor \ 
and multiply the last of the pair of remainders by this 
initial divisor, and add to the product the first of these 
remainders. (6.) Now use the result just found, taking 
it as the last remainder in a new pair of remainders now 
to be dealt with, and taking as the first in this pair the re- 
mainder next before those already used ; call now the 
divisor which gave this first remainder the initial divisor. 
Then multiply the last of the pair of remainders by the 
initial divisor, and add to the product the first of these 
remainders, (c.) The result just found will be the re- 
quired remainder, if the divisor was resolved into three 
factors ; or, ivhat is the same, if all the remainders have 
now been used : but if the number of factors has been 
more than three, proceed again according to (5.), and so 
go on till all the remainders have been used. Then the 
result finally obtained will be the required remainder. 

Remark in reference to JR^les JV. and V, — It is to be 
observed that if any of the factors leaves no remainder, 
a remainder zero is to be counted as being lefb by it for 
the due application of Rules lY. a^d Y. 

Exam. 7. Divide 63217 by 8 x 6 x 7. 

"Sere, under Bide V., the last pair of lemainders 
are 4 and 2, and the initial divisor to be used with 8)53217 
that pair is 6 : and we multiply the remainder 2 in 6)6652... 1 
this pair by the initial divisor 6, and obtain the ^ m in» "a 
product 12, and to this ure add 4, the first remain- 7MiW»—* 
der of the pair, and obtain 16. Next, we use this 168... 2 

result 16 as the last remainder of a new pair in 
which the first is 1, and for which the initial divisor is 8 : and we 
multiply 16 by 8, finding 128, and to this product we add 1 ; and 
so obtain Uie required remainder 129. The quotient then may be 



16. 325000 + 85 s3823tf 

17. 400000-f-96 »»4166^ 

18. 9099994-47 » 21278]^ 

19. 352417-1-29 » 12152^ 
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stated SB 158 tinus with a remainder 129 ; or, in the other ordinary 
sense of the term quotient, it may be stated as 158||{; as the divi- 
sor 8 x 6 x 7 is equal to 336. 

It will be well for the pupil to work this example bj taking the 
ffi^en factors in yarious oraers ; and also to find the result by long 
diTision, taking 336 as the divisor. The same result ought to be 
obtained in all cases. 

Exereuea.* Angwera, Egercisea, Atufoerg^ 

10. 67359-r21 =3207H 15. 421646-T-74 «6697H 

11. 88763-6-32 ==2773|i 

12. 47839 -=-42 =1139;^ 

18. 75043-1-62 =1443/5 

14. 93840-i'63 »1489i| 

Exercises, Ansteeri, 

20. 51846734-1-102 = 608301^«5 

21. 727846489-^408, =1 17827Uigi 

22. 98026371 1 -$-809 = 1211608^ 

23. 536819237 -S- 907 »591862|gf 

24. 1457924651 -^1204 » 1210900^ 

25. 28101418481-5-1107 - 25885201 jgj^ 

26. 513513513513-f917 = 5d9992926§|| 

27. 643751624367-^731 - 8806451 76?it 

28. 465465465465-1-644 =^ 722772461f|i 

29. 3473826004354-727 =» 47783026 lf|f 

80. 1700649160000 -i-759 ,..» 224064447^11 

81. 571824753344-1-839 = 681555129ji| 

82. 245379633477-S-1263 » 19428316im| 

* The pupil should prove the work of the several exercises In division by 
mnltiplioation. Bvery operation in long division, thus proved, afflocds him an 
exendse in each ot the four fnndamentiJ rales ; as, in finding the qnotSentw he 
emptoys division and snbtmctton, and in the proof, multiplication and addition. 
Hence, perheps the exercises here given will not seem, on due consideration, too 
numerous, though at first sight they might appear to be so. It is of the first Im- 
portance that the pupil should have acquired both aocuracj and despatch in 
performing the operations in the fundamental rules before he proceeds to apply 
them in the more advanced parts of arithmetic. 

In proving the operation in this way, the mode which is gene- M1M9 

rally best for adding in the remainder, is to write it above the first 907 

of the partial products. Thus, the proof of exercise 33 will be as in 403 

the margin. 4148034 

When the pupil has bad some practice in the methods of di- 3896758 
virion already explained, he may omit writing the products in KassisttT 
performing long division, which will at least save room in his ope- ^^ 
rations. This method will be understood from the following example :-* 

Here the first figure put in the quotient is S ; then we 
say, twice 8 are 6 ; 6 from 6, and nothing remains; twice 178)486^^1(3383111 

7 are 14 ; 14 from 33, and 9 remain ; twice 1 are 3, and 3 ~~909 
(carried) are 4 ; 4 from 4, and nothing remains. We next -rjj. 
bring down 9, and place 3 in the quotient ; then 3 timw **Z^ 

8 are 13 ; 13 from 19, and 4 remain ; 3 times 7 are 83, 991 
and I (carried) are 36 ; 86 from 40, and 4 remain ; 3 times 136 
1 are 3, and 4 (carried) are 9 ; 8 from 9, and nothing re- "^ 
mains, kc 
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83. G368476aS5S5+n88 ^ 47I74eS83){a 

St. 234616t4TG1S-=-T59 = 308980826$^ 

35. llllll]11ini + SS4 <-13010668T4lt{ 

M. 7S901234S676T-73S4 = 1068fi43264g 

97. 7a8«S68942S-«-8593 -8836211|j^ 

38. Sfi3S80478SS + S78e -23*84402^ 

IS. S33338S3333-i-fi2e9 -6290496^ 

4a. 3219S76G3321-t77S6 ^41461196^ 

41. fi427I30B031S-i-4444 .... = 1221226aO|J){ 

42. 26621 0420S416-i-TG39 -3fil7S4614fJ^ 

41 7314617334763 + 6784 = 107821S99Si;H 

44. 3146173847837-;- 9387 ^ 336162868^!^ 

46. 065777909444777+891 = 62376B798478{iI 

41 76S809034S37648+793 -'e6671126S7S6|}g 

47. 683390171945110 + 693 = 8403e986e506{|| 

48. S8239017194SI10 + G93 = 0821 082 16769^^!, 

49. 582390171946110+493 ^llB131B807ieO«J| 

50. 682390171945110 + 303 ^ 1481 OOS 834466 j|{ 

tt. GS2S90171946110 + 298 ==19S767e767730||£ 

Si. 68239017104G110 + I93 = S01756G667746i|g 

63. 3333333333333333 + 483 ... = 6e01311249137H} 

64. 3333333333333333 + 484 ... = 6887U62341597;;i 

65. 1000000000000000 + 81 >. 1234667901234SSf 

66. 1000000000000000 + 720 ... = 1371742112482^ 

67. lOOOOOOOOOOOOOOO + lll ,..'^0000000000009^ 
58. 1000000000000000+1111...^900090000000}f^ 

69. looooooooooooooo+nni =eoooo900oo9i^ 

60. 666G55G555G5 + 123466 cr 460002Sj!^^ 

6L 566556655556+654321 = 8400Sajf}g{ 

62. 102030405060 + 123456 -S26451^y^ 

63. 008070606040 + 694321 = 1387806^^ 

64. 3784926474826 + 384366 ... = 0847219^|} 
66. 4678 1T93B473 + 2100 ^^ 222770446^ 

66. 867817938429+36600 --100772031^ 

67. 2e7817U384r3 + B70O -80672834^^ 

68. 1B7817B3H1T<) + 957000 <• 175858Kfijg 

16781 7938473 + 87700 - 191894^HH 

*' 1360000 ...=>196024}|^^ 

'000 = 42277021}^ 

itBiD in the nnghbonrtiood of Bdftat, 
BUde 15,680 feet: bow roui; tnoaD- 

ii'r, most be piled ons above aootliMi 

r ? Amw. lOffiSr- 
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73. If it be supposed, as in common circumstances is found to be 
nearly true, that as many persons die in 33 years as are equal to the 
entire population, it is required to find how many persons die annually, 
at an average, out of every million? Answ, 30,303, nearly. 

74. How many lessons of ninety-live lines each, are contained in 
Virgil's ^neid, the number of lines contained in that poem being 
nine thousand, eight hundred, and ninety- two? Answ, 104}f. 

75. The earth's equatorial and polar diameters are 41,847,426 and 
41,707,620 feet respectively : divide each of them by their diflferenoe, 
Ansuj, 299 and 298 ; rem, in each case 45432 feet. 
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Ik the chapter of Introductory Explanations at the commencement 
of this treatise, some preliminary information has been given in 
respect to the nature of fractional numbers, or fractwnal numerical 
expressions^ and their relation to whole numberSt or to nurnbers pro- 
perly so called. Also in the explanations on division, the subject 
of fractions has been touched on in more than one place, as the con- 
sideration of the remainders left in division naturally and unavoid- 
ably brings fractions into notice for practical expression and treat- 
ment. The exposition of the subject of fractions hitherto intro- 
duced has, however, been very brief, and has consisted chiefly in some 
fundamental explanations of the nature of fractions in arithmetic, 
and of their relations to proper or " whole '' numbers ; and in some 
explanations of nomenclature used in reference to them alone, or to 
them conjointly with proper numbers. In respect to the nature of 
fractions in arithmetic some notions have been offered for considera- 
tion as to fractional things, such as parts of the indefinitely divisible 
units of quantity (yards, feet, tons, gallons, hours, &c) used for afford- 
ing numerical expression for quantities of things, or for answering the 
question hoiv much (as when we speak of three flfbha of a gallon, or 
of four tenths of a ton) ; and also notions have been offered of frac- 
tions of groups of single indivisible objects, the groups and fractions 
of groups being used for affording a certain kind of numerical ex- 
pression — a fractional expression-— different from an ordinary num- 
ber, in reply to the question how many of those single objects there 
are (as when we speak of 2| dozen, or | of a million). In the 
present chapter some of the most simple and essential principles of 
fractions, and methods of managing them, will be taught, especially 
those which are most usefUl to a learner of arithmetic at an early 
stage of his progress, while the more intricate processes, which can 
well be dispensed with at first, will be reserved for more advanced 
chapters in this book. 

If a piece of tape one yard long is divided equally among eight 
persons, each person is said to get one eighth of a yard ; and this 
share for each is called a fraction of a yard. If a. piece of tape five 
yards long is divided equally among eight persons, each person is 
said to get one eighth of the five yards ; and this share aUso is called 
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ft fraction of a yard, the yard being regarded as the unit which is 
broken up into fractions.* In the second case it is obvious that the 
length which each person gets is five times as much as each got in 
the first case. This may be seen by considering that the length to 
be divided was five times as much in the second case as in the first, 
while the number of persons among whom the division was made 
was the same in both. Or otherwise, the same may be seen by 
conceiving, in the second case, every yard of the five to be marked 
oat in eight equal parts, one for each person, so that there would be 
for each person, on the whole, five of those equal parts ; or each 
person would get five eighths of a yard. Thus we see that an eighth 
of five yards is the same length as five eighths of one yard. The 
yard here is the unit in which lengths are counted, and the length 
which each person gets as his share is called a fraction of this unit. 
The explanations given in the foregoing example will aid the com- 
prehension of the more general statements following. 

If any unit of quantity (as, for instance, a yard, an inch, a pint, 
or an hour) be divided into any number of equal parts ; and if one 
or more of those parts be taken, the quantity so obtained is called a 
fraction of that unity or simply it is called a fraction^ in relation to 
that unity or that quantity called one.f 

Likewise in the case of expressing numbers of objects by taking 
the objects in groups (as, for instance, in millions, or dozens, or in 
!»ioup8 of any other number each ; it may be in twenty-fives, or in 
Lwenties, or in thirteens, &c., when convenient for any reason), if 
my group or number of objects treated as a unit^l ^^ considered as 
sne of something, one group, or one whole, be divided into any num- 
ber of equal parts into which it may be divisible ; and if one or more 

* It is to be obeerved, however, that we may also, if we please, perfectly 
wdl treat this eighth part of five yards as a fraction of the length five yards. It 
is the fraction called one eighth, and denoted |, of that length. In that mode of 
thought we may regard the length five yards as a certain unit, or single whole, 
of which the part under consideration, |th of it, is a fraction or broken portion. 
The two modes of thought, one stated above in the text and the other stated 
here in the foot note, are quite consistent mutually, and it is proper that both 
should be understood. 

t In some considerations— often, for instance, in algebra— any portion of a 
unit may be called a fraction of the unit, whether admitting or not of being 
arrived at by dividing the unit into a number of parts all equal, and then taking 
an exact number of these parts. In arithmetic, however, only such quantities 
can be numerically expressed perfectly, and dealt with exactly, as admit of being 
arrived at in that way, and only such are called arithmetical fractions. By 
making the equal parts small enough and numerous enough, we can arrive at 
any lequisite degree of exactitude in the expressing of a quantity which cannot 
be made up out of any exact number of exactly equal parts of a unit. For in- 
stanoe, it is known to mathematicians that if a square has its diagonal a unit in 
length, it is Impossible to divide that unit into any number of equal parts such 
that an exact number of those parts will just miJce up a length equal to a side 
of the square ; but by taking the equal parts small enough, we can have as small 
an error as we please in stating the length of the side as a certain number of 
those small equal parts of the diagonal. The side and diagonal of the square 
are called incontmensurabte with one another ; and there are numberless other 
inmmmeHsurabte (fuantities met with in mathematics. 

X On this subject the reader may refer to remarks in the chapter of Introduc- 
tory Bnlanations, page 4, as to a group or assemblage of single things being an 
object of our oono^p»tion, which may, when vre please, te treated as a single thing, 
or as a unit. 
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of those parts be talcen, the partial group or xramber so obtained i» 
called a fraction in relation to the -whole group regarded as one 
whole, or as a unit^ or one. Thus if we regurd a group of twenty 
objects as a unit, one twenty (while we might have two twenties, or 
three twenties, or any number of twenties), then one fifth of that 
unit or of that one whole would be four ; and three fifths of that 
unit or of that whole would be twelve ; and so we say that twelve 
is a fraction of twenty, and we name that fraction as three fifths. 

A fraction is ordinarily expressed by two numbers, or tbbhs, 
called the numerator and the dmominator. 

The DENOMINATOR IS written below ih% numerator , and expresses 
the number of equal parts into which the unit (whether a unit of 
quantity or a unit group of objects which are counted in number) is 
divided ; and the numbbatob expresses t^e number of such parta 
denoted by the fraction. 

Thus f, which is readybtir fifths^ is a finction, and signifies thai 
a unit of some kind — a day, for instance — is divided into five equal 
parts, and that four of these parts are taken. 

Tlie word numerator means numhereTf and denominator means 
namer. In the foregoing example J, the numerator 4 states the 
number of parts, and the denominator names them as fifths. It 
may here be noticed that when we choose to think upon the expres- 
sion \ as one fifth of foter (which we are quite free to do, as has been 
already explained in some previous passages ; see pages 5 and 38, 
and foot note, page 47), the names numerator and denominator do 
not convey any etymological meaning in reference to that mode of 
thought, but they are tJien used as names without regard being taken 
to their derivation. 

According to the explanations of fractions already given, under 
which any fraction is less than the unit, or one thing, or one whole, 
which is divided into parts, it follows obviously that in a fhkstion the 
numerator should be less than the denominator. It is often found, 
however, convenient in practice, and consistent with true modes of 
thought, to extend the meaning of the word fraction, so as to make 
it include such numerical expressions as |, |, or |. In respect to 
these, it may be noticed that eight eighms of any thing would be 
one of that thing ; so that a fraction having its numerator equal to 
its denominator is equivalent to one, or denotes a unit of whatever 
is counted in number ; which things counted may, for instance, be 
yards, days, gallons, dozens, millions, or various other divisible 
units. When the numerator is greater than the denominator, as in 
|« the fractional numerical expression denotes more than one of the 
things counted. Thus { is equal to five fifths, together with two 
fifths, or to 1 J. Different varieties of fractional numerical expres- 
sions are distinguished by names as follows : — 

A PROPER FRACTION is One whose numerator is less than its 
denominator. 

An IMPROPER PRACTION IS oue whose numerator is equal to or 
greater than its denominator. Thus | and h are called proper frac* 
tions, and |, ^, and y, are called improper mictions. 

A numerical expression consisting of a proper number (often 
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called a whole number) with a fraction annexed, as 5ff is termed a 

MIXED NUMBER.* 

A SIMPLE FBACTiOK IS One in which the numerator and deno- 
minator are simply fvofer numherSy called also wh4)le numbers, 

A COMPOUND FBACTioN IS a numerical expression stated in the 
form of a fraction of a fraction, or in the form of a fraction of a 
mixed number. Thus f is & simple fraction ; but | of ^, and | of 
I of If are compound fi»ctions. Compound fractional expressions 
have tne word ^interposed between the simple expressions of which 
they are composed. 

A COMPLEX FliAcnoN IS One which has a fraction either in its 
numerator or denominator or in each of them. 

Thus "^ , — , and -1 are called complex fhictions. The name 

9 9g Og 

complex Jradion is introduced here in order tiiat it may be noticed 
in connexion with other names here given ; but it is to be observed 
that the explanations of fractions which have hitherto been given in 
this treatise do not suffice to indicate what the meaning is of a frac- 
tional expression having a fraction in its denominator, such, for 

8 
instance, as -— . The fractional number here, 9|, occupying the 

®5 . , 

place of the denominator in an ordinary simple fraction, fails in any 

ordinary language and mode of thought to afford a name or deno- 
mination, or to be a " namer," for the parts of a unit, of which parts 
the numerator 8 states the number taken. Obviously we cannot 
divide any unit, or anything whatever, into 9| equal parts, and then 

8 
take 8 of those e^nal parts. Yet the expression _ has a perfectly 

definite and intelligible meaning as a fraction ; and the meaning of 
such expressions will be fiilly brought out in the more advanced 
chapter on fractions farther on in this treatise. 

The distinctive names, compound and complex, as applied to 
certain varieties of fractional numerical expresi^ns more compli- 
cated in form than those called simple fractions, are mentioned here 
because of their having been usuiilly given in treatises on arith- 
metic. The maintaiining of these two names for specially distinct 
meanings seems, however^ not at all to simplify or &cilitate the 
subject of fractions to the teacher or the learner \ and their separate 
employment in this way is very properly tending to fall into disuse* 
Any fractional numerical expressions which are not simple might 
very well be called complex. 

For brevity, a fractional numerical expression of any form may 
be called a fractional numbkic; and we may use the name a 
vuMBiuc to signify in general any nirmerical expression which is 
either a number proj^lyao called (such a» 1, 2, 3, 4 .... 9 .... 25, 
&c.), or a fractional numerical expression (such as J, |> 67, |f of}, &e.) 

Some of the most important properties of fractions will next be 
stated with explanations. 

Proposition 1. If the terms of any fraction be both multiplied 

^— ^ ■■ « -I ^l.ll ■■ ■■■■■■■■■» — ■ ■ I - , ^.. m m . . - .. - M mm 

* When tb^iiMBe *•< noaiMie" iatuaedfus' proposed in t^ loot note on p^ge 4» 
ttxia vaaj mean properly be onlled a hixbd numkbio. 

0^ 
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by the same number, the resulting fiaction is equivalent to the 
original one. 

To illustrate this, let us multiply the terms of the fiaction f by 
3. We thus get the fraction X ; and this can be seen to be equal to | 
in the following "way. If any thing — that is to say, any one whole — 
is divided into five equal parts, each is called onefif^h of it ; and if 
again the same whole is divided into three times as many equal 
parts — that is, into 15 equal parts — each will have a third of the 
magnitude that each part had in the former case. That is, ^h ♦ is 
a third of |th. Hence ^ must be a third off. Hence 3 times ^ must 
be equal to § ; or, in other words, ^ must be equal to §. A like 
illustration may be given in every similar case, and so we may ac- 
cept the proposition stated above as being established.^ 

PEOPOsmoN 2. If the terms of any fraction be divided by any 
number which will divide each without remainder, the resulting 
fraction is equivalent to the original one.f 

The tanith of this follows immediately from the preceding pro- 
position. It was there shown that f may be changed in form to ^ 
without alteration of value, or, in other words, that § and ^ are 
equal each to the other. So if we commence now with ^ as the given 
fraction, and divide its numerator and denominator botn by the same 
number, 3 (which will divide each without a remainder), we get 
the fraction §, which, as previously shown, is equivalent to the ori- 
ginal one. A similar illustration might be given in every similar 
case, and so the proposition may be admitted as being true. 

PfiOPOsmoN 3.' A fraction may be multiplied by any^ nuuil>er 
by multiplying its numerator by that number, or by dividing its 
denominator by that number, in case of the denominator being 
divisible by it without remainder.} 

To illustrate this, let us begin with the fraction j^, and let it be 
required to multiply that fraction by 3. Now, obviously 3 times ^ 
must be ^, just as 3 times 2 shillings are 6 shillings. But farther, 
this result, ^, will not be altered in value if we divide both its 
terms by 3, and so we see that it is equal to |. Thus we have shown 
that 3 times ^ may be expressed either as X or as |. But the one 
is got from tne original fraction by multiplying the numerator by 
8, and the other is got from it by dividing the denominator by 8. 
Hence we may accept the proposition as being established. 

Pboposition 4. A fraction may be divided by any number, 

• It is of BO importanoe whether this be written ^th or ^. The letters th 
may sometimes advantageously be annexed, in order to keep the reader in mind 
to read ^« i, &c., as one fifteenth, one fifth, &c. 

t If the terms of the original fraction were divided by a nomber which would 
not diTide them both without remainder, the resulting fraction would be a com- 
plex one ; and although the proposition admits of being extended to such cases, 
yet in the present Introductofir chapter on fractions the intention is to treat only 
of some of the most important fundamental priiidples, and most useful and eaG^^ 
practical operations, and to leave more inl^cate considerations for the advanced 
chapter on fractions farther on in this treatise. 

X In case of there being a remainder in dividing the denominator by that 
number, the resulting fraction would be a complex one ; and the proposition 
stated in the text is purposely framed not to include operations with complex 
fractions, which the pupil may not be prepared to enter on when first working 
in the present chapter. 
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either by diriding its nimierator by that number, when the nume- 
rator is divisible by it without remainder,* or by multiplying the 
deiK>miDator by that number. 

For illustration of the first part of this we may obsenre that if 
we are to divide ^ by 3, we get ^ ; just as in dividing £6 by 3 
we get £2 ; and heie We see that the firaction ^ is divided by 3 by 
dividing its numerator by 3. Next, to illustrate the second part of 
the proposition, we may observe that if we are to divide | by 3, we 
jmist get the same as when we divide its equal A by 3, and that was 
seen to be ^. That is to say, if we divide | oy 3, we get ^ ; so 
this firaction | is divided by 3 by multiplying its denominator by 3. 
Hence the proposition may be accepted as true. 

Some examples and exercises in the application of the principlea 
of firactions which have now been developed will next be given ; 
and a few rules will be introduced at places where they can readily 
receive illustration from the examples. It may be observed that 
the four propositions just brought forward, and also some of the pre- 
vious explanations, might readily be translated into formal rules, or 
tiiat formal rules for procedure might readily be deduced finom them. 
It is; however, better c^ken to let the learner think for himself how 
to proceed to work from pfineiples clearly put before him, rather 
than that he should be led to expect for every case a formal nifo. 
Working too much by rule tends injuriously towards the neglecting 
m fcK-getting of the principles on which the operations depend. 

Exam. 1. "Ftod & fraction which shall be equivalent to {, and 
ehail have its denominator seven times as great as the deno- 
minator in that given fi»ction. 

To solve this we have only to notice that, on the principle stated 
in Proposition 1, if the denominator of the required fraction is to 
be 7 times the denominator of the given fi»ction, the nimierator of 
the required fraction must be 7 times the numerator of the given 
fraction. Hence the required fraction equivalent to the given frac- 
tion will be |}. 

Elxam. 2. Find a fraction which shall be equivalent to ff , and 
shall have its numerator 23 times as great as the numerator m that 
given fraction. 

Here obviously again, according to Prop. 1, we must multiply 
the numerator and denominator of the given firaction each by 23t 
to find the numerator and denominator of the required firaction. 
Thus the required firaction is found to be ||f. 

Exam. 3. Multiply the firaction ^ by 2. 

Here, according to Prop. 3, we may either multiply the nume- 
rator by 2 or divide the denominator by 2. In the one way we get 
^« and in the other way we get |, as the result required. We may 
notice that these two expressions are equivalent each to the other, 
because obviously the second could be obtained firom the first by 
dividing the numerator and denominator of the first each by 2, a 

* The -leaaoii for introdaciiig here the worcis, " when the nnmerator is 
divisible by it ^ihoat lemainder," will be nndentood from the two pnoediiig 

P2 
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proceeding which, according to Prop. 2, would not alter the valud 
of that fraction. 

Exam. 4. Multiply the fraction ^ By 7. 

Bere, as the denominator 22 is not divisible by 7 without re- 
mainder, we may best proceed by multiplying the numerator by 1, 
and so we find that 7 times ^^nds are ||nd8. 

Exam. 5. Divide the fraction ffrds by 7. 

Here, according to Prop. 4, we may either divide the numerator 
by 7, or we may multiply the denominator by 7. Thus in the one 

way we get ^, and in the other way we get — — - , which is ^. So 

the required fe^xAion may be stated either as ^ or ad M^. These 
i^o fractions are equivalent each to the other, as may be seen by 
dividing both numerator and denominator in the second by 7} which 
will show ^'^ as the equivalent fraction. 

Exam. 6. Divide the fraction | by 7. 

Here, since the numerator is not divisible by 7 without remainder* 
we may best proceed by multiplying the denominator by 7 ; and so 
we find that one seventh part of Jths is ^rds.* 

• Exam. 7. Supposing that the wa^eK of a carpenter working full 
time, without overtime, fin* a week are 34 shillings ; And that a 
carpenter, A, has earned in a week 29 shillings : express his wage^ 
received, as a fraction of the regular week's wages, 34 shillings, 
which for brevity may be called the standard (or may, if we choose, 
be regarded as a unUf or one whcle quantity; — one reffular week's, 
wage, of which the sum earned by him will be a fraction). 

Here we may notice that 1 shilling would be 1 thirty-fourth {est, 
as it may be denoted, ^th) of the regular weekly wage. Then the 
carpenter A, in receiving 29 shillings, receives 29 thirty-fourths of 
that standard, or, as the same may be written, |Jths of the Btandard. 

Exam. 8. Supposing the regular weekly *wages of a carpenter to 

* It will be seen, from the words in which the resalt has been stated, that the 
requirement to divide |th8 by 7 has been taken to signify a requirement to find 

one seventh part of |. This is qtdte in acoordanoe with one of the objects of 
DIVISION stated at (3.) on page 82, except that if the wording there giren, viz. 
that one of the objects of division is " to find a number which wiU be eontained a 
ffiven number of Hmes in another given number,** were to be applied to the present 
case, it would be necessary that we should ndwuse the word number in its ex- 
tended signification as meaning any numeric, whole or fractional, while in that 
former passage it was used to mean only a number properly so called, or what is 
often spoken of as a " whole number." The question hi the text here in Exam. 
6 may properly be understood as meaning — to find the numeric which uiU be coiu 
tained 7 times exactly in ^lh$. 

If the question were put in another form, in which questions in division are 
Often put, viz. if it were asked, how maiiy times is 1 contained iE |th8, ot what 
is the quotient in dividing |ths by 7, the <)uestiou so put would be almost nnin- 
telligibk ; but still it could be interpreted so aa to make the answer be, 7 is con- 
tained in |, not twice, nor once, but only ^rds of once, which must be taken to 
mean that Ards of 7 is contained exactly once in |. Fhller' explanations on such 
aubjects as this will be given in the more advanced chapter on fractions. 
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be 34 shillings, as in the la^st foregoing example, and that a carpen- 
ter, B, has earned 158 shillings in a period of four weeks,: in which 
he has worked overtime on some days : express his total wages for 
the four weeks as a numeric of the -standard or regular weekly 
wage.* 

Here 1 shilling would be ^ of the standard, and .so the total 
earnings, 158 shillings, amount to W of the standard. This is one 
statement of the required result. If it be wished to express this im- 
proper fraction as a proper number together with a proper fraction, 
we may find, by dividing 158 by 34, that 34 is contained in 158 
four times, with a remainder of 22. Hence 158 thirty-fourths are 
equal to Mths taken 4 times, plus ||ths. But ||ths are equal to 1, and 
4 times the same are 4. Hence W = 4||. So the .carpenter's earn- 
ings are 4|| of the standard weekly wage. The fraction- 1| in this 
may, however, be expressed by smaller numbers, since obviously its 
numerator and denominator may each be divided by 2 ; and so we 
find ^as an equivalent fraction. Hence, his total earnings In the 
four weeks may be stated as 4 j^ of the standard weekly wage! 

The foregoinjg example, tio. 8, include^ several operations in 
fractional arithmetic. The one of these in which it was shown that 
the improper fraction ^^ may be otherwise expressed by an equivalent 
inixed numeric, 4||, may be specially remarked on here as being aA, 
example of what is called the process of redticing an imjtroper frac' 
tion to a whole or mixed numeric. The explanations given in that 
operation supply sufficient illustration fop the following important, 
rule, stated in wording commonly used. 

RuLB I. To reduce an improper fraction to a whole or mixed, 
number, "f Divide Ihe numerator by the denomina^r; the quotient 
will be the wholes number required, and if there be any remainder, 
write it over tha.given denominator for the fractiQual part of the 
required result. 

Again, the last two foregoing e^anjiples, Nds. 7 and 8, supply 
sufficient illustration for the following important rule. 

BiTLE n. To expresH.any given nwmher as a fraction of another 
given number considered as a stttndard.oT as a secondary unit. Make' 
the standard number the denominator of the required fraction, and 
the other given number its numerator. | 

Remark. The process stated in this rule is often used in express- 
ing one given quantity as a fraction of another given quantity, as 
when we ask : What fraction is the length 6 yurds of the length 
30 yards? and answer that the length 5 yards is ^ths, or Jth of. 
the length 30 yards. 

Exercises. Reduce the following fi»ctions to lower terms; that is. 



♦ The requirement In this qnestion would often be stited hi either of the two 
following ways : — (a.) Express his total waf^res as an improper fraction of the 
regular weekly wage ; or (6.) express his total wages in teiins of the regular 
weekly wage. 

t This might preferably now be called a wJwle or mixed numerte. 

X The word " number " in this rule, as given at the present early stage, may 
for simplicity be understood as meaning *' whole number." In the advanced 
chapter on fractions, however, it will be shown that the rule may be extended 
■o as to apply aUke to any numeorics, whether whole or fmotional. 
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to say, find fractions equivalent to thenii bnt expressed by smaller 
numbers : — * 



Exer, 

2 8 

3. A. 

*• S3' 



Answ, Exer, 



1 

• 3 

4 

•15 

1 

• 3 

•ft 



6. 


5 
166 


6. 


16 

15 


7. 


13 

T3o 


8. 


84 
96 



Anaw, Exer. 
9. *5 



Answ, 



•20 

4 

• 3 

JL 
•10 

7 

• 8 



3f 

10. S. 

11. H. 

12^ U' 



r 
•s 

•« 

• 5 
1 

• a 



Exer. Answ, 
13. Multiply ^ by 3 

1*. " Ai>y4 

15. 



i> 



^by3. 



15 



1§ 

13 
5 
6 

94 
T9 



Exer. Answ. 

16. Divide^ by 2 ^ 

17. „ A by 3 ^ 

18. .. A by 6 



ft 



5 
•13f 



Reduce the following fractions to " whole or mixed numbers ":" 
Exer. Answ, Exer. Answ. Exer. Answ, 



19. 



le 
T5 



...1 



on 643T 01179 
^^' 551 •••^^555 



21. m¥-20^or20^- 

22. If 



OOP QA 10 

TT~'*'^"iiI 



23. 
24. 



50? 

la • 

750 



A2^ 
.30 



25. Express 28 days as a fraction of a year, taken as 365 days ; 
or briefly, express 28 as a fraction of 365. Answ. ^ths. 

26. Out of a flock of 528 sheep, 32 were drowned in a flood : 
express the number lost as a fraction of the whole original number 
of the flock. Answ. ^, or ^. 

A few examples and exercises will next be given in operations 
which are called multiplying and dividing by *' numbers containing 
fractions," and each example will be explained here for itself. The 
giving of general explanations in a more systematic manner in 
respect to the processes called multiplying and aividing by fractional 
numbers (or rather fractional numerics) will bo reserved for the 
more advanced chapter on fractions. 

Exam. 9. How many seconds are there in 29| days, the number 
of seconds in each day being 86,400 ? 

Here, omitting the ciphers, we multiply 864 by 29 in 
the usual manner ; but, before adding, we divide 864 by 
2, and, writing the quotient, 432, under the partial pro- 
ducts, adding the three lines together, and annexing two 
ciphers, we find that the required number of seconds is 
2,548,800. 

The answer would also be found by doubling 29|, which gives 59 ; 
and then multiplying 86400 by 59, and taking half the product. 

Exam. 10. If the circumference of a carriage wheel be 14| feet, 
how often will it turn round in going a mile, the mile containing 5280 
feet? 



86400 
29| 

7776 
1728 
432 

2548800 



• In the very easy set of exercises in reducing fractions to lower terms offered 
here for solution, the pnpil can scarcely fail to notice intuitively suitable num- 
bers by which to divide the numerators and denominators. In the advanced 
chapter on fractions it wiU be shown how to make sure of reducing any frac- 
tion to its lowest possible terms by use of what is called the greats comm&n 
fnecuure of the nomearator and denominator. 
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Here obyiously we want tp find how many circiimf»rences of the 
wheel there are in 5280 feet, as that willbei^e number of turns of the 
wheel in going a mile. Hence we have tx} diyide 
5280 by 14|. Then, since the denominator an the j^9\ 5280 
fractional part of the divisor is 3, we treble both 3^'^ « 

the divisor and the dividend, thus obtaining 44 -j-r- . , 
and 1 6840 ; and then, by dividing the latter by the ** ) 1 ^^40 (360 
former, we get 360, the number of turns required. 

Exam. 11. How many perches are there in 1000 yards, each perch 
coDcdsting of 5 J yards? 

Here we have to find how often the length one perch, or 5| yards, 
or 11 half-yards, is contained in the length 1000 yards, or 2000 half- 
yards. By division we find that 11 is contained in 2000 181 times, 
with a remainder 9 ; and so in the case before us we see that the 
length 2000 half-yards contains 11 half-yards 181 times, and con- 
tains 9 half-yards besides ; or, in other words, that the length 1000 
yards contains exactly 181 perches and 4| yards. 

After a little esrpeiienoe the mode of procedure to be adopted for the SQlation 
of any sach questions as this may oome to be perceived almost without con- 
lideratlon ; but it is important sometimes to bring the nature and meaning of 
such processes very clearly before the mind, as it often happens that persons 
work out questions practically with but a vague notion of the meaning of the 
units they are using, and of the remainders or fractions which they write 
down. 



Exercises, 



Answers, 



27. 27846 X 2J = 68366 

28. 41786-r- ^ = 167U 

29. 24679-^12J -1920JJ 

80. 26974-g-17J...... = 1484^ 



Exercises. - Answers. 

31. 477121x11...... = 716681 J 

32. 477121 -!-li = 318080J 

33.. 4276x4^ »18168f 

34. 24248-^2f »9984^ 



TABLES OP MONET, WEIGHTS, MEASURES, &c* 



TABLE OF MONEY. 

4 farthings =1 penny d.f 

12 pence =1 shilling...^, or / 

20 shillings »! pound or soYereign, £, 

A pound contains 240 pence, 480 halfpence, or 960 farthings. 

* Before the pupil proceeds to reduction, the compound rules, &c., he should 
be acquainted with the divisions of money, weights, and measures, which are 
most generally used. The teacher will exercise his own judgment in determining 
which of the tables here given should be committed to memory. The tables 
fixed on for this purpose should be severally committed, immediately before the 
pupil commences those parts of reduction in which they are respectively em- 
Irfoyed ; and when he commences the corresponding parts of the compound rules, 
h will have a good effect to require him to veviae than. 

t This character, and others similarly placed, in this and some of the follow- 
ing tables, are used «b abbreTiaUons for the names that precede them. The 
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STANDAIffi OF WEIGHT OR MASS!* 

By Act of Parliament 18th and 19th of Victoria, Chapter 73, 
July 30, 1856, it is enacted that a certain piece of platinum, re- 
ferred to as a " Weight of Platinum," which had previously to the 
Act been prepared with extraordinary scientific precautions, and is 

particularly described in the Act, and stated to be deposited in tbd 

» ' ■ ' ■ I 1 1 I I I III II 

marks of abbreviation are generally opiitted when they are sufficiently under- 
stood without explanation. 

Farthings were formerly denoted by g.; but now |, annexed to pence, denotes 

a farthing ; |, a halfpenny, <xr 3 farthings ; and |, 8 farthings. £, t. d. and 9. 

-are the initial letters of the Latin words, Ubra^ solidut, demwhUt and quadran*, 

which denote pound, shilling, penny, aad/arthinff, or quarter, respectively. The 

character / is a corruption of the loi^/, arising from rapidity in making it. 

Farthing comes from the Saxon feorthung, from feower, four, and feorfhf 
fourth. 

Penny is derived from a weig)it of s^me name, since called for distinction a 
penny-weight. Silver pennies, both in weight and name, were amongst tiie 
earli^ English coins. 

Shilling seems to have been the name of a weight. (Smith's Wealth 0/ 
ITatiohs, Book 1, Chap. 4.) 

Pound in account is derived from a pound weight. From the Ck>nque8t tlQ 
Edward I. the English pound, or 20 shillings, contained a pound Tower weight 
of silver, 37 puts pure to 3 parts alloy— the Tower pouud being 11 oz. 5 dwt. 
troy ; whence it can be shown, by an easy calculation, that a pound Troy would 
be coined into 2l| shillings ; or rather, as is quantitatively equivalent, that three 
pounds Troy would be coined into 64 shillings. 

The quantity of silver in 'the coins w^ diminished from time to time UU the 
48td Elizabeth, when a pound troy was coined into £2 shillings instead of 21 1. 
English pounds, shillings, and peuoe were thus depreciated, from Edward I. to 
Elizabeth, to about one third their previous weight and vahie. 

In 1774 gold became the (standard of value in Great Britain, 40 Ibe. ttoy of 
gold (11 parts pure to 1 part alloy) being coin«3 ii^to 1869 sovereigns. Ever since 
the pound of account has meant the value of a sovereignj or of & dwt. 8||| grain^ 
of gold of the above standard. In 1816 silver coins were reduced in weight and 
value, a pound troy being coined into 66 shillings instead of 62, so that a shilling 
now weighs 3 dwt. 15^ grains. 

By the discovery of very fertile gold and silver mines in the sixteenth cen- 
tury, both gold and silver fell in value as oopapared with com, from 1570 to 164<h, 
to less than one third their former value, so liiat pounds, shillings, and pence, 
before the recent Galifomian and Australian discoveries, were worth in com less 
than a third what they were in the reign of Queen Elizabeth, and, from the 
change in weight above refejrr^ to, less than one ninth what they were in the 
reign of Edwaurd I. 

Other coins are the guinea, value 21«. ; half -guinea, lOx. 6d. ; the crown, 6t, ; 
the half-crown, 2«. 6d. ; the florin, 2«. ; the noble, 6s. %d. ; the fingel, I0«. ; the 
mark, or merk, 13«. 4<f»; the pistole, about l6s. lOd.; the moidore, 37«.;^ and 
^e groat, 44J. Host of these are no longer in use. 

From January 1, 1826, the currency of Ireland became aashnilated to that 
of Great Britahi. In all leases, contracts, and accounts prior to that date the 
Irish pouuds, shillings, pence, and farthings were of less value than those of 
Britain, 18 of each denomination in the former country being equivalent only to 
12 of the corresponding denomination in the latter. Thus, the British shilling 
was equivalent to 13 pence Irish ; the British pound or sovereign to £1 Is. Bd. 
Irish ; the Irish shilling being equal to about lid. British, and the Irish pound 
to about IBs. 6^. British. 

* The word weight unfbrtunately has two meanings in frequoit use, and this 
ambiguity is a troublesome source of perplexity, especially among students of 
Natural Philosophy. Firstly, the word very commonly signifies quantity of 
matter, as when we speak of a hundred-weight of iron, or of four pounds weight 
of sugar ; or when, in an Act of Parliament, a oertedn piece Of platinum, or of 
l>ra6s,iB carefully snd authoritatively. designated as a** Pound Weight ; " and 
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Office of the Exchequer, shall be denominated the Impbbial Stan- 
dard Pound Avoibbupois, and shall be deemed to be the only 
standard measure of weight from which all other weights and other 
measiires having reference to weight shall be derived, computed, 
and ascertained; and one seren thousandth part of such pound 
avoirdupois shall be a (^rain, and five thousand seven hundred and 
sixty such grains shall be deemed to be a Pound Trot. The Act 
also provides for the careful preservation, in various places, of 
copies of this Standard Pound, made with extreme accuracy; and 
for the restoration of the same standard quantity of weight or of 
mass by an equivalent piece, in case of the loss or destructioni ixK 
any way whatsojsver, of the original standard piece. 

TABLE OF AVOIRDU?QIS WJIGHT. 
7000 grains «= 1 pound. 



16 drams « 1 ounce, oz. 

16 ounces ^l pound, tb. 



14 pounds s 1 stone. 

3 stone =1 cwt* 



28 pounds =i 1 quarter of a hundred-wt., q. or qr. 

4 quarters, or 11 2 lbs. »1 hundredrweight cwt. ore 

20 hundred-weights... »! ton. 

1 ■ — ■ — — : — -* 

Bpoondly, the same word weight ia often tised to signify the downward force 
which a piece of matter exerts on whatever supports pr suspends it, as when 
we speak of the wright of a piece of matteir htitig'te a spring balance as being 
thB/orce which draws out the spring. 

The word Mass is employed to express distinctly, in sdentiflc langnaffe, one 
of the two meaoings of the word ** Weight "-^-that, namely, in whichit sig- 
nifies qvantity qf matter ; but for the other meaning in which it signifies a /orty>, 
we have no established name as yet : 'it may, however,' very well be called the 
gravity of the piece of matter. 

Now it ought to be known that the downward force of a piece of matter, or 
its gravity, which constitutes one of the two meanings of the word *' weight," 
is different at differmt latitades on the earth's sorfaoe, being least at the equator, 
and increasing as we pass from the equator towards ettfausr pole, and diminishing 
as we ascend any high moantain. These variations ip the gravity of any 
piece (A matter carried to different places aocesnble to men, al^oi^h they ara 
so small in amount as not to be perceptible in ozdinaiy w^hinip with spring 
balances, are very important in piindple. While the gravity or downward force 
of any piece of matter is variable for different places, its mau, or the quantity 
of matter contained in the piecie, is essentially the same everywhere. 

* The hundred- weight here mentioned is sometimes called the ^rvo/ hundred, 
or the ttandard hundred, to distinguish it from hundreds of different magni. 
tades, which are used in particular places. One of the most general of these is 
the long hundred, or the hundred in long weight, which contains 120 pounds : 
hence, 
/n Long Weight, 30 pounds avoirdupois .... s: I quarter ; 

4 quarters, or 120 pounds =1 hundred- weight. 
The use of this weight, however, is now ill^al. 

The stone, in the greatet nnraber of places, is U pounds, which alone is the 
legal one; but in different parts of England it is of various magnitudes, from 8 
to 16 pounds. In Ireland also, in the sale of some articles, the stone of 16 
pounds, or one seventh of the standard hundred, is used. A ton of stones is 21 
hQiidreds, long weight. 

In England, 14 pounds of woo1=l stone, 2 8tone=:l tod, 6 tods and a halfa 
1 wey, 2 weys=l sac)^, 12 9acks=:l last; and a pack of wool=240 pounds. 

The sooner that these various local weights be totally abandoned from prac 
tical use the better : but it ^ still desirable that knowledge of them should be 

preserved because of their use in the past, if for no other reason. 

' ' . . • 

d3 
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TABLE OF TROY WEIGHT * 

24 grains —1 penny-weight, dwt. 

20 penny-weights »1 onnce...... oz. 

12 ounces «1 pound lb. 

It is to be borne in mind that, while the grain is one definitely 
fixed weighty being specified as ^^th part of the Imperial Stand- 
ard Pound AvoiKlupois, the troy ounce and pound are different 
weights from the avoirdupois ounce and pound. The troy ounce 
contains 480 grains, and the avoirdupois ounce contains 522J grains, 
and the troy pound is fj§2 of the avoirdupois pound, 

STANDARD OF LENGTH. 

By the Act of Parliament already referred to, 18th and 19tli 
of Victoria, Chapter 72, July 30, 1855, it is enacted that the distance 
between the centres of the two gold plugs in a certain bronze bar, 
which had been prepared with extreme scientific care before the 
passine of the Act, and is accurately described in the Act, and stated 
to be deposited in the Office of the Exchequer, shall, when the tem- 
perature of the bronze bar is sixty-two degrees by Fahrenheit's 
thermometer, be deemed to be the Impsbial Stajstdasd Yabd, 

TABLE OF LONG OR LINEAL MEASURE. 



12 lines = 1 inchf 

12 inches = 1 foot 

8 feet = 1 yard 

6J yards = 1 percht 



40 perches = 1 furlong 

8 forlongs » 1 mile § 

Smiles •.»! league. 



* Troy weight was introdnoed into Europe from Cairo, in Egjrpt, abont the 
time of the croaades, and was first adopted in Troyes, a city in Fraaoe, where 
gi«at fairs were held, and whence it has its name. 

This weight was formerly used for weighing articles of every Idnd ; it is now 
employed in weighing gold, silver, jewieiB, and liqaors; and grains counted 
in any numbers large or small, without the use of penny- weights or ounces are 
employed in philosophical experiments^ but the French grams and milligrams 
are rapidly coming into use in their stead. 

Troy weight is also employed by apothecaries in mixing their medicines, 
though they buy and sell them by avoirdupois weight. When troy weight is 
thus used it is called afothbcabieb* weight ; but in this case the ounce (3) is 
divided into 8 drams (5), the dram into 3 scruples (9), and the scruple into SO 
grains. 

t 8 barUtfcoms make an inch. The barleycorn, however, is never employed 
now as a measure. Instead, also, of being divided into lines, the inch is now 
generally divided into eighths, sixteenths, and thirty-seconds, or into tenths and 
hundredths. 

X The peroh is also sometimes called a pole^ or rod. Each of the names given 
to this measure is expressive of the instrument by which it was formerly 
measured — a rod^ a poUj or perches a French word of the same import. In some 
oounties of England the i)eroh is 6 yards, in some 7 jrards, and in others 8 yards. 
In €funnin{fhafn measure it is 6| yards; in Forest measure, 8 yards; and in 
Woodland, or Burleigh measure^ 6 yards. None of these, however, is now l^al. 
The yard is said to have been taken from the length of the ann of Henry I. of 
England. 

$ From this table, by an easy reduction, it will appear that a mile contains 
830 pnches, 1760 yaxds, or 6280 feet. 
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Alfio 4 perches or 66 feet si chains 100 links; and 80 chains 
"ssl mile. 

A fathom is 2 yards, or 6 feet ; a jpoos, 5 feet ; a hand (used in 
measuring horses), 4 inches ; a span^ 9 inches, and a nautical or 
geographical mile, by Admiralty Begulation, is the length of one 
minute of longitude at the equator, and is ascertained to be about 
6086 feet, or approximately 1000 fathoms. In nautical language 
j^th of a nautical mile is sometimes called a cable, and m connexion 
with this, its^^ ^^ ^ cable is called a fathom, being nearly equal to 
a true fsithom. 

TABLE OF CLOTH MEASURE. 

4 nails »! quarter | 4 quarters alyard.* 

A Flemish eU is 3 quarters of a yard ; an English ell, 6 quarters, 
or a yard and a quaiter ; and a French ell, 6 quarters, or a yard and 
a half. 

TABLE OF SQUABE MEASURE, OB MEASURE OF 

SURFACE. 

144 square t inches = 1 square foot 

9 square feet =»1 square yard 

30| square yards -1 square perch, 

TABLE OF AREAS IN LAND MBASURK 

40 square perches ==1 rood 

4 roods, or 160 square perches » 1 acre 

10 square chains, or\ - ^^^ x 
100,000 square Unks J «i acre.j 

Tin the year 1836, the perch in Ireland contained 7 yards instead of 5}, so 
tiiat 11 Irish mites were eqniyalent to 14 British ones, and the Irish mite con* 
tained 2240 yards, or 6720 feet. 

* doth measTuiv is a species of kmg measure, and the yard is the same in 
both. Hence, a quarter of a yard is 9 inches, and a nafl l\ inches. 

t A tqtiare is a figure which has four equal sides, each perpendicular to the 
adjacent ones. A tquare inch is a sqnare, each of whose sides is an inch in 
lei^h; a square yardy a square, each of whose sides is a yard in length, &c 
The tabte of square measure is formed from the table of long measure by multi- 
plying the number there belonging to each lineal dimension by itself, as in the 
fonowing exampte : — A square fbot i8=12 x 12=144 square inohes, &c 

X In measuring land, surreyors use the chain, which, as is stated above, is 4 
perches in length, and is divided into 100 equal parts, called lirUcs, They also 
oompnte by square chains and square links, but exhibit the result in acres, roods, 
and perbhes. Four lineal perches in Imperial or English statute measure being 
equivalent to 793 inches, it follows, from dividing by 100, that the length of a 
link is 7^ inches. It may be observed, also, that 640 acres are a tputre mile ; 
and that a Mdf of land, mentioned by old writers, is 100 acres. 

The rdations among the chief land measures which have been, or ore still, in 
use in Bngland, Scotland, and Ireland, may be stated as follows : — 

One Imperial acre = i^ of the acre in Irish Plantation Measure. 

One Imperial acre s 1||| ct the Scotch acre. 

One Imperial acre = |» of the acre in Ounningfaam Measure. 

One Imperial acre = |l| of the acre in Woodland or Burleigh Measure. 

One Imperial acre = & of the acre in Forest Meanoe. 
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TABLE OF CUBIC OR SOLID MEASURE, OR MEASURE 

OF VOLUME. 

1728 cubic* inches = 1 cubic foot 

27 cubic feet •.«! cubic yard. 

TABLE OF LIQUID AND DRY MEASURKf 



4 gills si pint 



2 pints = 1 quart 4 pecks, or 8 pilous == 1 bushel 



4 quarts, or 8 pints... » 1 gallon 



2 gallons r=i peck 



8 bushels -ssl qucurtep. 



TABLE OF TIME. 

60 s^onds f, s:l minute 

60 minute^ i, , ^ ==1 hour 

24 hours....... ,,. =:l day 

7 days ...' = i week 

62 weeks and 1 day, or 365 days = 1 common year 

62 weeks and 2 days, or 366 days .„.', ,.«= 1 leap year.J 



For the use of readers who may be already acqnaiQted with proportion, and 
reduction of fractions, and also with some c^ the priilciples of mensoration. it may 
here be explained that the magnitndes of the acres in the different Land Mea- 
sures are proportional to the squares of the lineal perches in those Land Measures. 
Thus, on reference to the Table of Long Metisure on page 58, and to one of the 
foot notes annexed to that Table, it will be seen that an Imperial perch lineal is 
11 half -yards, and a lineal pebh in Irish Plantation Measare is H half-yaids ; 
ajid then, by ta^jng the squares of those two numbers, we have : — 

pne TmperiBl acre : oni9 Irish acre : : 131 ; 196, 
andheno«k 

one Imperial acre = 1|} of the Iriiih acre; 



and the numerical relations in the other cases may be brought out in Ifte 
ifi&nner, with the aid of processes in reduction of fractions when necessary. In- 
order to prevent a oomjnon mistake, it may be proper jbo remark that the differ- 
ence in the comparative magnijiudes of the acres is much grreater than that of 
the lineal perches. Thus, while 121 Irish are equivalent to 196 English square 
perches, ISl Irish lineal perQhes are equivalent to only 154 English ones. The 
chain in Scotland, before 1826, was fixed at 74 feet; and' hence, since the Im- 
perial chain is 66 feet, we may find by comparison of square chains, which will 
give the same result as a comparison of square perches, that 

one Imperial acre : one Scotch acre ;: 66 x 66 : 74 x 74 ; 
and hence that 

one Imperial acre is ^§|§ of a 8ootc|i agr?. 

It may be observed that now the only legal measure for land is the English 
Statute measure, called also Imperial measure. 

* A cube is a figure contained by six equal squMpes. Dice afford a familiar 
instance of th^s figure. A cubic inch is a cube whose faces are each a square 
inch ; a cubic fooU a cube whose faces are each a square foot, &c It may be 
remarked that 1728 is equal to 12 x 12 x 19, and 27 to 3 x 3 x 3. 

t By this measure, which is evidently a species of solid measure or measura 
of volume, liquids, and also grain and other dry goods are sold. The peck, bushel, 
and quarter are used only for dry goods. In reference to such goods, also, the 
voey or load^ containing 5 quarters, and the laM^ 10 quarters, are sometimes 
spoken of : But the sooner that the number of various units used in what is 
called " Liquid and Dry Measure," or generally in Measure of Volume, is 
greatly dimlnishei, the better. 

The use of heaped measure was done away by Act of Parliament in 1885. 

t The year is divided into 12 portions, called calendar months^ the namesl of 
which are January, February, March, April, May, June,. July, August, £ep- 
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TABLE OF ANGULAR MEASURE, OR OF ANGULAR 
DIVISION OF THE CIRCLE. 

An €mgle b the opening between two straight lines which meet. The point in 
%rhich they meet is called the vertex of the angle ; and the lines radiating out 
from that point may be spoken of as radial lines. 

If a straight line is kept constantly in a plane, and with one end 
centred at a fixed point, and is made to revolve with a motion like 
that of the hand 'of a clock, it moves through an angular space 
-called a round, in ti^ming one revolution. 

One fourth of a round is called a ri^kt-anole, or a qtutrter-round. 

One three hundred and sixtieth of a rouna is called a degree. 

One sixtieth of a degree is called a minute. 

One sixtieth of a minute is called a second, 

IUght-«ngIe8, degrees, minates, and seconds are often considered as marked 
out by spaces on the circumference of a circle having any radius, and described 
roond the rertex of the angle as centre.* Thus, if the circumference is divided 
into 360 equal parts, efich of thes? shows a degree of angular space round the 
centre, and is often spoken of as a degree on that circumference. If a degree 
space on the dicumferenoe is divided into 60 equal parts, each of these parts 
shows a minute of angular space round the centre. If a minute space on the dr- 
cnmferenoe is divided into 60 equal parts, each of these parts shows a second of 
angular space round the centre.t 

tember, October, November, December. Of these, April, June, September, and 
November have 30 Aajb each ; and the rest, except February, have 81 days each. 
In leap years, February has 29 days; in common years, 28 days; so that a leap 
^ear contains 366 days, and any other 365. The precise length of the year is 
found to be 866 days, 5 hours, 48 minutes, 48 seconds; it is, therefore, 365 days, 
6 houn, nearly. 

Leap years occur at intervals of 4 years, and may be known by dividing by 4 
'the number expressed by the last two figures in the number of the year, accord, 
ing to the Chrfetian era: if there be no remainder, it is a leap year ; otherwiee, 
the remainder shows how many years it is after leap year. To this there is one 
exception, as the exact oeuturies are not leap years, except when the number of 
centuries is divisible by 4« without remainder. Thus, the year 1840 was a leap 
year,t)ecftU8e 40 is divisible by 4; but 1839 was the third year after leap ycaz, 
because 3 remain when 89 is divided by 4. Also, the year 2000 will be a leap 
year, but 1900 not, as 20 is divisible by 4, but 19 not. Hence, in 400 years there 
are 97 leap years. 

Learners may easily remember the number of days contained in each month 
by reooUecting that tlte months are long and short alternately, with the excep- 
tion of August, which, as well as July, is lonffy while the months after it follow 
the rule. - " 

* A drele is a plane figure bounded by one curved line, which line is such 
that all stxajght lines dntwn to it from a certain point within the figure are 
equaL That point within the figure is called the eetUreot the circle. The 
bounding line is properly called the circumference of the circle. The name 
"circle," however, has come often to be'applied to the circumference, so that it 
now sometimes means the bounding line, and sometimes the plane figure or space 
enctosed by that line. A radius of a circle is any straight line drawn from the 
centre to the circumference. The plural of the word radius is radii. A diameter 
of a circle is any straight line passing through the centre and terminated both 
ways by the circumference. An arc of a circle is any part of the drcumfe- 
rence. 

t D^rees, minntes, and seconds ape marked thus : <^, ', ". Hence, the ex. 
piession, 41<* 34' 54", is read, 41 degrees, 24 minutes, 54 seconds. The reason of 
these marks being employed will appear evident from the consideration that 
minutes and seconds are only abbreviated expressions for first minutes, or 
jninntes of the first order, and second minutes, or minutes of the second order ; 
minvtesj in each instance, signifying smiM parts. It may also be remarked that 
seconds, both in time and in the circle, were formerly divided each into 60 thirds. 
but that th^ are now divided into tenths and hundredths. 



62 



REDUCTION, 



The angle between two radii of a circle, which comprise between 
them an arc of the circle equal in length to the radius, is a very 
important unit of angular measurement, and is called a radian. 
The radian is not commensurable with the round, quarter-round, 
degree, minute, or second. Its relation to these other units maj-, 
however, be given almost qiiite exactly by stating that: — 

One radian is — 206265 seconds, approximately, this being true 
to the nearest second ; or that : — 

One radian is = 3438 minutes, approximately, this being true 
to the nearest minute : — or otherwise^ by stating, in a decimal frac- 
tional expression, that : — 



One radian iB= {f f9||de^^}^pp„^ately; or that 
One half-round is- < 



10000 _ . _ ^ 

3-1416 radians! „^^^^^„x^i^ 
or 3^yg^ radians) ^PPro^^telj- 



MISCELLANEOUS TABLE. 



12 articles >=l dozen 

12 dozen — 1 gross 

20 articles — 1 score 

5 score =al hundred 



24 sheets of paper = 1 quire 
20 quires »! ream. 



Tables of French Weiohts and Measures on the Mbtsic 
System will be found farther on in this treatise in the chapter 
entitled Metric System of Weights and Measures. It is a very 
important system^ not in France alone, but throughout the world. 
By an Act of Parliament entitled the " Metric Weights and Mea- 
sures Act, 1864," its use is legalized in Great Britedn and Ireland. 
The subject can be better treated after the teaching of Decimal 
Fractions than at the present stage, and it is therefore deferred* 



REDUCTION-. 

Bedugtion is the process of clianging tbe nmnerical 
expression of a qaantity, from its niuiierical expression 
by nnits of any one denomination, or set of denomina- 
tions, to its numerical expression by nnits of any otber 
denomination, or set of denominations. 

• Rule I. To reduce a quantity in one denomination to 
a lower denomination. Multiply the number which ex- 
presses the quantity in the higher denomination by the 
number of units of the lower denomination which make 
one unit of the higher denomination. 
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Rule IT. To reduce a qiiantity expressed in units of 
iwo denoTiiinations to its lower denomination. Multiply 
the given namber of units of the higher denomination 
by the number of units of the lower denomination which 
make one unit of the higher, and add to the product the 
given number of units of the lower denomination. 

SeTnark supplementary to Rules L and II. — By suocessive appli- 
cations of Rule II., or of that rule and Rule I., a quantity expressed 
in any number of denominations may hare its several parts, which 
are in different denominations, reduced to any lower denomination, 
except any part already existing in the lowest denomination avail- 
able. Also when there are intermediate denominations between a 
higher denomination in which a quantity is originally expressed and 
a lower one to which it is requiirpd to be reduced, the work, instead 
of being performed directly in a single operation by Rule I., may 
be performed by successive applications of Rule L, each operation 
finoing an expression for the quantity &s reduced to the next deno- 
mination downwards, till the required denomination is reached. 
I^uch processes need not be specially detailed in rules, as they will 
become sufficiently obvious after study of the examples given below. 

Rule III. To red/ace a quantity in one denomination 
to a higher denomination. Divide the number which 
expresses the quantity i^ the lower denomination by the 
number of units of that denomination which make one 
unit of the higher denomination ; the quotient will be 
the whole or a large part of the jgiven quantity reduced 
to the higher denomination, and if there be a remainder, 
the usual understanding is that it is to be left in its 
original denomination, and is so to be annexed as an 
addition to the part of the given quantity which has 
been reduced to the higher denomination ; but, when 
desired, the remainder may be reduced to a fraction in 
the higher denomination by writing it as a numerator 
in a fraction having as denominator the number already 
taken as divisor. 

Remark supplementary to Rule III. — When there are inter- 
mediate denominations between a lower denomination in which a 
quantity is given and a higher one to which it is to be reduced, 
Rule III. admits of being successively applied so as to give in none 
of the several denominations a remainder as great as a single unit 
in the next higher denomination. Such operations, and other 
varieties of processes in reduction, will be readily understood after 
the working out and studying of a few examples without further 
preliminaiy explanations here. 

Reduction from higher to lower denomination as in Rules !• 
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REDUCTION. 



and II., and their supplementary remark, is often called redttction 
DESCENDING ; while redaction from lower to higher denominations, 
as in Kule III. and its supplen^entary remark, is called BEDrcriON 

▲SCEIIDINO. 

Methods of Proof. 

1. Keduce the quantity found in the result back to the deno- 
mination or denominations in which the originally given quantity 
was expressed ; and, if the original quantity is thus obtained again, 
the work is correct. 

2. Various steps of the process may be proved separately by the 
inethods of proving multiplication or division. 

REDUCTION OF MONEY. 
Exam. 1. Reduce £69 py farthings. 

In this example the number of pounds 
is multiplied by 20, 1x) reduce the pounds 
.to shillings, because there are 20 shillings 
in each pound. The number of shillings, 
in like manner, is multiplied by 12, to 
reduce the shillings to pence, and the 
number of pence by 4, to reduce the 
pence to farthings, because there are 1<I 
pence in each shilling, aiid 4 farthings in 
each penny. Hence it appears that in 
€69 there are 1 180 shillings, 14160 pence, 
or 56640 farthings. The operation is 
proved by dividing successively by 4, 12; 
and 20, the former multipliers, in a reversed order ; and the work is 
correct, since the final quotient, 59, which is the number of pounds 
found on reducing backwards, agrees with the quantity given in the 
question.* 

Exam. 2. Reduce £94 - 12 - 8^ |k) farthings. 

In this example, in 
the multiplication by 20, 
1 2 shillings are added to 
the product ; in the mul- 
tiplication by 12, 8 pence 
are added; and' in the 
multiplication by 4, 1 far- 
thing is taken in. Hence 
the answer is 90849 far- 
things. 

• The pnpil is attentively to obeerve that the mnltiplications and divisions 
in reduction are multiplications or divisions not of quantities, but of numbers. 
Thus, in the example above, in the multiplication by 12, we do not really mul- 
tiply 1180 shillings by 12, as in doing that we should get 14160 shillings; but we 
really mean that 12 times the number of shillings is the nvmber of pence consti- 
tuting the same qnantity of money ; and, for instance, again, in the proof, in 
the division by 20, we do not take a twentieth of 1180 shillings, which would be 
59 shillings, but we do take a twentieth of the number of filings to find the 
uun^ber of pounds having the same value. 



£ 

59 
2^ 

118 shillings 
• 12 

1416 pence 
4 

4)56640 far. answ, 
1 2 )14160 pence 

2,0 ) 1 1 8,0 shillings 

£6 9y proof. 



£ 8. ^, 

94 12 8i 
20 


Farthings. 
4)90849 


189*2 shillings 

12 

22712 pence 
4 

90349 farthings. 


12)22712^ 

2,0)189,2 8^ 

£94-12-8j, 
proof, 

answ. 
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Exam. 3. Bednce 83918 farthings to pounds, &c. 

In this example the number of farthings is divided by 4, be- 
cause in the same quantity of money there are 4 times as many far- 
things as there are pence. For a similar 
reason the number of pence is divided by 1 2, 

to reduce the pence to shillings, and the num - 4)83918 farthings 
her of shi Uings thus found, by 20, to reduce 1 2 )209 79^ 
the shillings to pounds. Henee, it appears 20H 748 — sX 
that 83918 farthings are equivalent to ^ ^ , ^ 
20979 pence, with two farthings, or a half- * 8 7 - 8 - 3 i^ansuh 

penny; to 1748 shillings, and 3 pence 
halfp^ny ; or, finally, to £87 - 8 - 3|. The 

operation would be proved by reducing the answer to farthings, in 
the manner exhibited in the foregoing example. By this means we 
should obtain 83918 ; and this being the same as the given number 
€f fS&rthings, it would follow that the answer is correct. 

Exercises. JLnsmrB, 

1. Bednce £341 -0 - 4to pence 81844 

2. £97 - 17 - 3i tohalfpnce 46976 

S. £783 - 2 - 3| to farthings 751789 

4. —£481 to pence 116440 

5. . 33333 pence to pounds, &c £138 - 17 - 9 

6 £1023 - 16 - to shillings 20476 

7. ^ £113 - 15 - 3 to pence 27303 

8. • £1 - 2 - 9 to pence , 273 

0. 2300 pence to poundd, &c £9 - 11 - 8 

10. £1 - 9 - 3 to pence 361 

11. £463 - 19 - 7J to farthings 445422 

12. £1 - 14 - IJ to farthings 1638 

IS. 96283 halfpence to pounds, &c. £198 - 10 - 1| 

14. r £38 - 1 4 - to pence 928S 

16. £133 - 6 - 8 to farthings 128000 

16. 47689 pence to pounds, ^c..,...,£l98 - 5 - 9. 

17. 1234667 Earthings to pounds, &c.£l2.86 • - If 

18. £53 - 14 1 to farthings 61562 

19. 75396 shillings to pounds, &c....£3769 - 16 - 

20. 13». 4rf.to pence , 160 

21. 967 guineas to poynds, &e.* £1015 - 7 - 

22 £497 - 12 - 8 to farthings 477728 

23. 69173 pence to guineas, &c 274 gs. and 109 6c2. 

24. £1000 to guineas; &c 962 gs. and ^s, 

25. £371 - 14 - 10 to halfpence 178436 

26. £42 r 12- 1\ to halfpence 20463 

27. 31 guineas and a half to pence... 7938 

28. 3660 pence topounds,&c £16 - 4 - 2 

29. 3120 pence to pounds, &c £13 - - 

* To i«dace gaioeas to pounds, take as many pounds as tbae are guineas, 
and as numy shillings besides, and add these together, cfurying from the shillings 
to the pounds one pound instead of every twenty shillings. To reduce pounds 
to suineasy reduce them to shillings, and divide the number of shillings by 31. 
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EEDUCTION OF AVOIRDUPOIS WEIGHT. 

Exam. 6. Reduce 27 cwt. 2 qrs. 22 lbs. to pounds. 

In this example we 

multiply the number of cwt. qrs. lbs. lbs. 

hundred-weights by 4, to 27 2 22 gg/ 4) 3 102 

find an equivalent number 4 \ 7)775 2 

of quarters, because there no 4)110 22 

are 4 quarters in each hun- 28 -./"S^ 

dred-weight; and we add ^Qg cwt. 27-2-22 

in the 2 quarters given as 220 p^f^Xy, 

part of the whole original 5777^? j 

Veight. Then the number 8102 pounds. a»«p. 

Of quarters, 110, so found, we multiply by 28, to find an equivalent 
number of pounds, and we add in the 22 pounds given as a part of 
the whole original weight; and so we find 3102 as the number of 
pounds which are equivalent to the whole original weight. 

Rule IV. Weights stated in hmdred-weightSy quarters^ and pounds 
may he very easily reduced to pounds by the foUowing method: — 
Multiply the number of hundred- weights by 112, adding in along 
with the product the number of pounds in the stated quarters, and 
also the stated number of pounds : recollecting that for 1 quarter, 
28 pounds are to be added; for 2 quarters, 56 pounds are to be 
added ; and for 3 quarters, 84 pounds are to be added. 

Exam. 7. Find by this method the an- 
swer to the question of the last foregoing 
example ; that is, reduce 27 cwt. 2 qrs. 22 
lbs. to pounds. 

Here 112 is set down as a multiplier, 
under the number of hundred-weights, 27. 
Then 56 is set down to be added in as the 
number of pounds in the stated 2 qrs. Then 
the stated number of pounds, 22, is set down 
for addition. Then the three partial pro- ' o\t\n hv« ^--w, 

ducts by the fignres of 1 12 are set down so ^^"^ ™-' *7*^* 

as to range properly for addition ; and the sum found, 3102, is the 
number of pounds required. The reasons are obvious, since there 
are 112 lbs. in each hundred-weight. 

Introductory note to Ride V, — This rule serves the same use 
as Rule IV., but affords a briefer process, which may be preferred 
by persons who have frequently to make such calculations as are 
dealt with in these rules. 

RxTis V. To reduce hundred-weights, muzrters, and pounds, to 
pounds : — Multiply the number of hundred-weights by 12, without 
writing the multiplier, and set the product below the hundred- 
weights two places to the right hand;, and, und«r the last figures 



cwt. 


qrs. 


lbs. 


27 


2 


22 


112 






56 






22 






54 






27 






27 
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of that- prednct, place for addition the numl er of pounds in the 
stated quarters, and also the stated number of pounds. Tlien add 
together all the numbers so arranged, the uppermost one being taken 
as if it had been formed by annexing two ciphers to the number- of 
hundred-weights. 

The reason for this rule will be obvious when it is noticed that 
the uppermost two lines, taken together, would make up the 
nroduct which would be obtained by multiplying the number of 
hundred-weights by 112. 

Exam. 8. Work out by the method in Kule Y. the answer to 
the same question as was set in Examples 6 and 7. 

Here the number of hundred-weights, 27, is multiplied by 
12, and the product, 324, is written under 
the 27 two places to the right for addition, 
as if two ciphers were annexed to the 27 to cwt. qrs. lbs. 
multiply it by 100. Then 66, the number 27 2 22 
of pounds in the stated 2 quarters, is placed 324 

below the 324, as is also the stated number 56 

of pounds, 22. Then the numbers so placed 22 

are added together; and their sum, 3102, is 3J02 fts., anaw. 
the required number of pounds, which are 
equivalent to 27 cwt. 2. qrs. 22 lbs. 

Exam. 9. Reduce 591241 pounds to tons, &($. 

Here the number of 
pounds is divided by 28, 

by means of the faictors )bs. t. cq.lbs. 

4 and 7. The quotient gg r4 )59124X 26318 3 21 

21116 is the number of 17)147810 1 20 

quarters which, with the ^y^l 115 21 6278 

remainder 21 pounds, o^Yv27ft a 21 * 

makes up the whole stated AOi&fA? <J ^^ -— — 

quantity. On dividing Tons 2 6 3-1 8-3-2 1, -*"^^ 

this number of quarters answ, 

by 4, we get the number i^°^*^ 

of hundred-weights 5278 ^^^^^ 

which, with the remainder fc«- 691241, proof. 

3 quarters, and the pre- 
vious remainder 2 IpoundSy 
makes up the whole quan* 

tity. Lastly, on dividing the number of hundred-weights by 20, we 
get 263 as the number of tons which, with the remainder 18 cwt. 
and the previous remainders 3 qrs. and 21 lb&, makes up the whole 
original quantity. That is to say, the original quantity 591241Ibs. 
is reduced to 263 tons, 18 cwt. 3 qrs. 21 lbs. 

Exercises. Answers. 

30. Beduce 137 tons to hundred-weights 2740 

81. 47 c. 3 q. 24 lbs. to pounds 6372 

32. 136 c. 3 q. 11 lbs. to pounds 16216 
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Exerciscg, Anewers, 

33. Reduce 35 c. 2 q. 19 tbs. to pounds .» 3995 

34. .313 c. 1 q. 25 tbs. to pounds 35109 

35. 1 ton to ounces 35840 

36. 214 c. 3 q. to pounds 24052 

37. 94 c. 1 q. 11 lbs. to pounds 10567 

38. 59 tons, 11 c. 8 lbs. to pounds 133400 

39. ■■ 67386 pounds to hundred- wts., &C.612 cwt. 1 q. 14 lbs. 

40. 57386 quarters to tons,&;c.... 717 1. 6 cwt. 2 qrs. 

41. 1000000 pounds to tons, &c 446 t. 8 c. 2q. 8 tbs. 

42. ^ 1000000 03, to hundred-wts„ &e...558 cwt qr. 4 tbs. 

43. 40865 pounds to hundred-wts., &C.364 cwt. 3 q. 1 3 tbs. 

44. . 92950 pounds to tons, &C...... 41 1. 9 c 3 q. 18 n>s« 

REDUCTION OF TROY WEIGHT. 

Exam. 4. Reduce 1 lb. 5 oz. 12 dwts. 13 grains, to grains, 

lb. oz. dwt. grs. 
In this example the mul- 15 12 13 

tipliers are 12, 20, and 24, 
because in each pound there 
are 12 ounces, in e€u:h ounce 
20 penny- weights, in e€u:h 
penny- weight 24 grains ; and 
the 5 ounces, 12 penny- 
weights, and 13 grains are 
added in, as in the former 
examples. In the proof the 8461 grains, anew, 
divisors are 24, 20, and 12; 
the factors 6 and 4 being used for the 24, and the true remainder 
left in the division by 24 being found by the method given in 
page 42. 

Exam. 5. Reduce 111111 grains to pounds. 

In this example the number of 
grains is divided by 24 (or by 6 x 4), to Grains, 

find an expression in penny- weights r6)llllll 

and grains for the same weight; the \4\ — fgTTiB 3 

quotient, 4629, being thus found as the ^ 

number of penny-weights which, with -*»" 11?^ ^ ^ 

the remainder 15 grains, makes up the I 2 )23 1 9 15 

original weight of 111111 grains. That lbs. 19-3-9-15 

remainder 15 is found by the method answ. 

given in page 42. The number of 
penny-weights is then divided by 20, 

and Uie whole original weight is found to be equal to 231 oz. 9 dwts. 
15 grs. Next the number of ounces is divided by 12, and the 
whole original weight is found to be equal to 19 tbs. 3 oz. 9 dwts. 
15 grs. The operation would be proved in the manner in which 
the last example was wrought. 



12 

17 
20 


Grains. 
r6)8461 

14)1410 1 


352 
24 

1421 
704 


2,0)3 0,2 13 

12)17 12 13 

lb. 1-5-12-13 
proof. 
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Exercises. Answers, 

45. Bediice 11 oz. 12 dwts. 12 grs. to grs..«.5d80 

46. 3 lbs. 7 oz. to penny-weights... 860 

4?. 1785 grains to ounces, &c 3 oz. 14 dwts. 9 grs. 

48. 29 pounds to grains 167040 



liEDUCTION OF LONG MEASURE. 

' EiULiik 10. Reduce 53 miles, 3 furlongs, 12 perches, 4 yards, to 
yards. 

In this example the ecurlier steps are obvious, but some explana- 
tion may be wanted respect- 
ing the reduction of the M. t, p. y. 
perches to yards. Since one 53 3 12 4 
perch contains 5J yards, or ^ 
five yards and half a yard, 427 furlongs 
17092 perches must contain 40 



IVili ^.'""^^ i .l^'^^ *°*^ I7092perches 

17092 times a half-yard; or, 5^ 



in other words, that length s^Zfio 

must contain 5 times 17092 qr/ia 

yards and one half of 17092 -?^ 

yards. These two numbers ^^^^^ ja^ds, answ, 

of yards are set down in the • 
work as 85460 and 8546. 

Further, to find the sum total of yards in the originally given 
length, the 4 yards given are added in mentaUy with those two num- 
bers of yards already found.* This example would be proved in 
the manner in which the next is wrought. 

Exam. 11. Reduce 231278 yards to miles, &c. 

In this example the number of yards is multiplied by 2, to 
reduce the yards to half-jrards, and the result is divided by 11, the 
number of half-yards in a 
perch, to reduce it to perches. Yards. 

The remainder is 6 half-yards, 2 3 12 7 8 

or 3 yards ; and the answer is 2 

found to be 131 miles, 3 fur- 1 1)462556 half-yards 
longs, 10 perches, and 3 yards, a t\ \ a n t\ t^n . ax. ye j « j 
Thf proof would proc^ in ^,0)^2^ 6 half-yards, or 3 yds. 

the same manner in which the ^ )l^o\ 10 perches 

last example was wrought. Miles 13 1 3 10 3, answ, 

and the- pupil should perform 

it. Had the remainder been 

7 half-yards instead of 6, it would have been equivalent to 3 yards, 

and 1 foot, 6 inches. 



* The proceeB of multiplication by 6| here required is a process in what ia 
called " multiplioatUm by a mixednumber "—a procees of which a few preliminary 
explanations have been given in an example at page 54, and in respect to which- 
fuller explanations will be given in the more advanced chapters on fractionaL 
tttithmetlc. 
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Exercises. Answers. 

40. Beduce 51 feet 4 inches to inches 616 

50. _ 3 miles 3 furlongs to yards ...5940 

51. 94 miles, 1 f^. 6 per. to per..30126 

52. 571 leagaes 2 miles to mil6s...l7l5 

53. 573911 yaids to miles, &c 326m. Of. 27p. 2y. If. 6i« 

54. 23456 feet to miles, &c 4m. 3f. 21p. Sy. Of. 6i. 

55. 25 miles and 34 per. to feet... 132561 

56. 1000000 inches to miles, &c...l5m. 6f. lOp. 2y. 2f. 4i, 

57. 100 miles to inches 6336000 



EEDUOTION OF CLOTH MEASURE. 

Exercises. Answers. 

58. Bedace 28 yds. 3 qrs. 2 nails to nails* 462 

59. 5247 nails to English ells, &c 262 e. 1 q. 3 lu 

60. 58 yards to nails 928 

61. 285 nails to yards, &c 17 y. 3 q. 1 n, 

62. 468 yards to English ells, &c 374 e. 2 q. 



REDUCTION OF SUPERFICIAL OR SQUARE MEASURE. 

Exercises. Answers, 

63. Reduce 245 square perches to sq. inches.... 9604980 

64. 1325419 squareinches to sq. yds. &C.1022 y. 6 f. 43 i. 



REDUCTION OF LAND MEASURE. 

Exam. 12. Reduce 37 acres, 3 roods, 12 perches, to square yards. 

This example, while it is 
one in Reduction of Land 
Measure, is one which might 
be also put under the pre- 
vious heaiding, Reduction of 
Superficial Measure. The in- 
formation required for work- 
ing it will be obtained partly 
in the Table of Land Mea- 
sure and partly in the Table . 

of Square Measurcf 183073 yards, answ. 

• Multiply the number of the yards by 4 to get a number of quarterB, and 
take in the given quarters, and multiply the resulting number by 4 to get a 
number of ncdia, and take in the given nadls. To work the next ezerdae, divide 
the given number of nails by 4 ; the quotient is the number of quarters, which is 
to be divided by to find ells in the answer. 

t The pupil should guard against a rather frequent error of speaking of 
" square acres." We have square roods, square perches, square feet, &c., but as 
there is no lineal acre, we ought not to speak of a squaie acre, unless, indeed, we 
wish to refer to an acre in the form of a square. 



A. 

37 

4 


B. P. 

3 12 


151 

40 


roods 


6052 
30| 


perches 


181560 
1513 
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Exam. 13. Beduce 111111 square yards to acres, &c. 

For working this ex- 
ample it is to be noticed ' Yards, 
that 1 sq. perch contains 111111 

30J sq. yards, or 121 4 

quarters of a square yard. f 1 1)4 44 4 44 quarters of a yard. 

On this aoeomit, to re- 121 ^ ii)40404 
duce the length given in *• . -\ . . , • , , , ^- _ 

sq. yards to perches, it is 4,0)J^6J\3 p. 11 q.yds. or21 yds. 

first rednced to qnarter- * ILL ^' ^^ P" ^l T^^* 

yards, and then the nnm- Answ. 2 2 a. 3 r. 33 p. 2| yds. 

ber of qnarter-yards is divided by 121 to get perches with quarteiv 
yards remaining. Thus there is obtained 3673 perches and 11 quar- 
ter-yards; but 11 quarter-yards are = 2^ yards. The rest of the 
operation for finding the acres, &c., is obvious. 

Exercises, Anewere. 

65. Bednoe 234 acres, 1 r. 13 per. to perches 37493 

66. ■ 93827 perches to acres, &c 686 a. 1 r. 27 p. 

67, 256 acres, 15 perches, to yards 1239493{ 

Beddes the foregoing kinds of reduction of land measure, which have had for 
their object to reduce areas given in one or more denominations of one special 
** measore*' to their expresslcm in one or more other denominations of the same 
** measure," tiiere is another kind of reduction, often of essential practical im- 
portance, whidi has for its object the following : — To reduce the expression of 
an area given in one special measure to the expression for the same area in a 
different special measure. (In these statements the name apedal mtature is used 
to refer, for instance, to any of the following sjrstems of land measure as distinct 
from the others : — English or Imperial Statute Measure, Irish Plantation Mea- 
sure, Cunningham Measure, Scotch Measure, &c) Questions of this kind are 
not easy enough to be well suited for ordinary pupils learning reduction for the 
llist time, and the example which wlU be given hoe for the benefit of more ad- 
vanced leaniers may well be omitted by beginners. This one example may 
sulBoe for suggesting how to proceed in other cases when necessary. 

Bxam. 14. Bednoe 843 acres, 3 roods, 17 perches, Irish Plantation Measure, to 
RnglWi or Imperial Statute Measure. 

Here we have first to notice, from the information given in a note on page 59, 
that 121 acres, Irish Plantation Measure, ares 196 acres English or Imperial 
Statute Measure. It follows obviously that 1 acre, Irish, sl||st8 of the statute 
acre, and hence we may also see that 1 Irish perch s!^||st8 of the statute perch ; 
becsaae an Irish acre is 4x40 Irish perches, and a a n » 

statute acre is 4x40 statute perches. Now, to solve ^ •' fi 

the question, a good way is to commence by reducing '^ * ' 

the area given in Irish acres, roods, and perches to — 

Irish perches, so as to get it expressed in one denoml- 975 

nation. Thus, as is shown in the margin, we find the ^ 

number of Irish perches to be 89017. Now 39017 perches, Irldu 

1 Irish perch=i|SetB of the statute perch ; 

30917x196 
and therefore, 80917 Irish perches = — ^ -sts of the statute perch, 

B 63301 jy^ statute perches. 
This is the required result stated in perches. The fraction^ may obviously be 
reduced to lower terms, since its numerator and denominator are each divisible 
by 11 ; and so we find that it is equivalent to ^. Then, by ordinary reduction 
of 63301^ perches to acres, Aic., we find as the result in English or Imperial 

Statute Meosnre, 396 acns, roods, 1-j^ perch. 
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REDUCTION OF TIME * 

Exercises. * Answers, 

68. Reduce 17 days to mioutes. 24480 

69. 1 day, 4 h. 12 sec to seconds^ 100812 

70. 12345678 seconds todays, &c 142d.2lh.21m.l^s. 

71. 11,000,010 seconds todays, &c 127d.7h. 33iu.308. 

Exapo. 16. How many days 31 days in May 

are there from the 8th of May _8 

tiU the 23rd of July ? f 23 May 

30 June 

23 July 

76 days, ansur, 

Exer. 72. How many days are there from the 12th of Augnsb 
till the 24th of the next April in a common year? Anew, 256. 

73. In a leap year, how many days are- there from the 8th of 
January till the 12th of December ? Anew. 389. 

74. How many days are there between the 1 7th of March, and 
the 25th of December 2 ]; Answ. 283. 

75. Reduce the earth's equatorial and polar diameters, and also 
their difference, and half their sum, to miles. — (See Exercise 75, 
page ^6.) Answ. Equatorial, 7925i||g m.; polar, 7899^ m. ; 

difference, 26|||§ m. ; half mm, 7912^ m. 

76. "In the year 1815, Catherine Woods, of Dunmore, near 
Ballynahinch, in the County of Down, then about thirteen years of 
age, spun a hank of linen yam, of 12 cuts, each cut 120 threads, 
each thread two yards and a half, which weighed ten grains ; " being 
at the rate of 700 hanks to the pound avoirdupois.§ It is required 
to determine the length into which, at this rate, a pound of fiax 
would have been extended.— (iS^twir^* *^ Historical Memoirs of the 
City of Armagh;' p. 424.) -4»«tt;. 2,520,000 yards, or 1431U| miles. 

77. If one person were to lie in bed nine hours each day at an 

* Bednctions of cubic meaanre, and of liquid and dry measure, aM so easy, 
after what has gone before, that it is unnecessary to give exerdaes regarding 
them. 

t This, and the similar questions which follow it, though not strictly of the 
same kind as the others in reduction, are inserted on account of their utUity. 

X Questions of the following kind are frequently useful : — 

1. If the 8th of August be on Monday, on what day of the week will the Isfc 
of November be ? 

The number of days between these dates is found to be 85, which, bdng 
divided by 7, becomes 12 weeks and 1 day ; counting 1 day, ther^ore, after Mon- 
dfty, we find that the Ist of November must be on Tuesday. 

2. If a common year b^n on Friday, on what day will the 18th of June, the 
anniversary of the battle of Waterloo, happen ? An»w. On Friday. 

8. If, in a leap year, the 9th of July be on Friday, on what day did the year 
commence-? Answ, On Thursday. 

4. If a leap year commence on Wednesday, what day of S^^tember will be the 
first Monday of that month ? Antw. The 7th. 

Here, let the day be found on which September will oonmience, and the resti 
is easy. 

§ For this extraordinary, and perhaps unequalled performiuice, a premium 
of fifteen* guineas was awarded by the Linen Board of Ireland. 17^ tbs. of such 
yam would contain a thread more than equal to the drcumferenoe of the Earth. 
'T-StuarCs Memoirs, 
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average, and another only six hours and a half ; and if the latter 
were to employ the time thus gained in useful occupations, for forty 
years; to how many years' work, of 12 hours each day, would the 
entire time gained be equivalent? Answ^ 8 years, 121 days, 8 
hours. 

78. The moon revolves round the earth in 27 days, 7 hours, 43 
minutes, 12 seconds; and the nearest of Jupiter's and Saturn's 
moons complete their revolutions in 1 day, 18 hours, 28 minutes, and 
22 boors, 38 minutes, respectively. Keduce all these to seconds, and 
find how often each of the second and third results is contained in 
the first Afmo, 2,360,592 seconds ; 152,880 seconds; and 81,480 
seconds; quotients, I5jff^, and 28jfJ|§. 

79. In what time would a body move from the earth to the moon, 
at the rate of thirty-one miles per hour ; the mean distance being 
237,628 miles? Amw. 319 days, 9§f hours. 

80. In what time would a body, moving with the velocity of 
sound, pass from the earth to the sun ; the distance being 91,600,000 
miles, and 365| days being taken as the period to be called a year 
in the answer ? *--{Ses Exercise 55, page 30.) Answ. 13 years, 205 
days, 12 hours, 51 minutes, 19^ seconds. 

81. In England there are 50,535 square miles; and in Wales, 
7425. Find the number of acres contained in both. Answ. 37,094,400. 

82. The circumference .of the orbit described each year by the 
earth, is about 576,000,000 miles. In how many years, of 365^ days 
each, would this space be described by a railway train, moving at 
the rate of 36 miles an hour? Atuw. 1825 years, 85 days, 10 hours. 

83. Reduce 125^ 32' 47" to seconds. Answ.^51967". 

84. Reduce 328 degrees, 13| minutes to right-angles, degrees, 
minutes, and seconds. Afisw, 3 right-angles, 58 degrees, 13 minutes, 
20 seconds. 

85. Reduce one radian to degrees, minutes, and seconds, approxi- 
mately. Answ. 57° 17' 45". 

86. Reduce 167° 43' to radians, with a fraction of a radian, 
approximately. Answ. 2|||| radians, f 

* In this exercise, and alao in Exer. 82, where it is wanted to reduce an 
ascertained number of hours to years, days, and hours, the years being each 
taken as 365^ days, a good way to proceed will be to find, first, not days and 
honrs, bat qnarter-days and hours (if any hours there be additional to the quarter' 
days), and then to reduce the quarter-days to years and quarter-days by dividing 
by 4 X Z65^f or 1461, the number of quarter-days in the period here called a year ; 
and then haying got the number of years, the next step will be to reduce the 
quarter-days to days and homrs. and then to add these hours to the hours found 
previously (if any there were ; though in one of the two exercises it \i'ill be found 
that there happen to be none). 

t When the pupil has learned to work with decimal fractions, it will ordi- 
narily be better to express a result of this kind decimally. In that way the 
answer here would be 2*927 radians. 



E 



74 COMPOUND ADDITION, 



COMPOUND ADDITION * 

Rule. (1.) Arrange the given quantities so that 
those in each colnmn maj be of the same denomination. 
(2.) Add the quantities of the lowest denomination to- 
gether, and reduce to the next higher denomination any 
part of their sum that can be so reduced : set the re- 
mainder below the column added, and carry the reduced 
part to the next. (3.) Proceed thus with all the other 
denominations, except the highest, which is to be added 
in the same manner as numbers in simple addition. 

Either of the first two methods of proof given in simple addition 
may be employed in compound addition. 

Exam. 1. 
In this example the sum of the fiirthings is 
14, out of which we can take one penny, or 
four farthings, 3 times, leaving a remainder of 
2 farthings, or a halfpenny, and that is set 
down. The 3 pence taken out is f then added 
with the pence ; the sum is 54 pf>nce, out of 
which, by dividing 54 by 12, we find we can 
take 4 shillings, leaving a remainder of 6 
pence, which is set down. The 4 shillings is £599 9 ^t^sum .1 
then added with the units column of shillings : ^ 

the sum is 39, of which the latter figure is set 

down, and the 3 being carried to the tens column of the shillings, 
the sum 8 is obtained ; which number being divided by 2 (because 
2 tens of shillings, or 20 shillings, make a pound), shows 4 as a 



* For the definitions of the several oomponnd rules, see the corresponding 
simple roles, pages 15, 20, 23, and 36. 

t It is quite allowable here to say " the 3 pence is added with the pence ;" we 
are not bound by grammar in such cases to say " the 3 pence are." Likewise, 
farther on in the same example we are at liberty, and we may prefer to say, " the 
4 shillings is then added with the units column of shillings," rather than '* the 4 
shillings are added." In either case we may be considering a quantity or a sum 
of money rather than a number of separate coin pieces. A person might be 
asked, " What did you do with the seven pence I gave you ? " and might very 
well say, " I paid it away in settling the milk account." That might be said 
more readily than " I paid them away." There might not have been seven sepa< 
rate penny-pieces at all. It might have been, for instance, a sUver sixpenny- 
piece, and a halfpenny-piece, and two farthing-pieces. Again, in reference to 
larger sums of money, a person might say of some one else, *' Besides other debts, 
he owed me twenty -five pounds as rent. He paid me that £25, and I lodged it 
in bank." In such oases people would not usually say of twenty-five pounds. ** I 
lodged them in bank." 

X The proof is left to exercise the learner, and it wUl be prapet for him to 
prove, not only this ezam^e, but all the exerdses in this rule. 
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number of poands ; and thaUis to be carried to the pounds, and added 
in with them as in simple addition.* 

Exam. 2. 
In this example, the half^nce £ a. d. 

amoimt to 5, or 2 pence halfpenny. 15 3 8| 

In such examples, where all the 31 16 7? 

fractional parts are halfpence, it 94 13 sl 

is better to call each a halfpenny, 55 12 \\\ 

than 2 feirthings. 37 11 9j 



£234 18 



9J, sum* 



When the columns are very long, the work becomes heavy and 
laborious. In such a case the giVen quantities may be separated 
into two or more divisions, as is suggested in page 17. 





Blxerciaes, 




1. 


2. 


3. 


4. 


£ 8, d. 


£ 8. d. 


£ 8. d. 


£ 8. d. 


485 12 71 
49 16 3| 


3 14 8| 


413 13 10| 


4 13 6^ 


19 7J 


1245 10 9 


3 15 7f 


186 13 11| 


d 17 of 


7085 15 llf 
8519 6 4| 


7 10 11 


787 10 8i 
239 9 9| 
843 11 4| 


2 12 6 


1 12 9^ 


2 16 10| 
1 5 8| 


3456 14 10 
90 12 51 


2 8 7i 
4 3 


374 16 7 


3 8 3 


69 15 2| 
179 18 ll| 


6 16 8| 


285 4 9| 


5 2 4| 
10 14 5| 


7 6 2 


599 19 8 


788 9 9 


9 15 10^ 



5. Add together £59 ^ 12 - 7|; £95 - 14 - 2| ; £345 - 5 - 9| ; 
£88-16-21; £186-17-4J; £347-7-6; £3-2-9|; 
£7-14-7f; £52-8-6|; £59-3-4; £42-18-10|; 
£187 - 10 - 101 ; and £954 ^ 16 - 5^. 

6. Add together £324 - 14 - 10| ; £5lS - 5 - 9| ; £39 - 15 - 6 ; 
£54 - 11 - 111; £49 - 1 - 8J; £9 - 7 - llj; £1000; £86 - 6 - 31; 
£324; £79- 11 -6^; £5- 13-9; £611 ^4-2^; £186-13- 1| ; 
and £476 - 8 - 5. 

7. Raiuiredthesumof£2l -0- lOj; £73 - 18 - 9 ; £22-3-7i; 
£64-16- 9; £19- 18- Ij; £78 - 9- 9; £16 - 9- lOj; £250-9 -6; 
£17 - 12 - 7J; £64 - - 7J; £797 - 12 - 9; £1 - 14 - IJ; and 
£60 - 5 - 9. 









* PENCE TABLE. 






T^ 


*. d. 


d, s. d. 


d, ». d. 


d. s. d. 


d. s. d. 


d. s. d. 


13 


are 1 


40are3 4 


72 are 6 


100 are 8 4 


132 are 11 


160aiel3 4 


20 


..18 


48 .. 4 


80 .. 6 8 


108 ,. 9 


140 ..11 8 


168 .. 14 


34 


..2 


50 .. 4 2 


84 .. 7 


110 ..9 2 


144 .. 12 


170 .. 14 2 


30 


..2 6 


60 .. 5 


90 .. 7 6 


120 .. 10 


150 .. 12 6 


180 .. 16 


36 


..3 


70 . . 5 10 


96 .. 8 


130 .. 10 10 


156 .. 13 


300 .. 16 8 



This table has been inserted, lest some teachers should consider the want of it 
an imperfection. It seems better, however, not to impose npon the learner the 
hki our of committing it to memory, except, perhaps, a sm^ part at the be- 
ginning. If, instead of using it, he divide the amounts of the pence in his ope- 
rations by 12, he will soon acquire a readiness in this species of addition, which 
will be very yaluable ; and by practice he will soon know the table, without 
formally committing it. 

b2 
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8. Add together one thousand and fix pounds, fifteen shilling^;' 
and three farthings ; three hundred pounds, seventeen shillingB, and 
a hal^enny ; four thousand and ninety-six pounds, eight shillings, 
and three farthings ; seven thousand pounds, eighteen shillings, and 
eleven pence ; two pounds, and three halfpence ; five hundi^ and 
eleven pounds, and sixpence halfpenny ; eighty-six pounds ; and five 
hundred and eight pounds, seven shillings. 

9. Required the sum of £15 - 13 - 8}; £53- 16 - 7f ; 
£199-6-3*; £548-8; £458-0-8; £1-2-9; £2-5-6; 
£3-8-3;£l- 14- 1J;£2- 16 - IQi; £3 - 19- 7^; £180 - 18 - 8 ; 
and £31 - 13 - 4|. 

10. Add together 16a. 8|<f. ; 13*. lOld, ; 16«. 6|<?. ; 19«. Zd. ; 
168. 7ld. ; 68. S\d. ; 13«. 9d. ; 12«. 7Jtf. ; 15«. IJ^. ; 11«. 4^^. ; 
9«. 1^. ; 108. 9irf. ; Us. 4^.; ISs. 4d. ; is. 6J^. ; and 3«. lOfrf. 

11. £613 - 16 - 101 + £34 - 2 - iol + £l83 - 17 - 3| + £548 - 13 - 8J 
+ £8 - 16 - 9J + £88 - 16 - 9i + £176 - 15 - 6} + £79-13-11 
+ £5-0-6J + £l89- 13 - 8J + £195 - 8 - 10j + £l70 - 16-6. 

12. Add together £18 - 14 - 8J ; £12 - 13 • 9|; £21 - 12 - 10 ; 
£32 - 9 - lOj; £63-13-91; £16 - 4 - 8i ; £35 - 14 - 91 ; 
£17-16-7|; £23-15-9i; £35-l7-2j; £8-19-8; 
£12 - 10 - 0| ; and £13 - 8 - 8J. 

13. Find the sum of one hundred and two pounds, and ten pence ; 
fifty-eight pounds, and three farthings; forty pounds, seventeen 
shillings, and five pence halfpenny; nine pounds, fifteen shillings, 
and eleven pence; seventy-three pounds, twelve shillings; thirty- 
nine pounds, fourteen shilliogs, and a farthing ; fifby-nine pounds ; 
eighty-two pounds, and nine pence halfpenny ; and fifty pounds. 

14. £918 - 12 - 7i + £61 - 16- 8l + £619 - 14-41 + 83 - 16 - 10| 
+ £65-12- 8} + £183.7-9 + £l88- 18 - 2j + £375-12- 31 + 
£491 - 11 - 4J + £318 - 15 - 9} + £780 - 10 -4 + £10 - 19 - Of +- 
£508 - 16 - 9. 

15. £459 -16 -11 +£583 -11 -Hi + £15-14 -8| 4^ £191 -14- 8| 
+ £99- 13-6J+£195- 12-6J + £17 - 18 - 4a + £473 - 18-01 + 
£l8-16-7| + £6-8-9i + £31 - 12 - 2J + £63-3- 11 +£6 - 11 -8. 

16. Add together £3 - 4 - 7| ; £41 - 12 - 4 ; £186-17-91 ; 
£3-8-10j; £67-18-91; £112-16-6|; £73 - 15 - 6i ; 
£139- 7 -4J; £510-6-71; £706-7 -7J; £681- 4- 4|; 
£608 - 19 - 6} ; and £519 ^ 12 - 8^. 

17. Required the sum of £13 - 6 -8 ; £88 - 14 - 7J; £175-16 -4l; 
£1245-13-6|; £512-16-6; £01-12; £78-14-6; 
£476-19-9i; £839- 16 -6|; £612- 11 - 111; £447 . 16- 0|; 
£43; and£74-7-ll. 

In this example, the numbers 
found for the sums of the pounds, 
quarters, and hundredweights, are 
respectively divided hy 28, 4, and 
20, the remainders set below their 
respective columns, and the quo- 
tients carried to the next columns, 
respectively. The hundredweights 
may be added, and the tons, if 
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any in them, may be taken out and carried forward in tlie same 
vayas has been taught in Exam. 1, for adding shillings and carry- 
ing pounds forward from them ; the divisor being 20 in both cases. 



Exer. 18. 


19. 




20. 




21. 


ewt. gra, lbs. 


lbs. oz. 


drs. 


tons, cwt. qrs. 


lbs. 


oz. 


53 2 12 


16 12 


13 


75 13 1 


7 


11 


17 1 16 


5 15 


3 


83 17 2 


53 


14 


16 3 19 


12 12 


5 


17 8 


47 


10 


19 18 


3 11 


9 


16 16 1 


86 


9 


25 3 18 


19 1 


11 


61 15 2 


94 


7 


48 3 6 


14 4 


8 


39 9 3 


29 


3 


42 2 7 


24 7 


14 


88 7 3 


42 


10 



22. Add together 55 c. 3 q. 18 lbs. ; 34 c. 2 q. 22 lbs. ; 63 c. 
1 q. 23 lbs. ; 71 c. q. 19 lbs. ; 16 c 3 q, 20 lbs. ; 3 c. 3 q. 26 lbs. ; 
27 c. 2 q. 23 lbs. ; 41 c. 3 q. 9 lbs. ; 35 c. 1 q. 18 lbs.; 43 c. 2q. 
24 lbs. ; 95 c. q. 10 lbs. ; 29 c. 2 q. 17 lbs. ; and 32 c. 2 q. 

23. Add together 17 c. 2 q. 17 lbs. ; 22 c. 1 q. 27 lbs. ; 56 c. 
3 q. 19 lbs ; 13 c. 1 q. 16 lbs.; 73 c. 2 q, 13 lbs. ; 88 c. 2 q. ; 
48 c q. 23 lbs.; 32 c. 3 q. 19 lbs. ; 52 c. 2 q. 22 lbs. ; 43 c. 
3 q. 20 lbs. ; 53 c. 1 q. 18 lbs, ; 31 c. 2 q. 26 lbs. ; and 45 c. 1 q. 
14 lbs. 

24. Find the sum of 58 tons, 12 e. 3 q. 21 lbs. ; 32 t. 11 c. 2q. 
20 lbs. ; 19 t. 16 c. 1 q. 12 lbs. ; 17 t. 17 c. q. 17 lbs. ; 5 t. 3 c. 

1 q. 26 lbs. ; 73 t. 15 c. 1 q. 12 lbs. ; and 98 t. 16 c. 2 q. 22 lbs. 

26. Add together 13 acres, 3 roods, 27 perches ; 45 a. 1 r. 27 p. ; 
63 a. 2 r. 17 p. ; 26 a. 2 r. 26 p. ; 16 a. 3 r. 34 p. ; 21 a. r. 8 p.; 
56 a. 2 r. 31 p. ; 37 a. 2 r. 18 p. ; 44 a, 2 r. 20 p. ; 57 a. r. 19 p. ; 
61 a. 3 r. 18 p. ; 39 a. 2 r. ; and 6 a. 1 r. 30 p.* 

26. Find the sum of 19 a. 2 r. 28 p.; 10 a. r. 20 p. ; 11 a. 3 r. 
16 p.; 19 a. 2 r. 18 p. ; 14 a. 2 r. 26 p. ; 17 a. 3 r. 22 p. ; l6 a. 

2 r. 19 p. ; 4 a. 3 r. 27 p. ; 24 a, 2 r, 24 p. ; 149 a. 1 r. 14 p. ; 
719 a. 2 r. 16 p.; and 107 a. 1 r. 23 p. 

27. Add together 3 feet, 6 inches ; 17 ft. 4| ins. ; 4 ft. ; 3 ft. 
3f ins. ; 2 fl. 4 ins. ; 7 ft 11 ins. ; 6|ins. ; 1 ft 2J ins. ; 2 ft. 0| ins. 

28. Find the sum of the following angles :— 45° 6' 20" ; 30^ 45'; 
21«» 19' 40"; 90°; 6° 4' 40"; 7° 9'; and 19° 7' 20".t 



* The nnits of perches may he added as in simple addition, and the snm of 
the tens divided by 4, the tens in 40. In like manner, the units of mlnntes and 
seconds may be added as in simple addition, and the sum of .the tens divided by 
6, the tens in 60. 

t The examples and exercises given above In oompoimd addition are judged 
to be sufficient. They include the cases most commonly requisite for practical 
use ; and a pupil, having understood and practised these, may readily perform 
compound addition in other denominations, or in other kinds of measured 
things, when requisite, by the application of the same principles on which these 
depoid. 



78 COMPOUND SUBTRACTION. 



COMPOUND SUBTRACTION. 

Rule. (1.) Place the less qxiantity below the 
greater, arranging that the qnantities in each column 
may be of the same denomination. (2.) Then, begin- 
ning with the lowest denomination, snbtract, if possible, 
each number in the lower line from that which stands 
above it. (3.) But when in any denomination this can- 
not be done, take the number in the lower line from the 
number which, in that denomination, is equivalent to 
a unit in the next higher ; to the remainder add the 
upper number for the remainder to be set down in that 
denomination, and carry one to the number in the next 
higher denomination in the lower line. (4.) Proceed 
thus with all the denominations except the highest, in 
which the work is to be performed as in simple subtrac- 
tion. 

T)iQ methods of prtx^, and the ^nctp^ on which the operations 
depend, are the same as in simple subtraction. 

£ 9, d. 
Exam. 1. From £33-17-10f, 33 17 10| 

take£18-8-4j. 18 8 4| 

£15 9 6|, amw. 

Exam. 2. Eequired the difference between £l fid - 9 - 4\ and 
:«86 - 17 - 8J. 

In this example, as a halfpenny is greater than a farthing, it 
is taken from a penny, and the remainder being added to the £u- 
thing, the sum, 3 £irthings, is set down ; 
a penny is then carried to 8 pence, and £ s. d» 

the sum being taken from one shilling 159 9 4| 

or 12 pence, the remainder 3 is added 86 17 8} 

to the 4 pence, and the amount, 7 pence, £72 n 73 af^gf^^ 

is set down. We then proceed thus : 

cany 1, and 7 are 8 ; 8 fh)m 9 and 1 remains, which we set down; 
then 1 from 2 (the tens' figure in the number of shillings in a ponnd), 
and 1 remains, and we set it down ; carry 1, and 6 are 7 ; 7 from 9 
and 2 remain, &c 

Exercises, 

£ s. d. £ s, d» 

1. From 19 3 10 take 8 15 3{ 

2 675 15 IJ 124 13 4 

3 192 11 4J 88 16 9| 

4 511 3 2\ 247 10 6i 

6 12 4 9 5 2 4J 

6 100 12 9 
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7. From £S subtract 7 pence. 








8. From £S subtract 7 shillings. 








cwt. q, lbs. 




cwt. 


q. lbs. 


9. From 13 3 20 


take 


9 


2 12 


10 23 1 6 




17 


3 22 


11 106 




79 


1 13 



tons. cwt. q. lbs. tons. cwt. q. lbs. 

12. From 15 7 24 take 5 12 1 10 

13. A person has to pay Ss. 2d. He has, in his purse, a half- 
crown, two florins, a sixpence, a fourpenny piece, and a threepenny 
piece. He has also some copper pence. Paying all the silver money 
away from his purse, how much must he add in coppers to make up 
the required payment ? 

14. A person has to pay £2 - 14-7, and he has with him just two 
sovereigns, a crown piece, three half-crowns, a florin, and a shilling 
piece. Giving all this in payment, how much change ought e to 
get back? 

16. The latitude of Rome (St Peter's) is 41® 63' 64" North ; of 
Paris (Observatory of the Military School), 48° 61' 6" N. ; of 
London (St. Paul's), 61° 30' 49" N. ; of Dublin (Observatory), 
53*> 23' 13" N. ; of Edinburgh (Observatory), 65° 67' 67" N. ; and 
of St. Petersburgh, 69° 66' 23^' N. Required the diflference of the 
latitudes of the first and second, the second and third, &c., of these 
capitals. 

16. The three angles of a triangle are always equal to two right 
angles. A land surveyor has measured two angles and found them 
to be 43° 21', and 78<> 64'. Find from these data what the third 
angle must be. 

17. The latitude of the Cape of Good Hope is 33° 66' 16" S., and 
that of Cape Horn 66° 68' 30" S. Required their difiference. 

18. The latitudes of Belfast and Glasgow, are 64° 36' N., and 
55° 62' N. respectively. Required their difference. 

19. The following are the times in which the principal planets 
perform their revolutions round the sun ; required the differences of 
the first and second, of the second and third, &c. : — 

jyays. 

Mercnxj 87 

Venus 224 

Earth 366 

Mars 686 

20. Reduce the difference between the. Julian year of 366 days, 6 
hours, and the true year of 366d. 6h. 48m. 60s. to seconds : reduce 
also one day to seconds ; and divide the second result by the first. 
Answ. 670 seconds, and 86400 seconds ; quotient, 128||.* 

* This exercise explains the old and new styles in the reckoning of time ; 
showing that by nsing the Julian year, that is, by taking every fourth year as a 
leap year, an error of a day is acctunolated in about 129 years, or a little more 
than three days in 400 years. Hence, in every four centuries, three years, that, 
by the JaUan reckmilng, would be leap yeaxs, are taken as common yeaxs.— (See 
paffes 60 and 61.) 



h. 


m. 




Days. 


hu fn. 


23 


16 


Jupiter .. 


.... 4332 


14 2 


16 


49 


Saturn 


.... 10769 


6 17 


6 


9 


Uranus 


.... 30686 


19 42 


23 


31 
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21. A person goes to the sea-side for three days, and on leaving 
home he has with him £4 - 9 - 7. On returning home he finds he has 
noted the following expenses paid : — Cab, Is, 6d. ; porter, 4<f. ; 
railway fare, Zs, 7d. ; newspaper, 1^. ; time table, 4d. ; boat hire, 
7«. Sd. ; fishing-hookb, 7^^. : biscuits, 6d,; hotel bill, £l - 15 - 4 ; 
railway fare, Zs. 7d. ; cab, Is, : and, on counting the money he has 
remaining, he finds it to be £l - 14 - 4^. Find whether his notes 
account for all the money spent ; and, if not, by how much they are 
deficient. 



COMPOUND MULTIPLICATION. 

Rule I. To multiply a qvmitity expressed in more da- 
nominations than one, by a number not exceeding 12 : * 
Commencing with the lowest denomination, multiply, 
successively, the several numbers in the multiplicand by 
the multiplier, dividing, setting down, and carrying, as 
in compound addition. 

Exam. 1. Multiply £1 - 14 - 7J by 9. 

In this example, the farthings, pence, and 
shillings are multiplied successively by 9 ; the 
numerical products,t as they are found, are 
respectively divided by 4, 12, and 20 (or the 
tens of the shillings by 2) ; the several re> 
mainders are written down, and the quotients 
carried. The pounds are multiplied as in simple multiplication ; and 
the product is found to be £15 - 1 1 - 9}. 



£ 


9. 


d. 


1 


14 


7} 
9 



£15 11 9}, answ. 



£ 8. d, 

1. 3 14 9^x2 

2. 1 17 8| X 3 

3. 18 14x4 

4. 1 10 4x5 



Exercises, 

£ 8. d, 

5. 3 15 10jx6 

6. 1 2 9x7 

7. 2 18 9 x8 

8. 6 13 4x9 



£ 8. d. 

9. 15 10^x10 

10. 9 7 8 xll 

11. 3 19 7^x12 

12. 1 16 7 X 12 



'* Or not exceeding 19, if the learner have committed to memory the supple- 
ment to the mnltlplication table, page 26. The same drcmnstanoe will also 
modify the sacoeeding problems in a sbDiilar manner. 

t The reason for saying here, not that the products are divided, but that the 
numerieal productt are divided by 4, 12, and 20, is, that when we mnltiply the 
three farthings by 9, we get twenty-seven farthinffs as the product. Now, it is not 
this qtumttty of money that we are to divide ty 4, bnt the number expressing it in 
farthings, via. 27, that we are to divide by 4, to get a nnmber of pence with a 
remainder of some farthings. Thus we get 6 pence with 3 farthings. If we 
were to divide the quantity, twenty-seven farthingt^ by 4, that is, to talce a fomrth 
part of it. we would get 6 forthings and a fourth of threa farthings, for which, 
however, it happens we have no coin small enough. Like explanations might be 
^ven in respect to the pence and shillings. 
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BuLE II. To multiply hy a number which exceeds 12, 
but is the product of two or more factors, each less than 13 ; 
(1.) By tiie preceding rule, multiply the given mnlti- 
plicand by one of the factors. (2.) Multiply the result 
by another. (3.) Multiply this last result by another, 
if there be so many ; and thus proceed, whatever is their 
number. 

Exam. 2. Multiply 18«. Z^d, by 42. 

In this example, the multiplicand is multi- £ s, d, 

plied by 6, and the product is £5 - 9 - 7|. 18 3j 

This again is multiplied by 7, and the product 6 

is £38 - 7 - 4^. The reason of the operation I g ^ 

is sufficiently obvious, since 42 is the product ^^ 

of 6 and 7. The work might be proved by 

multiplying the multiplicand by 7, and the ^^8 7 4^, answ. 
result by 6. 

When the mnltiidicand contains one or more farthings, if one of the factors 
be «wn, it is better to uae it first, as the farthings may thns disappear, in which 
case the rest of the work will be easier. But if the multiplicand end in pence, 
without terthings, and one of the factors be 3, 6, or 9, it is better to use that 
factor first, as the pence may thus disan)eer ; and, in all cases in multiplication 
of money, when 12 is one of the factors, it' should be used first, as part of the 
operation may be performed by inspection, by setting down £ g^ ^^ 
3 pence for each farthing, and carrying to the shillings 1 i la 7^ 
for ereiy penny in the multiplioand. Thus, in mnltiplying 19 

£1 - 13 - 7} by 12, set down 3 pence, and carry 7 to the 

■hillings, saying, 12 times 3 are 36, and 7 are 43, &c *20 3 Z,answ. 

Exerciser. Answers, 

£ Sm dm 3^ St (*• 

18. 1 17 9i X 14 26 9 1 

14. 13 4J X io iO 7i 

16. 2 8} X 16 :", 2 3 4 

16. 3 14 0} X 18 66 12 4^ 

17. 1 6 8 X 21 : „..:,.„ 26 10 3 

18. 14 1 X 2^ .., 16 9 10 

19. 13 2 X 24 ..: 16 16 

20. 12 71 X 27 17 3| 

21. 2 16 6 X 32 88 13 4 

22. 1 16 6J X 33 60 6 2J 

23. 1 19 .4 X 36 .'. '., 70 16 

24. 1 11 8 X 42 , ; 05 12 6 

26. 8 4J X 46 .„ ^..,.... 18 16 lOJ 

26. 2 12 10§ X 48 .....^,...^! 126 18 

27. 16 4f X 49 40 3 4} 

28. 3 lOi X 66 10 16 10 

29. 6 UJ X 60 20 16 3 

30. 2 10 6 X 63 168 16 8 

b8 
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Exercises, Answers. 

£ s. d, £ «. d. 

31. 1 14 4 X 66 113 6 

32. 4 6J X 72 15 19 6 

33. 1 6 9f X 80 107 5 

34. 1 6 7 X 84 Ill 13 

35. 1 10 8 X 90 138 

36. 1 16 llj X 96 172 14 

37. 1 17 2 X 100 186 16 8 

38. 16 lli X 108 91 11 6 

39. 18 9 X 110 103 2 6 

40. 4 8J X 120 ,,,„.. 28 2 6 

41. 2 19 6 X 121 369 19 6 

42. 1 16 7| X 132 241 14 6 

43. 2 19 2J X 144 .! 426 3 

44.* 1 12 6 X 76 121 11 3 

46. 1 18 8f X 112 216 17 8 

46. 14 2} X 128 91 1 4 

47. 1 2 7i X 147 166 2 9} 

48. 11 4i X 168 96 11 

49. 1 16 8 X 176 320 16 8 

60. 2 16 2i X 196 640 16 9 

Rule III, To mvltvply hy a nwmber which exceeds 12, 
hut is not prod/uced hy factors helow 13 : (1.) Use, as in 
the last rule, those factors whose product is nearly equal 
to the multiplier. (2.) Increase or diminish the result, 
as the case may require, by the product of the multipli- 
cand and the difference between the multiplier and the 
product of the factors employed. 

Exam. 3. Multiply Us. lOjrf. by 38. 

In this example, 38 not being the pro- £ s, d, 

duct of any two factors not exceeding 12, 14 10| 

we multiply by 36, as before, and to the 12 

product we add twice the multiplicand, g 18 6, prod, by 12 

to find the product by 38. The answer «* ^ ^ 

would have been obtained with nearly the 

same facility, had we multiplied by 40 26 16 6, prod, by 36 

(4 X 10), and subtracted twice the multi- 19 9, prod, by ^ 

plicand ; and thus the operation might be £28 6 3, prod, by 38 
proved. 

* In this and each of the six following exercises the mnltiplier is the prodnct 
of three factors; since 75=3x6x6; 112=8x2x7, or 4x4x7; 128=8x8x2, 
or 4x4x 8, &c In like manner, 140=2x 7x 10 ; 192=12 x4x4 : 240=12x 2x 10; 
1728=12x12x12, &c. 
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Exam. 4. What is the cost of 61 cwt at £1 - 4 - 10 per cwt. ? 

The operation in this ezample is con- £ s, d. 

tracted by taking in the multiplicand, in 1 4 10 

the multiplication by 5. This contrac- 12 

tion may always be employed, when the 14 jg 0, prod, by 2 

product of the factors is one less than the e '^ '' 

multiplier. A similar contraction might 

be employed, though not with the same ^76 14 10, prod, by 61 
facility, when the excess is 2, 3, &c. 

Exam. 5. Multiply £2 - 7 - 8J by 79. 

In this example, it is better to find the product by 80, and subtract 
the multiplicand from it, than to multiply £ a, d, 
by 77, and add twice the multiplicand to 2 7 8^ 
the product, as in the one way there is 8 

one multiplication fewer than in the other. "^ '^ T ^^ r^ a 
A like contraction may be applied with 10 ' 

advantage in every case in which factors 

can be found, whose product is 09i« greater 190 16 8, prod, by 80 
than the given multiplier, while factors ^7 8^ to be subtr. 
cannot be found whose product is only ;gl88 8 1 1 1, prod, by 79 
one less than it. 

Exercises, Anstoers, 

£ s. d. £ s, d. 

61. 5 3 2 X 13* 67 1 2 

62. 2 8 7jx 23 66 18 lOj 

63. 1 10 1 X 29 43 12 6 

64. 17 3jx 31 26 16 OJ 

66. 1 4lx 38 2 12 3 

66. 11 3Jx 39 22 1 2\ 

67. 18 8 X 46 42 18 8 

68. 1 11 OJx 47 72 17 llf 

69. 2 6 6 X 62 120 13 8 

60. 13 Ojx 63 34 10 Ij 

61. 2 6 4 X 68 131 9 4 

* In multiplying by 13, if the pupil have committed the multiplication 
table no farther than 13 times 12, he may multiply by 12, and take in the ulti- 
plicand as he prooeeds, as in the fumexed example. In 

this WBj the multiplication by any multiple of 13, not -"A t, d. ^/ 

exooedicg 13 times 13, may be performed in two lines, i 15 3| x 13 
as also by any number whidi is greater by unity 12 

tham any of these multiples. Henoe, only two lines -rz — rr — rr 
are necessary in multiplying by 26, 39, 62, 63, 66, 78, »22 19 Of, anm. 
79, 91, 92, 104, 106, 117, 118, 130, 131, 143, 166, 167, 169, 

or 170. (By any multiple of 13 is meant any number made up by the repetition 
of 13 any number of times ; and here, in the phrase " repetition of 13 any num- 
ber ot times," the word '* number " is to be understood as being restricted to its 
only proper meaning, so as not to include what are often called fractional num^ 
Ber», bat may be better called /racAonoi numerics. Fuller information respecting 
the name miUtiple will be found &rther on, in the chapter on measures and 
mulUpleB.) 
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Exercises. Answirs. 

£ s. d. £ s. d. 

62. 1 12 IJx 66 104 6 9j 

. 63. 19 9|x 68 67 7 8 

64. 12 8|x 69 43 16 lOj 

65. 2 7 X 76 9 13 

66. 3 7 11 X 76 ...., 268 1 8 

67. 1 9ix 78 81 1 9 

68. 14 5 X 82 69 2 2 

69. 6 8 X 87 ..,..,..,......., 29 

70. 1 13 6 X 89 .,.,..,.[ 149 1 6 

71. 1 3 2|x 91 106 13 lOj 

72. 1 16 4 X 94 170 16 4 

73. 2 2 lljx 96 203 19 0| 

74. 3 9 7 X 98 ..., 340 19 2 

76. 16 6|xl03 ; ,.. 80 2 llj 

76. Oil 4^x104 ..!.."...., 69 3 

77. 1 10 61x106 , 160 4 SJ 

78. 2 6 10x111 264 7 6 

79. 9jxll3 4 7 li 

80. 3 16 3|xll7 440 11 6J 

81. 3 17 §|xl22 474 2 llj 

82. 2 13 l}xl26 33118 OJ 

83. 1 ;Q 9 xl30 199 6 8 

84. Q 9Jxl39 ....;.. 47 4 Oj 

85. 17 4|xl46 126 2 4| 

86. 16 7 xl50 116 17 6 

87. 2 4 8|xl66 346 9 9J 

88. 2 11 6ixl66*....: 401 4 3 

* The subjoined example will show how oomponnd multiplication may be 
performed, however great the mnltiplier i& This method, however, wiU scarcely 
be employed by any one who has learned the modes of computation usually 
taught in the rule of practice. It is th^^efore given in a note, and not in the 
text. 

£ », d, 

15 7i price of 1 yard 

Exam. What cost 2485 yards of broad- iq* 

doth, at 15s. 7^. per yard ? 

In this example we find successively the ^* ^ iS ^^ 

prices of 10, 100, and 1000 yards. We then ir. 

multiplythepriceof 1000by2;of 100by4; 781 6 1000 

of 10 by 8 ; and of 1 by 5. We have thus 2. 

the prices of 2000, of 400, of 80, and of 5, 1562 10 3000 

the sum of which is £1941 - 8 . ij, the 312 10 400 

answer. «3 10 0_ 80 

6 

2485 

IThis note U continued on next page.} 



7 16 
78 2 


8 

10 

6 
10 


price 


781 6 



3 




1562 10 

312 10 

62 10 

3 18 










£1941 8 


li 
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Exam. 6. Multiply 33 cwt. 3 q. 22 lbs. by 7.* 

ewt.q. lbs. 
In this example, as the operation 33 3 22 

proceeds, the number of pounds is 7 

divided by 28, and the number of 
quarters by 4, 



237 2 14, answ. 



89. 
90, 



Exerciser. Answers, 

cwt. q. lbs, cwt, q. lbs, 

I 2 17x27 44 2 11 

3 22x86 81 1 16 



91. Bequiredthe cost of a chest of tea, containing 97 tbs., at 
Zs, 4i^. per lb. Answ. 4S16 - 7 - 4J. 

92. Bequired the amount of a box of linen cloth, containing as 
under, and at the given rates per yard (in this, the two pieces first 
stated contain jointly 49 yards, at 2s, id, per yard ; and so on with 
the others) : — 



piecf/d, 
2 49 at 25. Id, 
2 49 2 3 

2 48 2 5 

3 73 2 7 
3 75 2 9 



piec. yd. 
3 75at2«. 11<2. 
3 75 8 1 
3 75 3 3 
3 75 3 5 



pieo.yd, 
3 75 at 3«. Id, 
3 75 3 9 
3 68 3 11 
3 75 4 2 
Answ. £140 - 2 - 0. 



93. Bequired the cost of a hogshead of rum (in bond, duty not 
being paid) containing 61 gallons, at bs. 4d. per gallon, and a pun- 
cheon containing 104 gallons, at 5^. Id. per gallon. Answ. £16-5-4, 
and £26 - 8 - 8. 

94. What cost a hundred-weight of indigo, at 6^. 4^, per pound ? 
Answ. £35 - 14 - 0. 

95. If a labourer receive 18^. 4d. per week, how much will he 
receiye in 52 weeks of work ? Answ. £47 - 13 - 4. 

96. What is the amount of the duty on 100 gallons of brandy, at 
lOs. 6d. per gallon ? Answ. £52 - 1 :: 8. 

97* What is the duty on 63 gallons of Jamaica rum, at 10^. 2d, 
per gallon? Answ. £32-0-6. 



The following exercises may be wrought in a similar manner : — 

Exercises, Answers, 

£ s. d. & s. d, 

1. 8 6 6jx 3178 , 10556 18 4| 

3. Ill 31x15984 24913 9 51 

3. 2 6 9|x 938 2194 10 7 

4. 17 l|x63491 54430 6 ij 

* Compound mnltiplication is seldom employed, except in relation to money ; 
bat if it should be necessary to use it in cases not illustrated here, no difficulty 
am arise, as the method is similar in all cases. 
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In the note on page 23 it has been ezplainel that it would be absurd tio speak 
of multiplying money by money, and it may be useful here to repeat the caution, 
the more so because much misapprehension has too frequently been exhibited 
on this subject. When we multiply a quantity by a proper number, we simply 
find what would be produced by repeating that quantity the given number of 
times : thus, if 2s. 6d. be repeated 4 times, the amount is 10s. ; if 5 times, it is 
12s. 6d., &c. When we do what is called multiplying a quantity by a " frac- 
tional number," or rather by a fractional numeric, we just take that numeric of 
it : thus, when we do what is called multiplying 2s. 6d. by 2j, we just take 
2|ths of 2s. 6d. ; or we take 2 of 2s. 6d., that is 6«., and | of 2s, 6d.,.that is Is. 6d., 
making in all 6s. 6d. ; or further, when we do what is called multiplying 2s. 64. 
by |, we just take | of it, and so we find 20 pence as the product. To talk, how- 
ever, of multiplying 2s. 6d. by 2s. 6d., or of what might as well be called taking 
2s. 6(2. of 2s. 6d., is absurd. When the pupil shall have commenced to work in 
the rule of proportion, indeed, he may find that we sometimes appear to multiply 
quantities by quantities ; as, for instance, to multiply money by money. In idl 
such cases, however, on proper consideration, it will be found that it is not by a 
quantity, but by either a number or afractional numeric, that we multiply. 

We see from the nature of division that there is no absurdity in dividing 
money by money ; that is, in finding how often one sum is contained in another, 
or how often one sum can be taken oat of another, and this wlU be exempUfled 
in the next chapter. 
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Rule I. To divide a quantity expressed ir rnore deno- 
minations than one, by a number not exceeding 12 : (1.) 
Divide the quantity in the highest denomination by the 
given divisor, by short division. (2.) Eednce the re- 
mainder, if there be any, to the denomination next 
lower, and add to the result what was given of that de- 
nomination. (3.) Divide the sum by the divisor ; and 
thus proceed to the lowest denomination, or till nothing 
remains. 

Exam. 1. Divide £114-16 - 7J by 10. 

In this example we divide the £114 by 10, and so we find £ll 
to be set down, and we have remaining £4, or 80 shillings ; which, 
increased by the 16 shillings, be- 
comes 96 shillings. We next divide £ g. d. 
this 96 shillings by 10, and so we 10)114 16 7^ 
find 9 shillings to be set down, and ~~ii g 73 7 £j^« 
we have remaining 6 shillings, or 10 for WL 
72 pence ; which, increased by the x>,,^ .. — =, * -' 
7 pence, becomes 79 pence. Divid- i:' H 4 1 6 7^. proof. 

ing this by 10, we find 7 pence to 

be set down, and we have remaining 9 pence, or 36 ferthings, which 
with the one fiwthing maizes 37 ferthings. Dividing this by 10, 
we get 3 Sirthings to be set down as | of a penny ; and we have 7 
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fiurthings, or l|i., remaining, which, with the coins of the realm, 
cannot be diTided bj 10, or, in other words, does not admit of a 
tenth part of it being taken. The entire result we have arrived at 
means that ont of the given sum of money ten equal shares, each 
of which will be £l 1 - - 7J, can be taken ; and that there will re- 
main 7 &rthings, which cannot be diyided into ten equal shares. 
The proof is p^ormed as in simple diyision. 











Exercises, 




• 








£ s. 


d. 




£ s, d. 




£ 


8. 


d. 


1. 


10 11 


81-5-2 


5. 


8 13 4+6 


9. 


5 


12 


9-rll 


2. 


2 16 


7 -.-3 


6. 


1 19 5|-r7 


10. 


20 


1 


3-!-12 


3. 


4 5 


9|-r4 


7. 


3 15 7 -T-8 


11. 


1 





0-*. 6 


4. 


9 9 


6j-r6 


8. 


6 17 ll|-i-9 


12. 


1 





0-f- 7 



Rule II. To divide hy a number which is greater than 
12, htU 18 the product of two or more factors, each less than 
13: (1.) Divide the given quantify, according to the 
last role, hj one of l£e £M;tors. (2.) Divide the quo- 
tient by another factor. (3.) Divide the resnlt thus 
obtained by another factor, if there be so many \ and 
thns proceed, whatever may be their number. 

Exam 2. Divide £59 - 13 - 3i by 66. 

In this example the fiictors are 6 and 
11. In the division by 6 the quotient* 
is €9 - 18 - 10|, and the remainder 2far- 
things; and in the division of this quo- 
tient by 11, the quotient resulting is ISs, 
Ofcf., and the remainder 9. This remain- 
der being multiplied by 6, the first divi- 
sor, ieind the product increased by the 
former remainder 2 (seepage 42), the true 
remainder is found to be 56 farthings, 
or Is. 2d. In the proof by multiplication, 
this remainder must be added to the 
final product. 



£ 


s. 


d. 


6)59 


13 


H 


11)9 


18 


10i...2 


£0 


18 


Of... 56 far. 
6 [oTU,2d, 


5 


8 


11 


69 


12 
1 


I'h^ 



£60 13 'disproof 



* InpnxseedingtoworkatqneetioiisindiTisionof this kind, in which it is XB- 
qnired to divide a giyen quantity into a number of eqnal parts, together, it may 
be, with a remainder analler than anyone of those eqnal ports, if the learner has 
for present pmrposes the misfortune to reooUect the Latin derivation of the word 
fmotiemt, from quotiet, bow o/ten, according to which the word would properly 
^iply to the answer to the question, ffotc often U one given number or quantity 
cantaUud in anotker given number or quantity t he ought now just to make an 
effort completely to ignore, in cases erf the present Und, the derivation of the 
word. The KngUdi lang^uage does not at present supply us with any other word 
n«<*j*M«> for use instead of quotient j and so we must go on using that name, 
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In the use of this role, if there be no pence in the dividend, or if it end in 3, 6; 
or 9 pence, and if one of the factors be 3, 6, or 13, it is better to use that factor 
first, as in the division by it there will be no renudnder. If one factor be 3, 4, or 
8, and there be no farthhigs in the dividend, it is generally better to begin wltii 
that factor. If lOd. be contained without remainder in the shillings and penoe 
cf. the dividend (as in Is. Sd., 3«. 6<I., 3«. 4d., 16s, lOd., &c.), and one of the factors 
be 5 or 10, it is best to begin with that factor. The same may be observed in re- 
lation to 5d. and 3^ 



13. 
14. 
16. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 



31 2 
50 



Exercises. 

£ 8, d. £ 

73 18 2 + 14 6 

8 3 6 + 18 

40 10 + 49 

36 11 8 ^ 16 2 

68 7 0+36 1 

69 11 nj^ 27 2 

48 8 2i-!- 60 

9 14 8-4-32 

^'^ 48 

+ 63 

55 8 Oi+ 77 

63 12 71-T- 81 

113 14 9 + 96 1 

63 10 6 +120 

31 10 4 + 70 

38 10 + 88 

124 16 6 + 84 1 

100 +121 

376 10 6 +144 ;.. 2 

138 15 +150 ...,....!...ii. q 

111 2 6 +180 ...."..... 

265 18 9 +225 '.., 1 

746 +276 ;...... 2 



Answers, 
s, d, 
6 7 
9 1 
16 6i 

5 8; 

12 6 

4 If 
19 4J 

6 1 

12 Hi 

16 10^ 

14 4J 

13 2| 

3 8J 

8 11 

9 

8 9 

9 8J 

16 6i 

12 If 

18 6 

12 4 

2 9 

14 3 



Senu 



d^d. 



6d. 

Is. 2id. 
Is, 2id. 
U. 0}<2. 
9d. 
6d. 
^d. 

Is, 
llfrf. 

Is. ed, 
2s. ed. 

Is, Sd. 



Rule m. To divide hy a numlrer which is greater 
than 12, and is notprodticed by faxytors heUnv 13: Tke 
process is to be oonducted as in Bnle I., except that long 
division is to be employed instead of short. 



althongh in doing so we ongfat dearly to understand tiiat any consideration of 
the proper etymological sense of the word would be completely misleading. 
For instance, if we divide £69- 13- 3 by 6, and say that the^tfo/iM/is £9-18-10|, 
we are not to entertain for a moment the idea that 6 is contained in £59 • 13 •3, 
£9-18.10jtime8. 
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Exam. 3. Divide £2074 - 6 - 9^^ by 697. 

Here, we commence by dividing £2074 by 697, and so we get 
£3 to be set down as the first part of the required quotient, and 
we have remaining £283. 
This number of pounds we 
reduce to a number of 
shillings by multiplying 
it by 20, and we add in the 
6«., and so we get 56668. ; 
from which, as in simple 
division, we obtain for 
quotient 9«. The remain- 
der 293.S. is then reduced 
to pence, and increased by 
the 9d. : and, by continu- 
ing the operation in a 
similar manner, we have 
finally a remainder of 370 
farthings, or 7«» S^. The 
work is proved by multi- 
plying the quotient by 600 870 fiurthings, or 7«. ^d. 
(6 X 10 X 10), and subtracting three times the quotient, to obtain the 
product by 597 ; wd finally, by adding the remainder 7s, S^, to 
the result. 



£ s. 

697)2074 6 
1791 


d. £ s, d, 
9i (3 9 6|, a»«t&. 
6 


283 
20 


2U 16 10) 
10 


6666 
6373 


208 8 9 
10 


293 
12 

3525 
2985 


2084 7 6 
10 8 6:^ 

2073 19 01 

7 4 


640 
4 


£2074 6 91 proof 


2161 
1791 







Exercises. 




£ 


s. 


d. 


36. 


61 





Q -5- 13 


37. 


9 


3 


7+17 


38. 


60 


4 


2+19 


39. 


99 





-Jr 26 


40. 


115 


12 


6 -^ 37 


41. 


93 


9 


4j-f- 43 


42. 


82 


6 


11 -r 51 


43. 


64 


13 


2 -^ 65 


44. 


108 


18 


l|-^ 71 


45. 


167 


16 


0-5-85 


46. 


63 


12 


-r 91 


47. 


344 


14 


-f- 103 


48. 


179 


6 


+ 133 


49. 


599 


2 


4 -h 201 


60. 


342 


11 


4J+ 313 


61. 


400 





-r 365 


62. 


9846 


13 


4 ^^5275 


53. 


2045 


16 


51-5-4083 


54. 


3982 


2 


8J-r-1347 


65. 


5139 


16 


8 -rlSlO 



4 

2 
3 
3 
2 
1 



13 
10 
12 
16 
2 
3 
12 



Jnstoers, 
£ 8, d, Sevu 

10 2d, 

9^ IJrf. 

10 4/?. 

1} 2Jrf. 

6 

6i Sd, 

^ id, 

16 9} 4\d, 

1 10 8 9Jrf. 

1 19 6f 3ff. 

11 9i IQid. 

3 6 11 Is. 7d. 

6 111 6lrf. 

19 7J Is.lO^d. 

1 101 4s. 6d. 

1 11 6d, 

17 4 

10 01 U. 4Jrf. 

19 IJ Is. 4d, 

16 6 £1-3-2 



1 
2 
1 
1 
1 

2 
2 
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56. If a chest of tea, containing 96 lbs., cost £16, what will 1 lt>. 
cost? Answ. Ss. 4d. 

57. If a hundred- weight of sugar cost £2-2-0, what are the 
costs of a pound and of a stone ? Answ. 4^. and 55. Sd. 

58. If a contribution of £354- 11-6 is to be made up in equal 
shares by 26 persons, how much must each contribute? Answ. 
£13-12-9. 

59. If prize money to the amount of £495-5 is to be divided 
equally among 75 seamen, how much will each receive ? Answ, 
£6-12-0f ; rem. Z^. 

60. If a person spend £200 a year, how much does he spend each 
day at an average? Answ. lOs. 11|<^. ; rem. 2^. 

61. Three persons purchase a ship for £12,000 ; the first 
taking one share, the second three shares, and the third five. How 
much do they severally pay? Answ, £1333-6-8, £4000, and 
£6666- 13-4. 

Rule. IV. To divide one quantity hy another of the 
same hindy the quantities being one or both compoundly 
expressed ; or else each being expressed in one denominor' 
tion, but the one being in a different denomination from 
the other. Make any convenient reduction of the divisor, 
or of the dividend, or of both, that will bring both to 
one same denomination; and then proceed bj simple 
division. 

Exam. 4. If a person has £52 - 10 - 8 available for purchasing 
sheep, how many can he buy out of a flock offered at £1 - 18 - 6 each, 
and how much of the money will remain ? 

Here the question may be 
regarded as being: How £ a. d. £ s. d. 

often can the price of one 1186 52 108 

sheep be taken out of the 20 20 

whole sum available, and how 33 1050 

much money will remain 12 12 

over, being less than the 462 pence 462)12608(27 

price of one sheep? The quo- '^ ' 924 

tient,* or nurhher of times, so ooch 

found wiU obviously be also ^^^J 

the number of sheep that can zrzZ. 

be bought. To carry out 12 )134< f. rem, 

the work, we first reduce the 1 Is. 2d. rem, 

divisor and dividend each to 

pence ; and then, on dividing 12608 pence by 462 pence, we get the 
quotient 27, which, as already shown, will be the number of sheep 
that can be bought ; and we find that after the purchase of these, 
there will be 134 pence, or 11^. 2d., remaining unexpended. 

* The name quoHmt is to be noticed as being |nt>perly applicable In accord- 
ance with its Latin derivation to the result in cases of this kind, as it is here a 
statement of how often one quantity is contained in another quantity. 
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Exer. 62. A merchant bu^ng goods for exportation, has 
£97 '6-8 available for purchasing -watches : how many can he buy 
at £3 - 16 - each, and how much of the money will remain over? 
Jfuw. 26 watches, and £2-6-8 money remaining. 

63. How many wires, each 1 foot 5 inches long, for making bird* 
cages, can be cut out of a coil of wire 524 feet 9 inches long, and 
how much of the wire will remain, being too short for the purpose ? 
Answ, 370 wires, and 7 inches of wire over. 

64. How many links for a chain can be made out of a coil of 
wire 115 feet long, if the length wanted for each link is j of an inch? 
AfUiD. 1840 links. 

65. If a railway train travels 1 mile in 1 minute 32 seconds, 
how &r will it go in 28 minutes at the same rate ? Answ. 18^ miles. 

Exercises, Answers, 

Quot, Bern, 

66. £256-16-9 -f- £9-9-11 27 ... 9«. 

67. £62-13-2 -5- IZs. U 93 ... \Zs.2d. 

68. 620 yards + 2 feet 7 inches 603... 2ft.3in. 

69. 2tonsl4cwt. 3 q.-f- 2 cwt 1 q. 17 lbs. 22 ... 1 c.3 q. 18 lbs. 

70. £3-11-6 + &^. 156 



At the dose of the intioductoiy chapter on fractions, pages 64 and M, some ex« 
amples have akeady been given of operations called multi^ying and dividing by 
*' numbers containing fractions " (or rather by fractional numerics) ; and it 
may be useful here, hi connection with the preceding chapters on compound 
multiplication and dlTision, to give some examples and exercises of a similar 
kind for cases in which the mcQtiplicand or the dividend is a compoundly ex- 
preased quantity. 

Exam. 5. Bequired the price of 22 J cwt. of pork, at £2 - 16- 6 
per cwt.? 

Here we see that we shall get the price of 22J cwt. if we take 
22} of the price of 1 cwt. ; and the doing of this is called midti- 
plying the price of 1 cwt. by 22}. To 
perform the operation, we first take 22 
of £2 - 16 - 6, or, in other words, we mul- 
tiply that money by 22, doing so in the 
way already explained. Then we take 
} of £2-16-6 (an operation which is 
called multiplying by }) ; and to do this 
we multiply, in a separate place, that 
money by 3, and divide the product by oca k. a\ 
4 : the result is £2 - 2 - 4i ; which being ^^* ° *5' «»««^- 
added to the product by 22, the sum is 

£64 - 6 - 4J, the product required. The work for the fractional part 
is left' for the learner to perform. The answer might also have been 
found by multiplying by 23, and taking one fourth of £2 - 1 6 - 6 
firom the product. If the multiplier had been 22^ or 22|, we should 
have found the product by 22, as before ; and in the first case have 
added to it one fouithi in the second, half of the multiplicand. 



£ s. 
2 16 


d, 
6 
2 


6 13 



11 


62 3 
2 2 






£ 


8. 


d. 








22-2)30 


2 


10^ 








4 




4 


£ 


8. 


d. 


91)120 


11 


6( 


1 


6 


6 


91 












29 












20 












591 












546 












45 












12 












546 












546 
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Exam. 6. If 22f gallons of brandy be bought for £30-2-10j, 
what is the cost of each gallon ? 

The work here will constitute what is commonly called dividing 
hy a fractional number, which in this case is 22|. The nature of such, 
operations is often found 
rather difficult to under- 
stand completely. It may 
be clearly explained in the 
following way : — ^We see 
that the cost of the 22| 
gallons must be 22f of the 
cost of 1 gallon. Hence 
we want to find a quantity 
of money such that 22| of 
it shall be £30 - 2 - lOj.* 
To carry out the work 
practically, we observe 
that if 22| gallons cost 
£30 - 2 - lol, 4 times 22| 
gallons would cost 4 times 
£30 - 2 - lOj. Hence we 

multiply 22| gallons by 4, and find 91 gallons ; and we multiply 
£30 - 2 - lOJ by 4, and find £120 - 11 - 6. Then we see that 91 
gallons would cost £120 - 1 1 - 6, or that 1 gallon would cost ^ of 
£120 - 11 - 6 ; and so we divide £120 - 1 1 - 6 by 91, and find £1 -6-6 
for the required result. 

4nsv}ers. 

£ 8. d, 

\1\ 79 7 I 

21f 6 7 

64f 106 1 34 

11| 12 10 

*To show the connexion between this fractional division and ordinary 
division by a " whole numbor," we may obserre that if the given nmnber of 
gallons had been 22, we would have found the price of one gallon by taking ^nd 
of the price of 22 gallons ; that is, we wonld have had to find a quantity of money 
such that 22 of it would be £30 - 2 - 10| ; and this way of stating the operation 
for the whole number 22 is the same as the way in which the operation for the 
fractional number 22| has been stated here in the text above, and so the simi- 
larity of the two processes, both called division, is obvious. 

We may further show, in the following slightly different way, why the opera- 
tion in the text may be called division. The operation may obviously be 
interpreted as a case in which we virtually dimde the given sum of mon^, which 
is the cost of the whole 22| gallons, into the 22 equal portions which would pay 
for the 22 gallons each by Itself, and the one portion beeideB which wonld pay for 
the additional | gallon. 





Exercises, 




£ 8, d. 


71. 


4 11 6| J 


72. 


7 3 2i - 


73. 


1 18 10 : 


74. 


7 5 11| H 
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RATIO, RATE, AND PROPORTION. 

Intbosuctobt REicABKSt — (1.) In order that the pupil may be 
sufficiently prepared to understand the teaching of Katio, Kate, 
and PsoFOBTiOH here, he ought to be previoosly very well acquainted 
with the explanations of fractions already given in the Introductory 
Chapter on Fractions, and In earlier passages referred to in that 
chapter. He may also with advantage, if convenient, carefully read 
beforehand, at this stage, some portions of the advanced chapter on 
fractions given farther on in this treatise ; especially those which 
relate to the processes commonly called multiplying and dividing by 
fractions, or by fractional numerical expressions; but it is not 
essentially necessary to read those passages beforehand. (2.) When 
in questions or operations in arithmetic an unknown quantity, or 
number, or numeric generally, has to be spoken of or dealt with, 
the -verbal statements and the operations may often be greatly 
facilitated by denoting that unknown by a letter. Oftf^n, also, ex- 
planations and demonstrations may be greatly facilitated and 
abbreviated by using letters as representatives of quantities or 
numerics, whether known or unknown. This method of making 
things easy, which is regularly used in Algebra, is deserving of 
being introduced early to pupils of Arithmetic in schools ; and it 
will be used occasionally, when convenient, in the present treatise. 
It will be used in several of the explanations in the present 
chapter. 

Definition op Ratio. — ^In comparing two quantities 
of any one kind of thing, or two numbers, or two 
numerics generally, the numeric * that either of them 
is of the other is called the Ratio of that one to that 
other. 

Thus, in comparing 16 inches with 2 feet (that is, comparing 
one quantity of length with another), we may readily see that the 
first is } of the second ; then the numeric § is the ratio of the first 
to the second : and we may readily see that the second is | of the 
first ; and so the numeric | is the ratio of the second to tne first. 
Again, in comparing the length 2} feet with the length 6 inches, we 

* The meaning of the word numeric will be found explained in the chapter 
of Introdactory ^cplanations, at page 4, foot note ; and farther in the Intro- 
flactory Chapter on Fractions, at page 49. Also an example of one quantity ex> 
presfsed as a nnmeric of another will be found treated in Example 8, pages 52 
and 53. 
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observe that the first quantity is 5 of the second ; then the nnmeric 
5 is the ratio of the first to the second.* 

Also in comparing the number 22 with the number 11, we see 
that the first is 2 of the second ; and so 2 is the ratio of 22 to 1 1. 
In comparing 5 with 7, we see that 5 is f of 7 ; and so f is the ratio 
of 5 to 7. In comparing | with J, we may easily find that the first 
is f of the second, and so f is the ratio of the first to the second. 
To show the truth of the statement that the first in this case is fths 
of the second, we may observe that instead of | we may take its 
equal f , and then, haying got the same denominator, 9, in both the 
fractions to be comparec^ we can see obviously that 6 ninths is f of 
7 ninths (just as 6 inches is f of 7 inches). This example, showing 
the ratio of a fraction to a fraction, is introduced here in order to 
complete the illustration of the meaning of the definition which has 
been given of ratio. Detailed explanations in respect to ratios of 
fractional numerics, and as to practical modes of treating them, will, 
however, be for the most part deferred till after the advanced 
chapter on fractions, because a pupil having arrived at that stage 
will be better prepared than here to follow out such explanations. 

When it is two proper numbers (integers) that we wish to com- 
pare, we can always find what numeric the first is of the second by 
taking a fractional expression less or greater than unity, as the case 
may be, having the second for its denominator and the first for its 
numerator, and that fractional expression will be the required nu- 
meric ; and so will be the ratio of the first to the second. In some 
cases the fractional expression so found as the ratio, will be reducible 
to a proper number : thus the ratio of 12 to 3 we see is the fraction 
^ , which is reducible to the number 4 ; and so we say the ratio of 
12 to 3 is 4. 

The two quantities, or nnmbers, or numerics gene- 
rally, which are compared as to their ratio, are called 
the Terms of the ratio. The first is called the Ante- 
cedent, and the second the Consequent. 

The name Proportion has many varieties of signi- 
fication in general language. It is ordinarily applied 
in arithmetic, and other branches of mathematics, to re- 



* In this case we might say the nufftber 5 is the ratio of the first to the 
seoond, but the word numeric is here preferred, becanse it allows of our haying 
one brief and easily intelligible definition and method of explanation, that will 
suit alike for all ratios in arithmetic, whether they be what are commonly called 
whole nnmbers ; or whether they be fractions, proper or impr(q)er ; or whether, 
when greater than unity, they be expressed by what are commonly called mixed 
nnmbers. For want of any single word by which to name alike all snch numerical 
expressions as have just now been referred to, it has been customary to use in 
Various cases, in defining or explaining what is meant by a ratio, some one or 
more of the following names, or occsisionally others besides : — number, whole 
number, fraction, fractional number, proper fraction, improper fraction, mixed 
number, quotient, multiple, part or parte, multiple-part. If the adyanced 
reader will compare the definition and explanations of ratio giyen here with 
those given in other books, he may perceive, great advantages both in brevity 
and in deamess attained through the use of the word numeric. 
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lations among quantities or ntunerics, or among qnan- 
tities and nnmerics, which involve the consideration of 
equality of ratios or the treatment of equal ratios. 

Definition op Ratio-Equation. — A statement of 
equality of two ratios is very commonly called a Pro- 
portion or an Analogy ; but these names are of bon nsed 
with some haziness in the ideas associated with them', 
and they are even sometimes not restricted to the exact 
signification of a statement of eqnality of two ratios. 
Hence, and for other reasons, a statement of equality 
of two ratios may, with advantage in clearness and 
precision, be called by the self-explanatory name, a 
Ratio-Equation. 

For example, the ratio of 10 to 15, and the ratio of 8 to 12 are 
equal (each being |, because 10 is | of 15, and 8 is | of 12) ; and a 
statement of this equality constitutes a ratio-equation, A ratio- 
equation is sometimes written thus : — 

10 : 15 = 8: 12, 

which may be read, Batio of 10 to 15, equal to ratio ofSto 12 ; but 
it is more usually written thus : — 

10: 15 ::8: 12; 
or. As 10 : 15 :: 8: 12. 

In the former of these last two ways it is often read, 10 i5 ^o 15 as 8 
is to 12; and in the latter of the two it is read. As 10 is to 15, so is 
8/0 12, the notion of equality of ratios "being not expressly adduced 
in these last two ways of speaking. In these various modes two 
dots are put between the terms of each ratio to indicate their con- 
nection, and either the sign of equality is interposed between the 
equal ratios to denote their equality, or else four dots are inter- 
posed to mark exactly the same meaning. 

Another Definition op Ratio-Equation. — The defi- 
nition jnst given of a Proportion, or an Analogy, or a 
Ratio-Equation, is to the effect that, for a ratio-eqna- 
tion, what numeric the antecedent in the first ratio is of 
its conseqttent, the same numeric must the antecedent in 
the second ratio he of its consequent. We may as well, 
and qnite to the same effect, and sometimes more con- 
veniently, say that for a ratio-equation, what numeric 
the consequent in the first ratio is of its antecedent, the 
same numeric must the consepuent in the second ratio he 
of its antecedent. 

That these two definitions are really equivalent may be under- 
stood from connderation of examples such as the following. For 
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broTity we may call the two terms of the first ratio A and By where 
these letters signify either two numerics or two quantities like in 
kind one to the other ; and we may call the two terms of the second 
ratio C and 2>, where likewise these letters signify either two 
numerics or two quantities like in kind one to the other, though 
they may be unlike in kind to the previous pair A and B, Then, 
for instance, let us suppose we know that ^ is | of A, and that D is 
I of C; so that in one pair the latter term is the same numeric of 
the former, as the latter is of the former in the other pair. Now 
we may note in form of an equation 

and by multiplying both sides of this equation by the denominator 
5, we get a new equation — 

6B^7A; 

and next, by dividing both sides of this by 7, we get from it another 
new equation — 

^B^A. 

And this is to say that ^ is f of B» 

By going through exactly the same process in respect to C and 
D, commencing with the given equation 

we would find that 

Thus we see that in respect to the two pairs of terms, A and B, with 
C and D, since it was given that what numeric the latter term is of 
the former in the one pair (| in our example) the same numeric is 
the latter term of the former in the other pair (| in our example), 
it follows that what numeric the former term is of the latter in the 
one pair (f in our example), the same numeric (f in our example) is 
the former of the latter in the other pair ; or, in other words, the 
ratio of the former to the latter of the one pair is equal to the ratio 
of the former to the latter of the other pair. So the second defini- 
tion given of ratio-equation is reducible to the first, or they are 
interchangeable, and either may be used in preference to the other, 
according to temporary convenience. 

What has just been proved may be briefly stated, for future 
reference, in the form of a proposition, as follows : — 

Proposition 1. When two ratios are such that the 
consequent in one is the same numeric of its antecedent 
as the consequent in the other is of its antecedent, 
then also they are such that the antecedent in either of 
them is the same numeric of its consequent as the an- 
tecedent in the other is of its consequent, and the two 
ratios are equal. 

Proposition 2. The ratio of one quantity to another 
is equal to the ratio of the numeric expressing the one 



BATIO, RATE, AND PROPORTION. 97 

qnantity in any denomination to the nnmeric expressing 
the other quantity in the same denomination. 

Tf • ^5 "1.*^® ratio of 5 yards to 3 yards is equal to the ratio of 5 to 3. 
It IS f , because 6 is | of 3. »* «• 

2i yards to 6J yards is equal to the ratio of 2J to 6f , and that it is 
J, because 2J is obviously |rd of 6J. 

And, as yet another example, we may propose to find some 
simple expression for the ratio of 5^ yards to 3 feet 4 inches. To 
do this we may obviously, according to the proposition (Prop. 2), 
commence by reducing the given expressions for the two quantities 
ot length to new expressions in one same denomination. We may 
m this case conveniently select the denomination of inches as being 
the low^t occumng in either of the two given expressions. Then 
we CM find easily that the two lengths 5^ yaids and 3 feet 4 inches 
may be pressed as being 198 inches and 40 inches; and so the 
ratio (rf the former^ length to the latter length may be stated as 
being the ratio of the number 198 to the number 40, Or the re- 
quired ratio 18 ^ OP |§. 

Proposition 3. From the foregoing it follows ob- 
vionsly that— In a ratio-eqnation stating two eqnal 
ratios between two pairs of quantities, if the two terms 
of the first ratio be expressed in one denomination, the 
same for both ; and if the two terms of the second ratio 
be expressed in one denomination, the same for both ; 
then the nmnerics so expressing the ratio-eqnation will 
themselves, when kept in the same order, constitute a 
ratio-equation. 

Thus in the ratio-equation 

Ratio 4 shillings to 5 shillings = ratio 12 yards to 16 yards ; 
OP, 4shiUmgs : 5 shillings:: 12 yards ; 15 yards, 

we have also the numerical ratio-equation 

4: 5 :: 12 : 15. 

The significance and importance of the proposition here set forth 
wiJl be more fully appreciated through considerations such as the 
following. We may notice that the same quantitative ratio-equa- 
tion as before may be expressed thus : — 

Ratio 4 shillings to 60 pence = ratio 432 inches to 45 feet ; 
or, 4 shillings : 60 pence:: 432 inches : 45 feet. 

But the numerics op the numbers, 

4, 60, 432, and 45, 

here occurring have not an equality between the ratio of the former 
to the latter in the first pair, and the former to the latter in the 

F 
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second pair ; there is not an equality between the ratios of 4 to 6O9 
and 432 to 45 ; or it is not the case that 

4: 60 :: 432; 46. 

Definitions. — ^Fonr mnnbers (or foiir numerics gene- 
rally) constituting two eqnal ratios, and written in 
order bo that the ratio of the first tO the second is 
equal to the ratio of the third to the fonrth (as, for in- 
stance 10, 15, 8, 12), are commonly called four jpropor* 
tionals. The first and last of the four terms are called 
the extremes^ and the middle two are called the means. 

In a nnmerical ratio-eqnation the fonrth term is 
often spoken of as the fourth proportional to the other 
three terms. Thus, for instance, when two numbers are 
given as the antecedent and consequent of one ratio, 
and a third number is given as the antecedent for an 
equal ratio, and it is required to find the consequent for 
that ratio, the requirement is often, for brevity, spoken 
»of as being to find a fourth proportional to three given 
numbers. 

Rule 1, The fourth proportional to three given 
numbers * may be found by multiplying together the 
second and third, and dividing the product by the 
first. The result, including the fraction due to the 
remainder, if any, in the division, will be the required 
fourth proportional. 

To illustrate this, let it be required to find the fonrth propor- 
tional to 3, 2, and 12. Here if we pnt the letter ar to denote the 
fourth proportional, as yet unknown, we may write the ratio- 
equation — 

Eatio 3 : 2 = ratio 12 : x; 

or, 3 : 2:: 12 : x. 

Now, according to the second definition of rat'o-equation, given on 
page 96, we see that what numeric 2 is of 3, the same numeric 

* The word numbers^ as here used, is to be nnderatood as meaning numbers 
properly to called ; that is, integers. The mle, ho^verer, wonld still hold good 
if, instead of numbers^ we wore to insert the word numerics, and so were to. extend 
the scope of the rule to the finding of the fourth proportional to any three 
numerics, whether whole or fractional. But, as the pupil at the present stage 
may be supposed not ^ be well acquainted with the management of fractional 
numerics, except in very simple opemiions, the scope of ^ mle is/or tke pre- 
sent limited to the case in which the three given terms for the ratio-equation are 
all integers. The required fonrth term, being found ^sj a process of division, 
will, of course, usually come out to be fractional. The rule as extended to the 
case in which a fourth proportional to three ntrmerfcs, whether whole or frac- 
tional, is to be found, will be ezplainsd farther on in this treatise. 
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must f be of 12 ; bat 2 is | of S ; and so x must be } of 12, or wa 
have 

2x12 

or, «=8; 

and so we see that the reqnired fonrth proportional to the three 
given nnmbers is obtAiaed bj multiplying together the second and 
third and dividing the prodact by the firat. 

To illustrate the role farther, let it be required to find th» 
fourth proporti(»al to 4, 5, and 13. Here we may write the ratio- 
equation — 

4:6 :: 13: x. 

Now we see that what numeric 5 is of 4, the same numeric must 4P 
be of 13 ; but 5 is | of 4, and so x must be | of 13; or we havo 

and so again we see that to find the required fourth proportional we 
are to multiply the second and third terms 

together, and to divide their product by 4 : 6;:13 ; * 

the first. The work may conveniently be ^ 

carried out in the arrangement shown in the 4)65 

margin here, where the answer is found to s^l6^ ansm, 
be 16 J. 

Exam. 1. Find the fourth proportional to 21, 12, and 14. Here 
we may put x to denote the required fourth 
proportional, and we may proceed as in the 21 : 12::14 : x 
margin, commencing with the statement that : 1 2 

As 21 is to 12, so is 14 to x. Then, by 21)168(8 «x, 

multiplying the second and third together, Igg emsw. 

and dividing the product by the first, we Ret 
8 as the value of x ; or we find that the 
fourth proportional required is 8. 

Eziun. 2. Find the consequent for a ratio of which the ante* 
cedent is 38, and which sliall be equal to the ratio of 7 to 23. 

Here putting x to denote the required consequent, we may write, 
as in the margin, the ratio-eqaation — 

7 : 23::38 :x. 

Then multiplying the second and third terms 

together, aad dividing their i»roduct 1^ the 7 : 23 : : 38 : x 

first, we get for the required term l2^, It 23 

is good to notice that since the consequent ffl 

in the first ratio is ^ of its antecedent, the 75 

consequent in the second ratio must be ^ of 7^874 

its antecedent : and so we find x by taking Tole 

^ of 38 ; or we take i^th of 23 times 38. By l-i4f =x, 

this view the reasons of the process in the onsw, 

margin may be clearly seen. 

F 2 
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Exercises, 

1. Find the fourth proportional to the following three numbers:— 
2, 6, 16. Answ. 40. 

2. Find the value of jt, so that 

18 : 21 :: 24 : x, Jnsw, «»28. 

3. Given 35 and 402 as the first and second terms of a ratio $ 
and given 365 as the first term for an equal ratio ; find the second 
term for that second ratio. Answ. 4192f. 

4. What is the numeric that 13 is of 15? Answ. ^. 

5. What is the numeric that 18 is of 3 ? Answ, 6 ; because 18 
is 6 of 3. 

6. Find a numeric or, such that what numeric 18 is of 3, the 
same numeric shall x be of 5. Answ. 30 ; because 18 is 6 of 3, and 
so X must be 6 of 6, or x must be 30. 

7. Find a numeric x, such that what numeric 18 is of 5, the same 
numeric shall x be of 7. Answ. 25|; because 18 is ^ of 5, and so 

X is to be ^ of 7» or ar= . ^ . 

8. Find x such that 

Ratio 14 : 19 = ratio 8 : x, Answ. .a?=:10f. 
Because, using the second definition of ratio-equation (page 95)> 
we may say 19 is J| of 14, and so x must be || of 8, or x^ — —* 

Or we might at once write, 14 : 19::8 : jr; and then by Rule I. 
multiply together the second and third terms, and divide the pro- 
duct by the first. 

9. Find x so that 243 : 22 :: 46 : x, Answ. x»4^. 

10. Find X so that 100 I 5 :: 22 : x. Answ, x^ 1^. 

11. Find X so that 365 : 35 : : 146 : x. Answ. jr= 14. 

12. Find x so that 112 : 48 :: 66 : x. Answ. a: = 24. 

13. Find the consequent for a ratio of which the antecedent is 
521, and which is to be equal to the ratio of 46 to 29. 

Answ. 328f|. 

14. Find some simple numerical expression for the ratio of 
£\ to 6«. ^d. Answ. 3 ; because one poimd is 3 of %s. 8(2. 

15. Find some simple numerical expression for the ratio of 
54 minutes 18 seconds to 1 hour 7 minutes 10 seconds. Answ, 

4030* " -A9IV • . t • 

16. Fmd some simple numerical expression for the ratio of 
28. 4d. to 21^. Answ. ^, or ^, or ^, or J. 

Brief ExpUmaiions on Rate and Bate-Equivalence, — In the 
statement of questions which are suitable for having their answers 
worked out by some of the most usual applications of the method 
of proportion, or we may say, by use of a ratio>equation in which 
one term is required to be found, the expression *' at the same rate " 
is often introduced, or is often implied without being formally 
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stated. The exact meanings of rcUe and sameneaa or equivalence of 
rate will be explained further on. They cannot be completely ex- 
plained very briefly ; bnt, to allow of an early commencement being 
made by the pupil in the working out of some questions practically, 
it is convenient here briefly to indicate the meaning of the phrase 
"a^ ^^ «a7?i« ra^e" by a few examples. 

In case of its being said that when 2 pounds of sugar is sold for 
b pence, the sugar is sold at the same rate as when 6 pounds is sold 
for 15 pence, the statement signifies that the ratio of the one 
quantity of sugar to the other is equal to the ratio of the one 
quantity of money to the other in corresponding order. Again, 
when it is said that if 15 men reap an acre in a day, 5 men would 
reap | of an acre in a day, at the same rate, it is implied that the 
one number of men is to the other number of men as the area 
reaped in a day by the first set of men is to the area reaped in a 
day by the second set of men ; or, in other words, that the ratio of 
the first number of men to the second number of men is equal to 
the ratio of the area reaped in a day by the first set of men to the 
area reaped in a day by the second set of men. 

Tempora/ry Rules for Use at this Stage, 

(1.) When there are given a quantity of any com- 
modity and its cost, and another quantity of the same 
for which we have to find the cost at the same rate, we 
may say : As the first quantity is to the second quantity, 
so is the cost of the first quantity to the cost of the 
second quantity, 

(2.) When there are given a quantity of any com- 
modity and its cost, and we are asked to find how much 
of the same thing would be bought for a stated cost 
at the same rate, we may say: As the one sum of 
money is to the other sum of money, so, in correspond- 
ing order, is the one quantity of goods to the other 
quantity of goods ; and in arranging these terms it is 
convenient to place first the given cost of the given 
quantity of goods, and second the given cost of the re- 
quired quantity of goods. 

Examples relative to these two Temporary Rules, 

Exam. 3. If 12 yards of ribbon cost 4 shillings, what would 
15 yards cost at the same rate ? 

Here we may denote the required cost as x shillings, and we 
may conveniently place it fourth in order, and place the given, cost 
third in order ; and so we may say : As the quantity of ribbon for 
which the cost is given, is to the quantity for which the cost is 
required, so is the given cost to the required cost; or — 

As 12 yards : 15 yards :: 4 shillings : x shillings. 
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Instead of this quantitative ratio-equation (stating equality between 
the ratio of ond length to another, and the ratio of one cost to 
another) we xnaj, according to Proposition 3, use the mere numerical 
ratio-«quation— 

12: 15:: 4: or. 

Then, as in the margin, we multiply the 

second and third terms together, and so find 12 : ld::4 : x 

their product to be 60. Then, dividing this 4 

product by the first term, we get 5 as the 12)60 

value of x, and so the required cost is 5 ~6sx 

shillings. 

Exam. 4. If 7 lbs. of bntter cost 103 pence, how much butter 
would be bought for 240 pence at the same rate ? 

This example obviously comes under the Temporary Rule (2). 
So we set down ths pioportioii--. 

As 108 pence : 240 pence : : 7 lbs. : x lbs. 

Then using, as in the margin, ^^ . ^^^..^\^' 

merely the numerical pro- ivo . zw ,, ( . x 

portion, as we may do accord- 1 

ing to Proposition 3, we 103) 1680(1 6^= a? 

multiply the second and third 1Q3 

terms together and divide by 660 

the first; and thus we find 618 

16^. Hence the answer 32 16^^ fba., answ. 



ifi 16^ lbs. 

Exam. 5. If 2 cwt. 1 q. 31 lbs, of sugar cost £3-16-8, what 
woidd 1 cwt. 3 q. 26 lbs. cost at the same rate ? This question 
obviously, from its data and requirement, falls under the Temporary 
Eule (1) ; and so, putting X to denote the required sum of money, 
we may say : — 

As 2 cwt. 1 q. 57 lbs. : 1 cwt. 3 q. 26 lbs. : :£3 - 16 - 8 : X 

This is a quantitative, not a numerical ratio-equation; and, as the 
three given terms are compoundly expressed, we may, imder guid- 
ance of Prop. 3, reduce the terms of the first ratio to one denomi- 
nation the same for both, and we may reduce the given antecedent in 
the second ratio to one denomination. So we may reduce the 
terms of the first ratio to lbs., as being the lowest denomination in 
either of them ; and we may reduce the antecedent in the second 
ratio to pence, as being its lowest denomination. Thus — 

2 cwt. 1 q. 27 lbs. : Icwt. 3q. 26 lbs. :: £3 - 16 - 8 : JT 
112 112 20 

28 84 76 

27 26 12 

^ m 920 pence. 

299 lbs. 222 lbs. 

And putting now x pence to denote the required sum of money, 
which was before denoted by the capital letter ^^as a quantity of 
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money irrespective of any particnlar denomination or denominations, 

and understanding that ar denotes merely a numeric, we get our 

ratio^uation reduced to the form here set forth anew in the 

margin. Then using 

this ratio-equation now 299 Its. : 222 tbs. ::'920 pence : x pence 

only in its numerical 920 

chi^cter, we multiply 4440 

together the second 1993 

and third terms, and 



"Wda^"^ ^"^t"^ 299)204210(683^=, 

the first; and so we — — 

find 683A\ M tlie value ^484 12)683 

of or. fSat is to say, ?M- 2.0) 5.6-11 

the required sum of 920 £2.16.11|^, 

money is 683^ pence. §^ or approximately 

But, as the fraction ^ 23 j£2 -16-11, 4msw, 

of a penny is much less 

than a farthing, we may state the answer approximately as 

683 pence, or ^2-16-11. 

Exercises, 

17. If 171 ewt. of sugar cost £216, what would 95 cwt. cost at 
the same rate ? Answ, €120. 

18. If 385 yards of linen cost £63, how much might be bought 
for £1 8 at the same rate ? Answ, 110 yards. 

19. How much wine may be bougbt for £396, if 90 gallons cost 
£72 ? Answ. 495 gallons. 

20. If the yearly rent of a farm of 182 acres be £273, what is 
the rent of a part of it containing 42 acres ? Answ. £63. '» 

21. If 275 reams of paper oost £330, what would 990 reams 
cost? Answ. £1188. 

22. If 378 yards of linen cost £54, how much might be boup:ht 
for £23 - 10 - 6 at the same rate? Answ, Between 164 and 165 
yards, or exactly 164|J yards. 

23. If 22 ysfds of ribboo cost 31 shillings, what will 15 yards 
cost -at the same rate? Answ. 21^ shillings, or approximately 
2\s. 1^ 

24. If 148 gallons of rum cost £119 - 10, how much may be 
bought for £89 - 12 - 6 ? Answ. Ill gallons. 

25. If £114 be paid for 52 cwt. 1 -qr. 4 lbs. of flour, what would 
122 cwt. cost at the same rate? Answ. £266. 

26. What is the rent of 21 acres, 3 roods, 20 perches of ground, 
if the rent of 36 acres 3 roods be £42 ? Answ. £25. 

Proposition 4. If three " whole numbers " (integral 
numerics) are given for the first, second, and third 
terms of four proportionals ; and if from these three the 
fourth proportional is found, which, as fixed by the 
data, may be integral or fractional ; then, while these 
four pirdportionals, taken in their stated order, will con- 
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stitnte a ratio-eqnation, another ratio-equation will h6 
obtained if the second and third terms be interchanged. 
Thus if a, b, and c denote three given whole numbers, 
and if x denotes their fourth proportional, so that 

a z h :: c : X, 
then also a : c :: b : x. 

The truth of this will be seenj because, if we proceed in either 
case to find the fourth proportional from the previous three terms, 
we have (according to the principle stated in Rule I.) to multiply 
together the second and third terms, and to divide their product by 
the first But the interchange of the second and third terms will 
not alter their product, and therefore it will not alter the fourth 
proportional. That is to say, the second and third terms may be 
interchanged, and a new ratio-equation will so be obtained without 
change in the value of any of the four terms ; and thus the propo- 
sition stated is proved to be true. 

Remark. — The statement and proof have been here limited to the 
simple case in which the first three terms are "whole numbers." 
The more general proposition, it may be mentioned at present, is 
also true that from any numerical ratio-equation, in which any o; 
all of its terms may be fractional, a new ratio-equation will result 
if the second and third terms be interchanged. This will be easily 
provable when the pupil is more familiar with the management of 
fractions than he is expected to be at this stage. 

Proposition 5. In a numerical ratio-equation having 
its first three terms " whole numbers," the product of 
the extremes is equal to the product of the means. The 
truth of this follows obviously from the principle stated 
in Rule I. ; for, since the fourth term is obtainable by 
dividing the product of the means by the first term, 
that same number which was the product of the means 
would result again by multiplying the fourth term by 
the first, or, in other words, by taking the product of 
the extremes. 

Remark. — In the case of this proposition }^gain, correspondingly 
with the remark on the previous proposition, it may be mentioned 
that the more general proposition is also true — that in any numerical 
ratio-equation in which any or all of its terms may be fractional 
numerics, the product of the extremes is equal to the product of the 
means ; but the simpler case alone, in which the first three terms 
are " whole numbers, ' is offered with proof to the pupil at the pre- 
sent stage. 

Proposition 6. A ratio is not altered by multiplying 
or dividing both its terms by the same number. 
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Thus if, for an example, we take the ratio of the first term to 
the second as being f , or, in other words, if the first term is f 
of the second, then obvioasly twice the first term will be f ot 
twice the second term ; three times the first term will be f of three 
times the second term ; and so on, when we multiply both terms by 
any number whatever. Also one half of the first term will obviously 
be f of one half of the second term ; one third of the first term will be 
I of one third of the second term ; and so on, when we divide both 
terms by any number whatever. Like illustrations might be given 
for the case of any other ratio of the first to the second term than 
the ratio here taken, which was f ; and so the truth of the proposi- 
tion may be regarded as established. Or it might, if preferred, be 
proved in general quite briefly by aid of algebraic notation. 

Exerdaea, 

27. In the ratio-equation 1 \ 13 :: 9 : jt, find the value of x\ 

and show that the fourth proportional will come out the same for a 

new ratio-equation having 7, 9, and 13 for its first, second, and 

third terms. Answ, The fourth proportional in each case is 

13x9 . ,«, 
— - — , or is 164. 

7 

28. In the ratio-equation 4 ! 21 ::19 :.99f, find the product of 
the means and the product of the extremes. Answ, Product of 
means is 19 x 21, which is equal to 399 ; and product of extremes is 
99} X 4, which is also equal to 399. 

29. Find, according to the principle laid down in Prop. 6, one or 
more expressions for the ratio of 240 to 90, in smaller terms. 
Aiiaw. Ratio of 24 to 9 6r of 8 to 3. 

30. Using the principile laid down in Prop. 6-, express in " whole 
numbers " the ratio of 7f Ibis, qf butter to 12 lbs. of butler. Amw, 
Ratio of 31 to 48. 

Variable Things^ or Variables, — A thing is said to be variable, or 
it is called a variahle^ yrhen it admits of being increased or diminished 
— ^that is, varied in quantity or' in number. Quantity of cloth, for in- 
stance, is variable, because we may take either more or less of it. 
It may be 6 yards, or 20 yards, or 3^ yards, or any other quantity, 
and the cost of the clo^h will of course vary with the quantity of 
cloth. A variable may be either a quantity of something continuously 
variable — as, for instance, lengthy timej or mass — or else it may be a 
group of objects reckoned by number — as, for instance, a group of 
men, or of horses, qx^ of tea-cups, none of which admit of being re- 
garded as varying by fractions of a single one of the objects. 

One Variable Proportional to another. — When two variables, 
whether of the same or of different ^inds, are so connected that 
different particular values* of the one have each a particular value 

* When particular values of a varia\)Ie are spoken of in arithmetdc and 
In matbematicB generally, the word value is uBed in a special sense very dif- 
ferent from its more ordinary sense of worth, in which we say that the valne of 
a honse is £3<K)0, or the valne of a horse is £90. A value of a variRble 
Uftoally rignifies any one particular quantity or number which that variable may 
become, or which may be aseigriied tb it; An example or two may best explain 
this. If water is flowing out of a cistem by a hole in the bottom, the quantity of 

F 3 
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of the other corresponding with it ; * and that wheneyer two ralues 
of the one are taken with two corresponding valaes of the other, 
the ratio of the second to the first value of the one variable is equal 
to the ratio of the second to the first value of the other variable ; 
then either of these two variable things is said to be proportional 
to the other, or the two are said to be mutually proportional each to 
the other. 

For example, if a railway train is moving at an unchanging 
Telocity of 80 miles per hour, or of half a mile per minute, or of 
44 feet per second, which all express the same velocity, th^ distance 
travelled from any fixed point on the line is proportional to the 
time «laped from the moment of passing that point. The distance 
travelled and the time elapsed are two variables, each propor- 
tional to the other ; or, in other words, they are mutually pro- 
portional. 

Bate and Raie-Ejuivalence. — A few brief explanations in respect 
to the meaning of the phrase " at the saihe rate " have been already 
given (pages 100 and 101); and farther explanations will now be 
offered. The subject of rate and rate^equivalence is of great import- 
ance. With a view to the development of clear ideas in respect to 
this subject^ attention will be called to a few particular examples 
at first; and more general expfaiiations will be afterwards adduced. 

When w« say that a certain kind of ribbon is sold at d<2. per 
yard, the expression mne pence per y^/rd is a statement of a rate. 
This would be the same rate as three shillings per four yards. 

We may say of a steamer t|^t she is going at the rate of S miles 
per 10 minutes ; and we may a^^ how fax she would go per hour at 
the same rate. Now, under the meaning of the expression same rate^ 
it is here implied that she woulfi ^ another length of 2 miles, in 
another period of 10 minutes, a ttiii*^ length of 2 miles in a third 
period of 10 minutes; and so in 1 |iour, which is six periods of 
10 minutes, she would go six lengths bf 2 miles each, or she would 
go 12 miles in an hour, or would be going at the rate of ii miles per 
hour. Thus assuming the speed, or velocity, or what may be called 
the tiTne-rate of motion, of the steamer to remain constant, or un- 

water in tbe cicrtem is diminlEAiiiig. The quantity in the cistern f^ns is a vari- 
able, not a instant ; bnt the qnamtity ia the cistera at any one moment is 
called a particular value, car simply a value of that variable. Again, the height 
of the tide water over an entrance sill of a dock increases and diminishes con- 
tinaonsly as time advances. The height of the tide -veater over the sill is thus a 
Tariable, and the height at <any Tnoment is a value of that variable. 

* The statement here in the text is carefully framed, so as not to say or to 
imply that every particular value of the one variable must have neces»Eu*iIy a 
particnlar value of the other variable corresponding with it. At a eaw-mill, 
for instance, poles all alike except in length may be sold at so much per foot, 
up to some stated length, beyond whicdi tbe price per foot may be higher, till 
another limit of length is reached beyond which none can be supplied. Again, 
if we were to say that the number of sovereigns that can be coined out of bul- 
lion is proportional to the weight of the bullion, we still could not say that 
for every particular weight of bullion there is a particular number of sovereigns 
corresponding to it ; but we can say that whenever two particnlar quantities of 
the bnllion are taken- with two corresponding numbers of sovereigns, the ratio 
of tlie first to the second quantity of balUon is equal to the ratio of i^e first to 
the second number of sovereigns. 
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chaBgiDg, we may designate that rate oi motion as being 2 miles per 
10 minutes, or 12 miles per hour ; and obyiously we might other- 
irise des^nate the same rate of motion as being 1 mile per 
5 minutes, or 1056 feet per minute, or 17J feet per second. So 
much distance per so mncii time may be spoken of as a time-rate of 
motion. There may be other rates of motion besides time-rates. 
There may, for instance, in the ease of a steamer, be the distance 
trafrelled per ton of coal consumed. 

In each of the eacamples hitherto adduced the rate is between 
two different kinds of things : in one it is between a quantity of 
ribbon and a quantity of money ; in another it is between a distance 
traversed and the time taken in traversing that distance ; and in the 
remaining one it is between a distance traversed and the coal con- 
sumed for that distance. In the example. which will next be gives 
the rate will be between two quantities of the same kind of thing 
differently considered or differently applied. Thus : — 

When income tax for a year is at 3 pence tax per j61 of income, 
we may say that the tax is at the rate of Sd. per £1 ; and the rate 
here is between two quantities of the same kind of thing, namely, 
money ; but they are differently considered and differently dealt 
with, and it is this difference of character that leads to the relation 
between the two being usually spoken of as a rate. In this and 
other cases, however, in which for any reason there is so much of 
one kind of thing per so much of the same kind of thing, we may 
treat the relation between the two, according to convenience, either 
as a rate or. as a ratio. Thus we can quite well say that the ratio 
of the income to the tax is the ratio of £l to Sd-^ or of 240(2. to 
3d. But 240 pence is 80 of 3 pence ; and so, according to the defini- 
tion of ratio, we may say that the ratio of the income to the tax is 
80. On the other hand, when the two things connected by a rate 
(there being so much of the one per so much of the other) are of 
different kinds, there is no ratio between them. Thus we are not 
entitled to speak of the ratio of 9 pence to 1 yard of ribbon, because 
we cannot say that 9 pence is any numeric of 1 yard of ribbon ; it 
is not Jth of a yard of ribbon, nor 4 of a yard, nor 5f of a yard, nor 
any numeric, whole or fractional, of a yard of ribbon ; and so there 
is no ratio between the two quantities. 

The foregoing examples may suffice to aid the comprehension of 
the following more general description of the meaning of the word 
rate, and of equivalence of rates. 

When there are two variable things of different kinds, or of the 
same kind but differently considered, which are connected by any 
condition making them mutually proportional (or, in other words, 
making either be proportional to the other), the relation between 
any value of the one and the corresponding value of the other is 
usually called a Ratb : and the rate between any value of the one 
and the corresponding value of the other is (he same as, or is 
equivalent to, the rate between any other value of the one and the 
corresponding value of the other. 

The general description just given may now be further illus- 
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trated by a few additional examples of rates briefly stated for com* 
parison. 

Thus, for water issuing as an ornamental jet from a pipe, we 
may say that it flows at the rate of 12 gallons per minute. This 
is a rate between two quantities — so much water per so much 
time. 

Again, we might say : If there he five men to one boat, how many 
men would there be to seven boats at the same rate ? This is an ex- 
ample of the word rate as applied to cases in which so many things 
of one kind are connected with so many things of some other kind. 

Further, we might have a rate between a quantity of one kind of 
thing and a number of things of a different kind. Thus we might 
say, at the rate of f of a pound of beef per man, how much beef 
would be required for 20.men ? 

Also we may have, as before mentioned, in respect to income 
tax, so much tax per so much income. This is a rate between two 
things of the same kind — both money, but differently considered. 

A statement of sameness or equivalence of two 
rates, their terms being arranged alike in order, may be 
crflled a Rate-Equivalencb. 

The sameness or equi7alenee of twp rates having their terms 
arranged alike in order may be denpted by interposing between the 
two rates the sign x , which may be palled the sign of equivalence, 
and which may be noticed as having a resemblance to, but being 
different from, the sign of equality ( » ), used for denoting equality 
between quantities or numerics.* So a statement of rate-equivalence 
may be written thus : — 

2 miles per 10 minutes x 12 miles per hour. 

Often it occurs that while same rates differently expressed 
between two mutually connected things different in kind or in mode 
of consideration have to be dealt with, di^erent rates between such 
things have also to be dealt with ] aiid also it often occurs that the 
rate between two things mutually connected is subject to gradual 
change. Thus the rate between length of ribbon and money cost 
may vary from time to time for the same kind of ribbon ; or, other- 
wise, the rate between length bf ribbon and money cost, while re- 
maining unchanged for different quantities of the same kind of 
ribbon, may be different for different kinds of ribbon. Also the 
rate between any very short time and the distance travelled in that 
time varies for a railway train leaving a station, and going forward, 
sometimes on a level, and sometimes up and sometimes down hill. 
Such a rate is commonly expressed as a velocityi; and in this case 
of the railway train the velocity would be called a varying velocity. 

*' It would be an abuse of the sign of equality to employ it for expressing 
simenesB or eqniyalence of rates in ordinary cases, such as those which have 
baen brought forward above in the text. A different mode of expressing rates, 
which is often useful, especially in mathematical operations, will be explained 
farther on, at pages'109 and 1 10 ; and under that mode, in which rates are treated 
as quantities admitting of increase and diminution, it can be made quite proper 
to express equivalence of rates by interposing the sign of equality. 
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Now, in dealing with rates that are subject to variation, it is 
often convenient tx> indicate the variation of the rate, or to express 
different rates, by stating the variable quantity of one of the two 
connected things which corresponds to an arbitrarily selected fixed 
quantity or unit of the other one of the two things. Thus we might 
state the different rates between water evaporated and coal con- 
sumed in different boilers by stating for these different boilers how 
much water is evaporated per pound of coal consumed. In this way 
we would be selecting a constant quantity of the coal, taken as a 
convenient unit, a pound, for one term of the rate, and treating the 
water evaporated for that fixed quantity as a variable term of the 
rate. The rate thus expressed, with the evaporation treated as 
variable, for a constant amount of consumption taken as a convenient 
unit of coal consumed, may be designated as the rate of evapcrcution 
relative to consumption. It might even, according to common usages, 
for brevity, frequently be spoken of as the rate of evaporation ; the 
fixed term of the nite when taken as a unit being often lefb un- 
mentioned, and being lefb to be understood through collateral 
explanations or through some customary usage. Thus the price of 
ribbon of a certain kind may often be stated as \s. 3<2., meaning 
\8. Zd. per yard ; or the 'price of cotton as imported may be stated 
as 6^<2., meaning ^\d. per pound. The price in such cases is a rate 
between money and something sold ; and in this mode of expressios 
we may speak of a greater or a smaller rate, just as we speak of a 
higher or a lower price. Again, otherwise, the rate between water 
evaporated and coal consumed in the example previously considered 
might often conveniently be expressed by making the quantity of 
water for one term of the rate be constant and be a convenient unit, 
with, for the other term, a vari&ble quantity of coal corresponding 
to that fixed quantity of water. Thus we might often find it con- 
venient to specify, for a certain boiler, that the rate between 
evaporation and consumption is 1^ lb. coal consumed per gallon of 
water evaporated ; and, for another boiler, that the rate is 2i lbs. coal 
per gallon of water. In this way, where the coal consumed is made 
the variable term in the statement of the rate, and the water evapo- 
rated is made constant, and is chosen so as to be a convenient unit- 
quantity (a gallon in this case), the rate would usually be designated 
as the raU ^consumption relative to evaporation^ er would sometimes 
briefly be called the rate of consumptiotiy its relation to the evapo- 
ration of a gallon of water being left to be understood, if not 
formally mentioned. 

From the explanations just given, it may now readily be under- 
stood that when, as is often the case in practice, high rates and low 
zates, greater rates and less rates, are spoken of there is always one 
of the two terms of the rate distinctly stated, or implied, as being 
the one whose increase or diminution, relatively to the other taken 
as constant, constitutes the increase or diminution of the rate. 

For the mere statement of a rate between two things, it is in 
principle a matter of indifference which of the two terms of the 
rate be named first. Thus we may express the same rate between 
time and distance travelled, according to convenience, as 6 minutes 
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per mile, or as 1 mile per 6 minutes. Or again, we may express 
the rate between coal consumed and water evapoiated in a boiler, 
as being 2 gallons of water to 3 pounds of ooal, or 3 pounds of coal 
to 2 gallons of water. When, however, it is wanted to treat a rate 
quantitatiyely (or, in otlier words, to re^rd it as a thing that can 
be increased or diminished — can be doubled or trebled, for instance) 
it is usual to state first the term with whose increase and diminu- 
tion, relatively to the other taken as constant, the rate is choeen by 
definition as increasing and diminishing. 

For example, in speaking of supplies of water for town use, or 
for water-power, or for other purposes, people often speak of the 
quantity of water flowing in -a river or stream as being so many 
gallons per minute. Now the quaaiUity thus spoken of is really a 
rate. It is a rate between water and time, and is expressed as so 
much water per unit of tinue. We can, then, obviously speak in- 
telligibly of a double or treble rate of flow of water per minute ; 
and this example may suffice to indicate what is meant when rates 
are treated as quantities and expressed numerically. Thus if we 
select I gallon per second as a unit rate of flow, twice that unit rate 
of flow would be 2 gallons per second ; and a flow of 5 gallons per 
second would be five times that unit rate of flow ; and so on. 

The relations subsisting between ratio^equcUion and rate-^uwo' 
lenoe may be very clearly illustrated by the accompanying dis^ram. 




Here we see that between 4e, and 5«. there is a ration and between 
12 yards and 16 yards there is a ratio, and that these two ratios 
are equal. ^ The diagram thus exhibits the ratio-equation which 
may be written as follows : — 



or, 



45. : 5s, :; 12 yards : 16 yards ; 
Ratio 4s. to 6«. equal to ratio 12 yards to 16 yards. 



Also in the same diagram we see that between 4s. uijtd 12 yards 
there is a rate, and that between 5s, and 15 yards thei'e is a rate', 
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and that these two rates are equivalent. The diagram thus also 
exhibits the rate-equivalence, which may be stated as follows ; — 

Rate 4s, per 12 yards, equivalent to rate 6«. per 16 yards ; 

or, 46. per 12 yards x 5s. per 16 yards. 

The diagram may also aid in explaining that while there is a 
mte between 45. and 12 yards, and an equivalent rate between 6s. 
and 16 yards, but no ratio between the quantities in either of these 
pairs, because the quantities are of dissimilar kinds, yet there is a 
xatio between the numbers 4 and 12 occurring in the first pair, and 
there is a ratio between the numbers 5 and 16 occurring in the 
second pair, and these ratios are equal ; * so that we may truly make 
the statement, as a proportion or ratio-equation, that 

As 4: 12 :: 6: 16; 

while it would be nonsense to put forward, as a ratio-equation, the 
statement 

As 4s. : 12 yards :: 6s. : 16 yards; 

or to say, Ratio of 4s. to 12 yards = ratio of 58. to 15 yards. 

The principle exemplified in the last foregoing paragraph, and 
proved in its foot note, for cases in which either all the four numerics 
or the first three of them ard integers, can easily be further proved 
to hold good in general, though any or all of the four numerics be 
fractional ; and it may be stated in form of a proposition as fol- 
lows : — 

* That the two ratios of the numbers expressing the two eqnivalfflit xates in 
the present case, and that in general the two ratios of the numerics expressing 
the two equivalent rates in any like cases in which, for simplicity, we for the 
present retfbrict the first three to be ** whole numbers,** must be equal, may be 
shown by use of Prop. 3, page 97, and Prop. 4, page 103. Thus : if, in the ex- 
ample before us, we commence with the quantitative ratio-equation 

4d, : 6s. :: 12 yards : 15 yards, 

it follows, by Prop. 8, lAiat the numerics, or numbers, expressing these quan- 
tities <tfae first piEdr both in one same denomination, and the second pair bot^ 
in one same denomination) must form a ratio-equation. That numerical raUo- 
equation in the example before us is 

4 : 5 :: 13 : 15. 

Tb^a from this it follows by Prop. 4, that the first will be to the third as 
the second is to the fourth ; or, what is the same, that if the seoond and third 
numbers are interchanged, a new ratio-equation will so be formed by the four 
numerics taken in the altered order. That is, we have the four numbers in the 
case before us giving the new ratio-equation 

4 : 12 :: fi : 15. 

1i it wero merely wanted to prove that the particular numbers 4, IS, 5, and 16 
occurring tn the present particular case are four proportionals when taken in 
this order, the proof might be given by mere arithmetic applied to these numbers 
tiiemselves ; but the proof which has been here offered is meant to show that the 
like holds good in general for any two equivalent rates. The proof in general might 
be farther illustrated, or might perhaps be made clearer, by using four letters, 
BDch as a, by c, and 4f , as general symbols, instead of the four particular numbers 
4, 5, 13, and 15. 
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Proposition 7. In a rate-equivalence, if the first 
terms of the two rates be stated in the same nnit (or 
denomination) each with the other ; and if the second 
terms of the two rates, which may be different in kind 
from the first terms, be also stated in the same unit (or 
denomination) each with the other ; the four numerics 
expressing these quantities in the order of their occur- 
rence in the rate-equivalence will form a ratio-equation ; 
or the ratio of the first to the second will be equal to 
the ratio of the third to the fom'th. 

Memora/ndum. — Although the learner may understand that this 
proposition holds good for fractional as well as for integral nu- 
merics, he should await its complete proof to his own mind before 
treating it as established for his use, except for cases in which the 
first three numerics are integers. Even under this limitation, how- 
ever, the proposition is useful' for many of the ordinary questions 
occurring in practice. 

Rule II. When one rate is given, by two terms ex- 
pressing it being given, and one term for an equivalent 
rat^, or for what may be called the same rate in other 
terms, is given, and it is required to find the other term 
for that equivalent or same rate — (1.) Arrange the 
three given terms in a liuQ in succession, so that when 
the required term shall bo inserted in the fourth place 
the terms of the required rate shall be the second and 
fourth, and the terms of the given rate in corresponding 
order shall be the first and third. Observe that now 
the first and second terms vnl\ fqrm a ratio, and that 
the third with the reqp.irpd fourth term are to form an 
equal ratio. (2.) Now, if the first and second terms be 
each stated in one denomination the same for both, and 
if the third term be in one denqmination, find the pro- 
duct of the second and third terms regarded numerically,* 
and divide it by the first term regarded numerically. 
The result will be the required term in the same de- 
nomination as the third term. (3.) But if the first and 
second terms be not in one denomination the same for 
both, reduce them both to any ojie same denomination ; 
and if the third term be in more denominations than 

* The reason for eaying regarded numerically is that we cannot multiply a 
quantity by a quantity, but we can multiply the number of units expressing 
one quantity by th^ number of units expressing another quantity. Thus we 
cannot multiply 15 yards by 4 shillings, nor 4 shillings by 15 yards, b;it we can- 
multiply 15 by 4, or 4 by 15, and so find their product 60. 
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one, reduce it to one denommation ; and then proceed 
as directed in (2). 

Exam. 6. If 1 2 yards of ribbon cost 4 shillings, -what will 15 yarc^s 
cost at the same rate ? 

Here we have a rate given as 12 yards per 4 shillings ; and, for 
an equivalent rate, or for the same rate otherwise expressed, we 
have the first term given as 15 yards, and we are to find the 
other term for that equivalent rate. According to the rule, the 
given term of the re- 
quired rate, that i^ 12 yds. : 15 yds. :: 4 shillings : x shillings, 
15 yards, is put in _4 

the second place, so 12)60 

that, the fourth place ~5=sx 

being reserved for Hence 

whicht^hSfden:^ ^2 ^- ' ^^ y^- - ' ^^^"^^ • ' «'^^^^"^- 

by X shillings, the Qr the work inay be briefly written thus :— 
second and fourth will j 'j 

form the required ^il' - ^fl' • • 4 • 5 

rate. Then the other i-fi . lo .. 4 • o 

two terms forming the -i 

given rate, which are 12)60 

1 2 yards and 4 sliil- 5^., anew, 

lings, are put in the 

first and third places, in the mutual order of rate corresponding to 
that of the second and fourth; so that 12 yards goes to the first 
place, and 4 shillings to the third place. Here we may name the 
given rate as 4 shillings per 12 yards, and the required rate as 
X shillings per 15 yards. Now, seeing that the first and second 
terms are each stated in one denomination the same for both, namely, 
yards, and that the third term is in one denomination, namely, 
shillings, we multiply the numbers in the second and third terms 
together, and divide the product by the number in the first term. 
The aesult of this operation is the number 5, which is the number 
expressing the required answer in the same denomination as that 
used in the third term, namely, shillings ; and so the answer re- 
quired is 5 shillings. 

GxauL 7. If 15 feet 8 inches of platinum wire cost £2-5-4, 
how much would 2 ft, 3 ins. of the same quality of wire cost at the 
same rate ? 

Here we have a rate given as 15 ft. 8 ins. per j^ - 5 - 4 ; and, 
for an equivalent rate (or for the same rate otherwise expressed), 
we have the first term given as 2 ft. 3 ins., and we are to find the 
other term for that equivalent rate. According to the rule, the 
given term of the required rate, that is, 2 ft. 3 ins., is put into the 
second place, so that, reserving the fourth place for the required 
term, which is here represented, as a quantity of money, by JT,* we 

* The capital letter X Ib here, for distinction, pat to represent the quantity of 
money which will constitute the answer, irrespective of the units, whether shil- 
Ungs or pence, or partly shillings and partly pence, in which it may be ex- 
preued ; while in the previous example the small letter x was put to denote the 
numbeTt or numeric generally, which would express the answer in shillings. 
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ft. ins. 

16-8 

12 

188 ins. 


ft. ins. i> 8. d. Money. 

: 2 - 3 :: 2-6-4 : X 

12 20 

27 ins. 46 
12 




544 pence 
27 




3808 
1088 




188)14689(78i2g\ pence, 
1316 answ; 
1528 
1604 or £0-6-6^*^, 


• 


24 ansWs 



shall have the second and fourth forming the required rate. Then 
the other two terms 
forming the given 
rate (which are 16ft. 
8 ins. and £2-6-4) 
are put in the first 
and third places in 
the mutual order of 
rate which corre- 
sponds to that of the 
second and fourth ; so 
that 16 ft. 8 ins. goes 
to the first place, and 
:g2 -6 -4 to the third 
place. (Here we may 
name the given rate 
as£2-6-4perl5ft. 
8 ins.jand the required 
rate as JT, a sum of money, per 2 ft. 3 ins.) We may now notice 
that the first and second terms constitute a ratio of length to length, 
and that the third and fourth are to constitute a ratio of money to 
money ; and that the fourth term is to be found such that these two 
ratios shall be equal. Now, seeing that the first and second terms 
are not in one denomination the same for both, we reduce them to 
one denomination, inches ; and so we find 188 ins. and 27 ins. to be 
used as altered expressions for the first and second terms. Also, 
seeing that the third term is in more denominations than one, we 
reduce it to one denomination, pence, and so obtain 544 pence as an 
altered expression for the third term. Then, according to the rule, 
we multiply the numbers in the second and third terms together 
(that is, we multiply together 644 and 27), and we divide their pro- 
duct, 14688, by the number in the first term, that is, by 168 ; and 
BO the fourth term required is found to be 78^g pence; * or we may 
say accurately enough for most purposes 78 pence, since ^^. is 
obviously less than a farthing; and this by reduction is found to be 
£0 - 6 - 6j*^, o^ £0 - 6 - 6 approximately. 

Rule III. The same being given and the same re- 
quired as in Bnle II., the mode of procedure may as well 
be, and sometimes may more conveniently or miore 
obvionsly be, as follows: — (1.) In a line of four suc- 
cessive places put the pair of terms of the given rate 
into the first and second places, making the one which 
corresponds in kind or in mode of consideration with 
the required term stand second ; and put the given term 

* The remaiDder 24, at the close of the division by 188, indicates that, besides 
the 78 found in the proper ** quotient " as a number of pence, there is also the 

fraction ^^ of a penny required to make up the complete answer with perfect 
exacdtude. Explanations on this subject have been already given' in the chap- 
ters on Division and in the Introductory Chapt^ on FractiofDs. Fmther in- 
Btmctions will be found in Rules IV. and V. in the present chapter on Froportion. 
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of the required rate into the third place, and reserve 
the fourth place for the required term. (2.) Now if 
the first and third terms of the four, or, what is the 
same, if the first term^ of the two pairs of equivalent 
rates be each stated in one denomination the same for 
both, and if also the second term of the first pair be 
in one denomination, find the product of the second and 
third terms, regarded numerically, and divide it by the 
first, regarded numencally. The result will be the 
required term in the same denomination as the second 
term. (3.) But if the first terms of the two pairs of 
equivalent rates be not in one denomination the same 
for both, reduce them both to any one same denomina- 
tion, and if the second term of the first pair be in more 
denominations than one, redu/^ it to one denomination ; 
and then proceed as directed in (2). 

Exam. 8. If 2 cwt. 3 qrs. 17 H>s. of sugar cofit £4-6-9, what 
is the value of 15 cwt. 1 qr. 14 lbs. at the same rate ? 

Here the giren rate is 2 cwt. 3 qrs. 17 fts. for £4 - 6 - 9 ; and, 
according to the rale, these are put into the first and second places, 
the :^4 - 5 - 9 being made to stand second, as it is the one which 
corresponds with the required term ; also the given term of the re- 
quired rate, namely, 15 cwt. 1 qr. 14 lbs., is put into the third place, 
while the fourth place is reserved for the required term, which, 
considered here as a quantity of money, may be represented by X 
Now, seeing that the 

first terms of the two cwt. q. lbs. £ 8. d. cwt. q. lbs. Money, 
pairs of equivalent 2 - 3 - 17 per 4-5-9x15 -1-14 per X, 
rates are not stated 
each in one denomina- 
tion, the same for 
both, we reduce them -TqI 
both to one same de- 
nomination, which is 
conveniently made to 
be the lowest occur- 
ring in them, namely, 
pounds. Thus we 
get for these t^rms 
325 lbs. and 1722 lbs. 
Also, seeing that the 
secood term of the 
first pair, namely, 
j64 - 5 - 9, is in more 
denominations than 
one, we reduce it to 
one denomination, 
which is conveniently 
made to be the lowei^ 



4 20 


4 


11 85 


61 


28 12 


28 


105 1029 pence 502 


22 1722 


122 


325 tbs. 2058 


1722 lbs. 


2058 




7203 




1029 




826)1 7719^8(5452^ pence 


1625 


• 


1469 




1300 


12)54621^ 


1698 


2,0)45,4 - 4 


1625 


£22-14-4J^ 


BBS 




650 


or approximately 


36 


£22 - 14 - 4, answ. 
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occurring in it ; and so we get for this term 1029 pence. Thus wd 
obtain 

325 lbs. per 1029 pence x 1722 lbs. per X 

In this we next hare to multiply the numbers in the second and 
third terms together, and to divide the product by the number in 
the first. The result is 5452^, which expresses Uie required term 
in the same denomination as the second term, that is, in pence. 
This, for convenience, may be reduced, as shown in the margin, to 
pounds, shillings, and pence^* and so may be expressed as 
£22 - 14 - 4^ or as £22 - 14 - 4 approximately. 

Bemark. — The two varied methods of procedure taught in 
Rules II. and III., with the explanations of principles as to ratio 
and rate which precede them, and the illustrations afforded in the 
examples attached to them, may clear up, amend, and thence recon- 
cile two discrepant views as to allowable modes of thought and of 
practical operation, which have prevailed very much among different 
writers on arithmetic, and in the practice of different men in busi- 
ness, in respect to questions in Proportion. It was long the prevail- 
ing usage to place the terms of questions in proportion in the order 
indicated by the following example : — 

As 4 shillings : 12 yards :: 5 shillings : 15 yards. 

By others, and especially by the more scientific authors in later 
times, this method was strongly objected to, on the ground of its 
being dealt 'with as involving the absurdity of there being ratios 
between quantities which are heterogeneous ; as in the present case 
the absurdity of an assumption of a ratio between 4 shillings and 
12 yards, and an equal ratio between 5 shillings and 15 yards. Such 
writers, in amending the treatment of the subject, have rightly 
taught that no such ratios between quantities unlike in kind have 
any existence ; and, assuming that a statement of equality of two 
ratios is essentially wanted, they have taught that the statement to 
be used, and to be called a proportion, ought to be ma^e thus : — 

As 4 shillings : 5 shillings :: 12 yards ; 15 yards. 

The explanations given above, in the present treatise, show that both 
modes of arrangement admit of being thought out scientifically, and 
employed practically, perfectly well ; if in the one case we regard 
the statement as a r(Ue-equivalence, and in the other as a raiUh 
equation. The actual arithmetical work comes to be quite the same, 
whichever arrangement of the terms and whichever true mode of 
thought be adopted. 

Rule IV. If at the close of the numerical division 
by the first term directed in Rnles II. and III., or in 
other cases of the same kind, there be a remainder, that 

* Redaction from a lower to one or more higher denominations, such as ia 
here explained for this particular example, will be found prescribed for ordinary 
use furtiier on, in Bale YI., page 117, and explained farther in Example 11. 
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remainder may be put as a ntunerator with the divisor 
as a denominator for a fraction to be annexed to the 
proper or integral quotient already obtained in the di- 
vision, so as to obtain the complete answer expressed by 
a fractional numeric in the one denomination in which 
the answer is to come out under Rules II. and III. 

BuLE V. But when the required result is to be a 
quantity of a kind which is usually expressible in more 
denominations than one, if the result has not at once 
come out in the lowest convenient denomination with- 
otU remainder, it is usually requisite to reduce the re- 
mainder to a lower denomination, and to continue the 
operation as in compound division, so as to avoid frac- 
tional expressions unless in the lowest denomination. 

BuLE VI. When the result comes out in a deno- 
mination from which it can be wholly or partly reduced 
to one or mor^ higher denominations, it is usually re- 
quisite or desirable for convenience to make such re- 
duction. 

NoTB. — The following examples (9, 10, and \\)are in illustra- 
tion of Rules IV., r., and VL 

Exam. 9. If a web of linen containing 26 yards cost £3, what 
would 732 yards cost at the same rate ? 

Here the terms are arranged for the work in the order used in 
Rule II. Then the second and third terms, regarded numerically^ 
are multiplied together, and their 
product, 2196, is divided by 26. yds. yds. £ 

The numerical result of this divi- ^g 26 : 732 : ; 3 : 
sion, whether integral or fractional 3 

(or, in other words, whether a 26^21 96(j£8112 

proper number or a fractional nu- 208 

meric), will express the answer in -.. 

the denomination of the third term, J J^ 

that is here in pounds sterling. iii* 

Then seeing that, in dividing by 26, 12 remaifider, 

we get the integral quotient 84 and 

the remainder 12, we see, according to the principles and rules of 
Division, that the 26th part of 2106 is 80}. Thus the result is 
84l|, or 84 pounds and ^ of another pound sterling.* It is, how- 
ever, usually not practically convenient to express a quantity of 
money in any such fractional form as || of a pound ; and any such 
fractions of any denomination above the lowest commonly in use, 

* If any clearing up of the reason for ibis interpretation of the fractional 
numerical result 84|§ is wanted, it will be obtained In the foot note next 
foUuwing. 
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or conveniently available, are ordinarilj to be reduced to eqniraleiit 
expressions in one or more lower denominations, as is directed in 
Kale v., and as is illustrated in the following example. 

Exam. 10. 8ame question as in Exam. 9. 

Here, after we have found £84 as the first part of the answer, 
there is a numerical remainder 12, and thia we have a right to treat 
as meaning £\2* of 
which one twenty- yc[g. yds. £ 
sixth part is to be As 26 I 732 : : 3 : 
found and to be added ^ £ s d, 

to the £84 to make 26)2196(84 - 9 - 21 

up the total reqmred ''oar 

result. Thenthejgl2 -^^ 

is reduced to shil- Yt^ 

lings, and the opera- 1^ 

tion proceeds as in 12 pounds remainder at this stage. 

compound division. ^^ 

At the end there is 240 

a remainder of 2 234 

farthings, and, for "6 shillings remainder at this stage. 

perfect exactitude, 12 

^th of this ought ^ 

to be added to the ^2 

approximate result, zr;: . , ^ xt_. ^ 

£84-9-2|, already 20 pence remainder at this stage. 

found ; but this frac- — 

tion of a farthing, be- ^^ 

ing too small a quan- 78 

tity of money to be 2 farthings remainder at the end. 

practically used, is 

rqected. 

Exam. 11. This example is for illustration of Rule VL; and the 
same question is taken as in Example 8. If 2 cwt. 3 qrs. 17 lbs. of 
sugar cost £4-5-9, what is the value of 15 cwt. 1 qr. 14 lbs. at 
the same rate ? 

The work for this question was carried out in Example 8 by 
commencing with a statement of rate-equivalence ; but here, for 
variety, it is opened with a statement of ratio-equation. After re- 
duction of the two stated weights of sugar to lbs., and of the stated 
sum of money to pence, if we put the small letter x to denote tha 

* The best mode for clearly explaining the reason why this nnmeiioal re- 
mainder, 12, is taken as meaning £12, is by g(^g back to the original definition 
of ratio-equation, and using the definition as ofTered in a second mode of ez- 
presslon, on page 96. By that we see that what numeric 782 yards is of 26 yards, 
the same numcnic must the required consequent in the seccmd ratio be of its an> 

teoedent, £3. But 732 yards is ^ of 26 yards ; and so the required quantity of 

money must be -^ of £8 : or it must be ^^th of 782 times £8 ; or it must be ^h 
of £2196 ; and uds, as the work proceeds, comes out to be £84, together mth 

l^h of £12. 
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ctrt. q. lbs. ewt. q. lbs. £ s. d. Money. 
2 - 3 - 17: 15 - 1 - 14::4 - 5 - 9 : -T 



4 
11 


4 
61 


20 
85 


28 


28 


12 


105 
22 


502 
122 


1029 pence. 


325 Ibff. 


1722 lbs. 
1029 

1549a 
3444 
1722 




326)1771??§(5452^85 
1625 


pence. 




1469 
1300 

1693 
16-25 


12)5452^ 
2,0)45^4 - 4 
£22 - 14 - 4^5 




68a 
650 


OP approximately 
£22 - 14 - 4, answ. 




3a 





nnmerical expression for the answer in pence, we hare the ratio- 
equation — 

Ratio 325 lbs. : 1722 lbs. » ratio 1029 pence : x pence ; 

and consequently we have the numerical ratio-equation — 

Ratio 325 : 1722 = ratio 1029 : x. 

Working this out, we find x to be the fractional numeric 5452^, 
which signifies that the answer is 5452 pence, together with the 
fraction ^ of another penny. This fraction of a penny is obyiously 
so small a quantity of money (being, indeed, less than half a 
farthing) that it may be neglected, and the required quantity of 
money may be taken as 5452 pence. This then, for convenience, 
according to Rule VI., is redaced to its equivalent expression by 
use of larger denominations, and so the answer is found as 
£22 - 14 - 4. 

The modes of thought and of procedure put forward in Rules II. 
and III. have involved the making out of a numerical ratio-equa- 
tion, and have depended on, or have been connected with, the 
principle that in a numerical ratio- equation the product of the ex- 
tremes is equal to the product of the means. This principle is very 
usually taken as the guide to the modes of procedure most commonly 
taught in treatises on arithmetic. A better mode of thought — ^a 
-mode which is simpler and clearer — is presented to the mind by 
the next following rule, which, it will be seen, results directly 
from the definition No. 2 of ratio-equation, given on page 95. 
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Rule YII. If, for a ratio-equation, one of tlie two 
equal ratios is given, and tlie antecedent for the other 
ratio is given, while the consequent for that ratio is 
required — to find the required consequent, take the 
same numeric pf its antecedent as the given conse- 
quent is of its antecedent. 

Or, in other words : If the first three terms of a 
ratio-equation are given, and the fourth term is re- 
quired — ^take, for the fourth term, the same numeric of 
the third that the second is of the first. 

Exam. 12. Same question as in Exam. 6. If 12 yards of ribbon 
cost 4 shillings, what will 15 yards cost at the same rate ? 

Here, obviously, after writing down the ratio-equation accord- 
ing to the instructions in Rule U., part (1), we may proceed in the 
following way:^ — The 

required money is to 12 yards : 15 yards :r4 shillings : or shiUinj^s. 
be the same numeric 12 : 16::4 : :c 

of 4 shillings that 4' 

16 yards is of 12 i2)60 shillings, 

yards. But 15 yards ''— ^ 

is if of 12 yards. ^'^^ 

Hence x shillings AnsfweVy 5 shillings, 

must be ^ of 4 shil- 
lings. That is to say, the required money will be found by taking 
^ of 15 times 4 shillings ; and so the work comes to be as in the 
margin, where 15 times 4 shillings is 60 shillings, but where, how- 
ever, in respect to form of procedure, 15 is multiplied by 4, instead 
of 4 by 15; because the same result is brought out a little more 
easily by taking the smaller number as the multiplier with the 
greater as the multiplicand. 

It is to be noticed that the varied mode of consideration taught 
here leads to the same arithmetical work as did that on which the 
process in Rule II. was founded, and which depended on or was 
connected with, the principle that, in a numerical ratio-equation, 
the product of the extremes is equal to the product of t^e 
means. 

Exam. 13. Same question as in Exam, 7. If 15 feet 8 inches of 
platinum wire cost j62 - 5 - 4, how much would 2 feet 3 inches of 
the same quality of wire cost at the same rate ? 

Here, after writing down the ratio-equation, as was done in 
Exam. 7, under the directions given in Rule II., part (1), we pro- 
ceed to find what numeric the consequent in the first ratio is of its 
antecedent. To do this we reduce them both to one same deno- 
mination, and so find for the antecedent and consequent 188 ins. 
find 27 ins. Hence obviously the consequent is ^ of the antece- 
dent. Hence X, the consequent for the required ratio, must be ^^ 
of its antecedent. That is to say, the required term must be -^ 
of jf2 - 5 - 4. Now this required money is most readily found by 



ft. 


ins. 


ft. 


ins. 


£ 8, 


d. 


Money, 


15 


-8 


: 2 


-3 : 


: 2-5- 


-4 


: X. 


12 




12 




20 






188 


ins. 


27 


ins. 


45 

12 

644 
27 







3808 
1088 
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reducing the j£2 - 5 - 4 to pence, and then multiplying that sum in 
pence by 27, and dividing by 188; "whereby the result is found 
to be 78^g\ pence, 
or £0-6-6^. OP 
£0-6-6 approxi- 
mately. Thus, by 
the present mode of 
thought, without in- 
troducing the prin- 
ciple that, in a nume- 
rical ratio-equation, 
the product of the 
extremes is equal to 
the product of the 188)1468§(78i2^ pence, 

means, we are led into 1316 

the same arithmetical 1528 or £0 - 6 - 6, anaw.y 

work, and to the same 1504 approximcUely. 

result, as by the in- 24 

structions in Rule II., 
depending on or usually associated with that principle. 

Rule YIII. When for a ratio-equation, for wliicli 
the fourth term is required, the third term is of more 
denominations than one, if the given ratio, either as 
given originally or as subsequently modified by reduc- 
tion of both its terms to one same denomination, is ex- 
pressed as a ratio of two numbers, and if neither of 
these is greater than 12, it is ofben an easy mode of 
procedure not to reduce the third term to one denomina- 
tion ; but, retaining it as a quantity expressed in various 
denominations, to multiply it by the number which 
constitutes the second term, and to divide the result by 
the number which constitutes the first term. 

Note, — The procedure here directed may be understood as being 
a case of taking for the fourth term the same numeric of the third 
that the second term is of the first. 

Exam. 14. If nine sheep cost £20 - 10 - 7 1, what is the value 
of 5 of them at the same rate ? 

Here, after writing down the first three terms of the ratio- 
equation, as usual, we may proceed by noticing that the second 
term is | of the first, 

and that therefore g ^j^ . g ^ : : £20 - 10 - 7J : 
the fourth term must ^ ^ e" 

be I of the third. 

Hence, to find the P)102 - 13 - IJ 

fourth, we take | of £11 - 8 - \l,answ, 

£20 - 10 - 7|, and so 
we get for the answer £11-8-1}. 

a 
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EiULE! IX, For finding the fourth term for a nktio-* 
oqnation, the work may often be much abbreviated by 
dividing the first and second, or the first and third 
terms, by any number which divides e^cb pf the two 
without remainder. 

The allowableness of this abbreviation may be readily pe^ 
ceived through noticing that in the work, if performed without the 
abbreviation, we have to carry out a process of division in which, 
after any necessary reductions of terms to suitable deopmiiM^tions, 
the product of the second and third terms is th^ diyideipd, and the 
first term is the divisor ; and that if we divide the dividend and 
divisor by any number we shall gel a new dividend and divisor, 
which will give the same result as the previous pair would hav^ 
done ; apd, further, that by dividing either the second or th^ thir^ 
term by s^ny number before taking their product, we get the same 
as if we took their product first and divided by that number after* 
wards. 

Otherwise : The principle on w^ich the i^llowableness to divide 
the first and second terms by any number depends, may well be 
viewed as included in Proposition 6, page 104, which was, that 
a ratio i? not altered by multiplying or dividing both its terms hy the 
same number. Also, the principle on which the abbreviation by 
dividing the first and third terms by any number that will divide 
theoi £>th "^thout remainder depends, may be viewed i^ being 
coi^prised in the following two propositions. 

Proposition 8. If the antecedent ia a ratio is mnlti- 
plied or divided by any number, the ratio is thereby 
multiplied or divided by the same number. 

PROPOSITION 9. Hence : If the antecedents of two 
ec^OisX ratios are mxdtiplied or divided by the same num- 
ber, the consequents being retained unchanged, the 
altered ratios resulting will be equal. 

Thiu, for evample, if we begin with the ratio-equation 
12 yards : 16 yards :: 21 shillings : 28 shillings, 

and if we divide the antecedents in both ration by 3, we get — 
} of 12 yards 3 16 yardfl : :| of 21 shillings : 28 shillings ; 
or, 4 yards : 16 yards : : 7 shillings : 28 shillings. 

So, obviously, if the fourth term, 28 shillings, were not given, but 
were required to be found, it would come out the same whether we 
wereto work under the original ratio-equation, or ijnder the altered 
one in whieh the ratios are altered each to |rd of iti^ original 
Hijpierical value, but are still mutually equal. 

Exam. 15. If 15 yards of linen cost :e2 - 1 - 10|, what will 
65 yards cost at the s€une rate ? 
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. This question is kere worked out under the methods offered in 

Rules IX, and VUI. 

The first and second yds. yds. i, s, d, 

terms, being noticed ^ jg . 55 ;; 2 - 1 - 10| 

to be divisible by 6, 8*11 11 

are divided by that . ' . -^ ^ ^ 

number, and a new ^ ■ ^ ■ /a 

pair of tepin8,8 andl 1, 7 - 13 " 6J, antim, 

are obtained, which 

have the same ratio and ar6 used instead of them. Then, as is 

taught in connection with Rul« VIII., the answer must be ^ of 

:£2 - 1 - lOL because the second term is -^ of the first term, as is 

seen by looKing to the new pair of terms, 3 and 11, got for the first 

ratio. 

Rule X. Wlien for a ratio-equation in which the 
fourth term is required, the two terms of the first ratio 
are expressed in one same denomination, and the third 
term is expressed in one denomination, if a fraction 
occurs in the expression of any one or more of the three 
given terms, it is often convenient to get an equivalent 
ratio-equation, clear of fractions, by mxdtiplying either 
the first and second, or the first and third, by any number 
which will clear away one or both of the fractions which 
may occur in the pair of terms selected for multiplica- 
tion, and by repeating, if necessary, the like process till 
all tiie fractions are cleared away. This procedtlre will 
alter, in accordance with Propositions 6 and 9 (pages 
104 and 122), the original ratio-equation to a new one, 
which wiU have the fourth term unchanged. To mul- 
tiply two terms, the first and second, or the first and 
third, by the denominator of a fitwtion occxpring in 
either of them, wiQ always clear away that fraction, 
.and may sometimes clear away two fr*actions, one in each 
of that pair of terms : and it is generally convenient to 
multiply no further than is seen to be sufBcifent. Then 
the new ratio-equation so found is to be used instead of 
the original one, and its fourth term is to be^ found as 
usual, and will be the required fourth term for the 
original ratio-equation. 

Exam. 16. If 3i gallons of oil weigh 33ilbs., what wonld 6J 
gallons of the same kind of oil weigh ; (or what wonld 6J gallons 
weigh at tfee same rate between measure and weight)? 

Her* wo may set down the ratio-equation — 

gal. gal. lbs. lbs, 

3J ; 6J :: 331 : ar. 

o 2 
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In this we may multiply the first and third terms by 4, the de* 
nominator of the fraction in the third term, noticing that this process 
will obviously clear away the fractions in both these terms. Thus 
we get — 

gal. gal. !bs. lbs. 

14 : 6i :: 133 : x. 

Further, we may multiply the first and second terms of this new 
ratio -equation by 3, the denominator of the fraction in its second 
term, and sd we get — 

gal. gal. lbs. lbs. 

42 : 19 :: 183 : x. 

And so X will be found from the numerical ratio-equation — 

42 : 19 :: 133 : x. 

This, by the usual process, gives x c 60| ; and so the required 
answer is that 6.\ gallons of the oil would weigh 60| flhs. 

It is to be noticed that after having once set dovn '^ original 
ratio-equation — 

gal. gul. lbs. lbs. 

3i : 6i :: 33J : x 

we might have, for brevity, dropped the designation^ of gallons and 
lbs., and have worked merely with numerical ratio-equations, going 
through exactly the same arithmetical processes, and bringing out 
the same result as the value of Xy which must be recollected as 
being the numerical value of the answer in lbs. 

Explanations on Prop&rtUmaHiy of one Variable to another in 
cages when either or each of the variables is not continuously 
variable. 

There are some kinds of questions which are often treated as 
fisiUing within the scope of the subject of Proportion, but in which, 
on account of one or more of the variables being not continuously 
variable, there is often no perfectly correct answer possible to the 
question proposed ; while to some other and very similar questions 
there may be perfectly true answers available. A few examples 
may serve sufficiently to indicate the general characters of such 
cases as are here referred to. 



(1.) A question may be asked — If 12 eggs are sold for 
14 pence, how many eggs may be bought for 3 shillings at the same 
rate? 

Here, putting x to denote the number required of eggs, if there 
be a rate-equivalence, and consequently a ratio-equation, in this 
case possible, we shall have — , 

14 pence : 36 pence :: 12 eggs : x eggs;, 
and so x will be found by the numerical ratio-equation — ' ,, 

14 : 36 :: 12 : x. 

This, by the usual process^ gives ar = ffths of 12, or x^SO^, But 
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ti8 we cannot practically, nor even strictly in principle, haye f ths of 
an egg, there is no perfectly true answer possible to the question 
proposed ; or, in other words, if we buy any number of eggs what- 
ever for 36 pence, they will not in any case be bought ^t the same 
rate as that of 12 eggs for l-it pence. A true interpretation of the 
arithmetical result -would be to say, that at the rate proposed of 
14 pence per dozen eggs, the sum of money proposed would buy 
30 eggs, and would comprise in addition fths of the cost of one 
egg ; or, what is the same, that the sum of money proposed would 
comprise 30 times the cost of one egg together with fths of the 
cost of an egg. 

Various other questions having like characters might be ad> 
duced, in which the answer is asked to be given as a number of 
some indivisible imit — a number of men, or of sheep, or of watches, 
for instance — and yet in which the arithmetical process, carried on 
as usual, brings out, not a number, but a fractional numeric In 
such cases we must conclude that the question does not admit of a 
perfectly correct answer being given to it ; but often a useful and 
perfectly true modified interpretation may be given to the fractional 
result. 

(2.) If 5 men can carry a mast weighing 6 cwt., how many men 
would be required to carry another mast weighing 11 cwt. at the 
same rate between men and load ? 

Here, if there is any perfectly true answer possible, it will be 
obtained through the ratio-equation — 

Ratio 6 cwt. : 11 cwt. s ratio 5 ncen : x men ; 

whence we would have the numerical ratio-equation— 

6 : 11 :: 6 : X, 

which gives 

Now, as we cannot have 9| men, there is no true answer to the 
question proposed. We may, however, interpret the result other- 
wise by saying that the calculation shows that the whole weight of 
the must comprises 9 times the weight allowed for one man, together 
with Jth of the weight allowed for one man. 

Thus we see that instead of the original statement for a ratio- 
equation we might properly have noted — 

As 6 cwt. : 11 cwt. : : 5 loads for a man : x loads for a man, 

where f , instead of denoting a number of men, would denote a 
number of loads, each suited for one man, together with a fraction 
of another like load. 

(3.) If 4 horses are worth 9 cows, how many horses would be 
value for 15 cows at the same rate ? 

Here, by usual methods, if we put x to denote the number re- 
quired of horses, we would make the statement — 

As 9 cows : 15 co^s : : 4 horses : x horses; 

whence we would find 

jr= ^thflof 4, orx=-6|. 
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Thus the atiswer would be 6| hones. But« M we cannot hkvt I of 
a horse, we see ihat there is not any number of horsed that would 
be value for 15 cows at the rate of 4 horses per 9 cows. We might 
interpret the arithmetical result by Baying that 6 hones, together 
with I of the value of another hotsC) would be value for the 
15 cows. 

Exercises, 

31. If £li - 17 - 6 pays fot 10 cwt. 2 q. 14 fts. of sugar, trhat 
would 4 cwt. 1 q. 14 tbs. cost at the same rate ? Answ. £6-^-6. 

32. If 18 cwt. 3 q. 21 lbs. of beef cost £72, what would 44 cwt. 
q. 21 lbs. cost at the same rate ? Answ. £168. 

33. If a person walk 17 miles in 5 hours 12 minutes 31 seconds, 
how far would he walk at the same rate in 3 hours 40 minutes 
86 seconds ? Answ. 12 miles. 

34. If the earth move 69,000 milea in its orbit in an hour, 
through what space does it move at the same rate in 16 minutes 
48 seconds ? Answ. 19,320 miles. 

35. If the earth goes at the rate stated in the last preceding 
exercise, how far does it move iu 22 minutes 38 seconds ? Answ, 
26,028} miles. 

36. If it goes at the rate stated in the la«t two preceding exeis 
cises, what length of path does it traverse in a second ? 

A good mode of oommendng the woik for this question may be by noting 
a ratio-eqaation thus : — 

1 hour : 1 second :: 69,000 miles : x miles, 
where x denotes the number of miles per second [or, more coxteCtly, the numeric 
of mile per second]. 

Another way, also good, for solving the question may be b^ thinking on the 
case through the methods of Diyisiou, and without introducing any considera- 
tion of a ratio-equation. Thus : The distance passed over per minute most be 

l^th of the distance per hour ; and, further, the distance per second must be ^^;th 
dc the distance per minute. 

Anm. 19| miles. 

37. If 96 men reap 40 acres of grain in a w6ek, how many would 
reap 65 acres in the same time, at the same rate between number 
of men and quantity of land reaped in a week ? Answ. 156 men. 

38. If 93 men reap 38 acres in a week, how many would reap 56 
acres in the same time at the same rate between number of men and 
quantity of land reaped in a week? (See explanations ftr such 
question^ on pages 124 and 125.) Answ. 137,^ men; or a more 
proper answer would be that the work of reaping 56 acres Would' 
be the work of 137 men for a week^ together with ^th of the work 
of one man for a week. 

39. How much wheat at lOs. 9d. per cwt. may be purchased for 
£149 - 16 - 4 ? Answ. 278 c. 2 q. 25^^ lbs. 

40. How much oats at 8«. Sd. per cwt. may be bought for 
£64 - 3 - 2| ? Answ, 148 c. Oq. 7 lbs. 

41. If 6 cwt. 3 q. 12 lbs. of flour cost £5-9-0, what would 
4 cwt. 2 q. cost at the same rate ? Answ. £3 - 12 - 0^. 

42. If 6 cwt. 3 q. 12 lbs. of flour cost £5-9-9, what is the 
cost per cwt. ? Answ, I6s. O^d. per cwt. 
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4d. if vbeat ia sold at 28«. 8^ per htantk of 20 stone» vBat is 
its cost per cwt. ? 

An easjr nlode of proceeding to bring out a solution here ma^ 
be by noticing that we have the proportion, As 20 stone is to 
1 cwt., so is the cost of the t'^^nty stone to the cost of the hundred* 
weight. But 1 cwk is equal to 8 stone, and so we have the ptopoiv 
tion — 

As 20 stone : 6 stone : ; 28«. Sd. : cost per cwt. 

Ansvf^ ll8„ 6^dt per cwt., Iipproic 

44. If S96. 1 q. 14 ibs. of ^rk cost £88 - 1-5, What iii^ttld 13c. 2q. 
6 !bs» cost ? Answ, £30 -5-11, approx. ; or £30 - 5 - lOjUf, exactlf. 

45. At the rate stated in the foregoing question, what is the 
GOBt of the pork per cwt. ? 

Answ. £2-4-9 approximat^y, or £2 - 4 - 8||Jf exactly. 

46. Three gallons of water taken from the supply pipes of a 
town have been found to contain 47 grains of carbonate of lime 
in solution. How much carbonate of lime would there be in the 
daily supply to the town — 7,542,000 gallons — at the same rate ? 
Answ. 118,158,000 grains, or 16,879f lbs., or 7 1. 10 c. 2 q. 23f lbs. 

47. If 2 gallons and 8 quarts of strong sulphuric acid weigh 
50| lbs., how much will 27 gallons weigh at the same rate ? Answ* 
4d8 !bs. 4^ oz. 

48. If m paititiAg 57 Square yards of wall surface 26 lbs. of 
paint, mixed ready for the brush, haVe been used, how much paitit 
will be required for 105 square yards at the iteme rate? Answ* 
47f7 lbs., or approximately 48 lbs. 

49. If in painting 254 square feet of wall surface 134 lbs. of 
painti mixed for the brush, have been used, how much surrace will 
be painted by 73f lbs. at the same rate ? 

Aid may be obtained lor this from Bole X., page 133. 

Answ. 1387^ square feet. 

50. ^Taking the ratio of the circumference of a circle to the 
diametttr as being very approximately equal to the ratio of 118 to 
355, find the equatorial circumference of the earth, regarding it aH 
the circumference of a circle 7926 miles in diameter. AnsWk 
24,900f^ miles. 

51. The earth ustblTes round the sun in an orbit, which is tistf 
nearly circular, and has its diameter about 182,900,000 itiileei. 
What is the length of the circumference of a circle having that 
diameter ? Answ. 574,600,000 miles, approximately. 

52. A cubic foot of water weighs 1000 ounces avoirdupdi^ 
nearly. What is the weight of the water contained in a vessel, ii 
the bulk is found by measurement to be 21 7| cubic inches? AnsvOt 

>lbs. 13j||0SB. 

58. The earth describes its orbit round the sun in 365 days, d 
hours, 9 minutes, and 10 seconds ; through what space does it movd 
each hour, at an average, the ciniumferfince of the oi^bit heitig 
674,000,000 miles ? Answ. 65,479^^^^ miles. 

54. At 7s. 6(2. per ounce, what is the value of a stiver bowl 
We^htng 9 oz. 13 dli^ts. 8 grs. ? AHtio. £3-12-6. 
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55. If a clerk has a salary of £89 -12-6 per year, commdncing 
on the morning of the 1st of May, how much has he to receive on 
leaving his -situation on the evening of the 17th of December, the 
first and last days stated being included as days of his service, and 
the year being reckoned as 365 days ? Answ. £66 - 14 - d^|. 

56. If the rent of 59 a. 3r. 20 p. is £134 - 4 - 0, what would be 
the rent of 12 a. 2 r. 30 p. at the same rate ? Answ, £28 - 8 - 8|^. 

57. What would be the cost of 365 bottles of wine, at £2 - 13 - 6 
per dozen? Answ. £81 - 7 - 3J. 

58. What is the cost of 311 sheep, at £37 - 12 - 6 per score ? 
Answ, £585 - 1 - 4|. 



MEASURES AND MULTIPLES. 

When one nnmber is contained in another any nt^m- 
ber of times exact ly, the greater is called a multiple of 
the less; and the less is said to be a measure of the 
greater, or to measure it.* Also any nnmber is said to 
be a multiple of itself, and any number is said to be a 
MEASURE of itself, or to measure itself. 



* Also when one nnmber, or nnmeric generally, is contained in another any 
number of times exactly, the greater is often spoken of as being divuttHe l^ the 
less, vhis expression being an abbreviation for divisible without remainder or 
fraction^ or for divisible equably and integrally^ and the less is sometimes called a 
tubmuUiple or an aliquot-part of the greater. Ldkewise, any number, or numeric 
generally, is said to be diyisible by itself. Thus 18 is divisible by 2, 8, 4}, and 6 ; 
and thus also 2, 3, 4}, and 6, are called measures, submultiples, or aliquot- 
parts of 18, being contained in it 9, 6, 4, and 3 times. Also 18 is divisible by 
18 ; and 18 is called a measure of 18. Also the fractionally expressed quantity 
|ef. is called an aliquot-part of 6d., being jitth of that money. The designation 
aliquotpart is little used except in the method of calculation called " Fructice,'* 
which is much employed in mercantile reckoning, and which will be found 
taught farther on in this treatise. 

For expressing the same meaning as is Conveyed by divisible equably and 
integrally t or by divisible without remainder orfraction^ or as is often conveyed 
with a view to brevity by the less explicit designation divisible, the designation 
exactly divisible is often used; but these two words constitute a rather mis- 
leading or ambiguous expression, because, for instance, we can quite exactly 
divide 14 by 3, getting as the result— »o< approximately^ but exactly — if ; or we 
can exactly divide a length of 14 inches by 3, getting as the exact result 
4} inches. 

To bring out clearly the full significance of the expression equably and 
integrally divisible by a number^ we may notice that we could divide 14 into 
3 equal parts conasting of 4 each, together with one additional part consist- 
ing of 2. The 14 would thus be divided integrally but not equably. The 
number of equal parts would be 3, and the total number of parts would 
be 4. 14 can be equably, but fractionally, divided by 3 —that is, divided into 
3 equal parts which will be fractional— the result being 4| ; but 14 is not 
equably and integrally divisible by 3. 
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The word number here in the phrase " any number of times 
exactly " is to be understood as being essentially limited to number 
properly so called^ not as extending to include fractional numeiics. 
Thus, although 10 is contained 2\ times exactly in 25, yet 25 is not 
called a multiple of 10, nor is 10 called a measure of 25 ; but it is 
to be noticed that 24 is not properly a number, and 2^ times is not 
properly a number of times. It is not essential that the measure and 
multiple be integers. One of them, or both, may be fractional. 
Thus, it is quite allowable to employ the words measure and 
multiple in the senses conveyed by the following extended w'ording 
of the definition:-^ 

When one numeric is contained in another, any 
number of times exactly, the greater is called a multiple 
of the less, and the less is said to be a measueub of the 
greater, or to measure it. Also any numeric is said to be 
a MULTIPLE of itself, and any numeric is said to be a 

MEASURE of itself. 

Thus it is quite allowable to say that 7^ is a multiple of 2k 
being exactly 3 times 2^ ; and likewise that 2| is a measure of 7|. 
For example, if the wiath between the parapets of a bridge is 7j 
yards, this can be quite exactly measured by a wand 21 yards long, 
not marked with any shorter length for use in measunng ; and the 
length 7^ yards, being exactly 3 |:imes the }ength of the wand, is 
the multiple 3 of that length 2| j4i^s. In the same way, a length 
of 11 feet can be exactly measured by a wand 5^ feet long; and so 
5^ is a measure of 11, and 11 ;s ^ multiple of b\. 

When a number is 9f multiplp of two or more other 
numbers, it is called a gommoh multiple of those 
numbers ; and a number which is a measure of two 
or more numbers is said tp be a common measure of 
them. 

Thus 12 is a common multiple of 2, 3, 4, and 6 ; and 3 is a 
common measure o'f 9, 15, and 24. 

The nun^ber of single objects in any group of equal 
groups of the objects is called a composite number ; * 
or, in other w(^rds, any number which can be produced 
by the multiplication together of any two integers (that 
is, numbers properly so called), e^^n gi^eater than unity, 

* Ttdfl m^. be advantageou^'ly Ulastrated by using pebbles, or shells, or 
buttons, or the like, 'as single objects, and laying down gtonps of two for each 
group, or three for eaioh,- or any one same number for ev^ry group. Each group 
may have its single objects' plf^ced at random in it ; or else, for some explana- 
Uons, it will be good to place the objects of eaeh group in a row. and to arrange 
the rows side by side, i^ is shown by dote in the- illustration of integral moltl- 
plication oh p. 23. . ^ 

o 3 
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is called a cohpobitg nuMbbb ; or, again in oiher words, 
any number which is divisible without remainder oi* 
fraction, by any integer other than either itself or unity, 
is called a composite number. All other proper numbers 
are called prime numbers ; so we may say that prime 
NUMBERS are those whole numbers which cannot be 
divided into any equal integral parts each greater than 
unity. 

Thus 4, 6, 8, and 9 are composite numbers ; but 2, 8, 5, 7, and 
11 are prime numbers. Also I, q^ |inity, if regarded as a number, 
falls to be classed with the primes, as it is clearly not a composite 
number. In some modes of thought and expression, bowerer, 
imity, or the number 1, is not jjegarded as a number, and it is 
often left unmentioned in statements of all prime numbers up to 
any stated limit. In the table of prime numbers given below, the 
number 1, or unity, is inserted in brackets, so that it may be either 
included or omitted according to the mode of considei'ation adopted. 
It is of little practical importance, however, whether we call unity 
a prime number or not a numt)er at all, except that, occasionally, 
difficulties or complications in expressing clearly what is intended 
arise through uncertainties aci \o the meanings of the words at ex- 
pressions employed « 

There is no brief and simple process by which to test any given 
liumber in general so as to find wl^^ther it be a prime or not, but 
there are Kystematised methods by w)iich, through processes com- 
mencing with the smallest numbers and going forward by succesMve 
steps to greater numbers, all numbers 'be|ow any specified limit can 
be distinguished into prime numbers ^nd composite numbers, so as 
to make it quite certain for each of tnem which kind it is.^ In 
such ways, by application of a mod^^ate amount of arithmetical 
labour, tables of prime numbers h^ve been calculated extending ta 
very high limits — ^to' limits, indeed, much beyond those of any 
ordinary practical wants. The following table, extending Up to 
1000, may be desirable as available for reference to the pupil or 
student in arithmetic : — 

* Without the introdaction of elaborate explanations at this stage, it may 
be nsefol or interesting to some of the more advanced studente to rooeive the 
following suggestions and information : — 

Many nmubers can, by inspection, or by obvlons tests, be readily found to be 
composite. Then as to any given number, not known to be composite and not 
known to be prime, if we have previously ascertained all primes below ita 
square root, and if we And by trial that it is not divisible by any of tfaem, xte 
ascertain that it is a prime ; but if it is divisible by any of them whatever, we 
know it is composite. 

The simplest and easiest method available for making out a table of all 
primeB below any spedfled limit is one which was invented or propoeed about 
two oenturies before the Christian era by Eratosthenes, and which he called hia 
iieve for sifting out the numbers which are not primes and leaving those which 
txe. It is easily understood and easily worked. It will be explained at a more 
advanced stage in the present treatise, and the place may be found by reference 
to the table of contents at the beginning of the volume. 
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TaSIM of A&L PbIHB NOMBBBH tJHTyUB lOOOt 

[1?], *i, 3, 5, 7, 11, i3. 17, 19, 23, 29,.31, 37, 41, 43, 47, 63, 
69, 61, 67, 71, 73, 79, 83, 89, 97, 101, 103, 107, 109, 118, 127, 
131, 137, 139, 149, 151, 157, 163, 167, l73, 179, 181, 191, 193^ 
197, 199, 211, 223, 227, 229, 238, 239, 241, 251, 267, 263, 269, 
2i71, 277, 281, 283, 293, 307, 311, 313, 317, 331, 337, 347, 349, 
353, 369, 367, 373, 379, 383, 389, 397, 401. 409, 419, 421, 431, 
433, 439, 443, 449, 457, 461, 463, 467, 479, 487, 491, 499, 503^ 
609, 621, 523, 541, 647, 667, 563, 569, 571, 677, 687, 593, 599, 
dOl, 607, 613. 617, 619, 631, 641, 643, 647, 663, 659, 661, 673, 
6lt «83, 691, 701, 709, 719, 727, 733, 7^9, 743, 751, 767, 761, 
769, 77^, 787, 797, 809, 811, 821, 823, 827, 829, 839, 853, 867, 
859, 863, 877, 881, 883, 887, 907, 911, 919, 929, 987, 941, 947, 
968, 967, 971, 977, 983, 991, 997. 

PBOi^osittou 1. Any ranltiple whateVet of dnintegei* 
is necessarily un integer. 

The tiilth uf this is quite obvious. 

pEOPOsitioisr 2. Any meagui*e of a fVftctional namefid 

18 necessatily a fi^ctional tiamefic. 

The truth of this is obvious, because the fractional numeric is a 
multiple of its own measure ; an4 so that measure caimot be in- 
tegral, because any multiple of an integer would necessarily be 
integral, and so it could nob be the fractional numeric. 

Pboposition 3. Tbd greatest oommon meBant& of twd 
or more integers mitst nedess^rily be an integer^ 

To prove this : — Let the integers be ca^ed 4* JBt C, &e. Now, if any 
fractional numeric will measure the integer A, the smallest multiple 
of that fractional numeric constituting an integer must measure the 
integer A. Also, if any fractional numeric will measure the integei 
^, the smallest multiple of that fractional numeric constituting an 
integer must ineasare the integer B. Exactly the like may be said 
ifespecting any fractional numeric which wjll measure tho integer C; 
and so on foi? any fractional numeric wjijch will measure aty other 
Integers. Henc6, for any one fractional numeric which will measure 
each of the integers A^ B, 0, &o., it follows that the smallest Uiultiple 
of that fractional common measure of them constituting an integer will 
measure each of these integers, or will be a commoA measure of 
them; and it is gireater than the fractional common measure, and 
so the fractional common measure is hot the greatest common 
iheasure. 

The Ending of the greatest common measure, and the finding of 
the least common multiple of two or more numbers (that is, integers 
or numbers proper), are processes often required as steps in 
Bbduction of Fractions, and in Fbactional Addition and Sub- 
t&ACTiOK ; but, in ordinary arithmetical work for useful purposes, 
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there is little, if any, practical requirement for dealing with either 
the greatest common measure, or the least common multiple, of 
two or more fractional numerics. Accordingly, when the greatest 
common measure, or the least common multiple, is spoken of, the 
understanding is usually implied that it is the greatest common 
measure, or the least common multiple of two or more integral 
numerics that is contemplated ; and, in what follows in the present 
chapter, this usual understanding will be adopted ; and so the rules 
and work will relate only to common measures and common 
multiples of numbers properly so called. 

Rule I. To find tJie greatest common measure of two 
given numbers : (1.) Divide the greater nnmber bj the 
less. (2.) If there be a remaiiider, divide the less by 
it J and thus proceed, always dividing the last divisor 
by the last remainder, till upthing remains. The divi- 
sor which leaves no remainder is the greatest common 
measare. 

Remark, — If, in the operatign, apy divisor be a prime 
number, and le^ve a remainder, ;|} is i^nnecessary to 
proceed farther, as there is no common measare greater 
than unity. 

Exam. 1. Required the greatest common measure of 247 and 323, 

Here the fli»t remainder is 76 ; and the 
less number 247 being divide 1 by this, 247)323(1 
the remainder is 19. Dividing 76, th^ la^C 247 

divisor, by this, we find that there is no ~76 247(3 

remainder. Hence, 19 is the common mea^ 228 

sure required ; and it w» uld be found by ~T9")76r4 

division to be contained 13 times in 247, and yg 

17 times in 323, without remainder in either — 

case. 

With respect tq the reaso.n of tH^ rule, since 19 is a measure of 
the last dividend 76, it must pl^o be a measure of the preceding 
dividend 247, because 247 = 3 x 76 + 1 9 ; and 247 is one of the given 
numbers. Then, since 19 measi;res 76 and 247, ijt niust measure 
their sum 323, which is the otHer given nmnber; and a similar 
illustration is applicable in all casejs.^ 

19 is also the greatest commoa pieasi^re. For suppose, if 
possible, a greater number, as 20, to njeasure 247 and 323 ; then, it 
is evident, it must measure the first remainder 76, as that is their 
difference, and also it must measure 3 times 76 or 228 ; and since 
it is supposed also to measure 247, it must measure the second 
remainder 19, as that is the difference of 228 and 247; that is, if 
20 measure 247 and 323, it must measure 19, a number less than 
itself, which is evidently impossible: therefore 20 does not measure 
both the given numbers ; and it may be shown, in "the same 
manner, that no other number greater than 19 can measure them ; 
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thenfore 19 is the greatest common measure. The remark which 
follows the rule may be proved in nearly a bimilar manner.* 

KuLE II. To find the greatest common measure of 
ihree or more given numbers: (1.) By the preceding 
rule find the g. c. meas.l of two of the numbers. (2.) 
Then by that rale again find the g. c. meas. of that 
result and another of them. (3.) If there are more 
given numbers, proceed in like manner till all of them 
have been so used. Then the last result so found will 
be the g. c. meas. of all the given numbers. 

Exam. 2. Eequlred the g. c, mea^. of 81, 342, and 96. 

1st Procee^. 2Dd Process. 

81)342(4 9)96(10 

324 90 

18)81(4 6)9(1 

72 6 

9)18(2 3)6(2 

■ 18 6 

* » • 

Here by the first process we find 9 as the g. c. meas. of 81 and 
342. Then by ^he 2nd p]^>cess VQ fiud 3 as the g. c. meas. of 9 and 
96. This result 3 is the g. c meas. of all the given, numbers. 

* The following ia aa eaqr proof pf the propoeition stated in the remark 
annexed to Bnle I. : — 

Let OS take, for scmtiny and explanation, any case in 
which a prime nnmber oomes oat as a divisor and leaves a 129)572(4 
remainder. We may take, for instance, the case of its 515 

being required to find the g. c meas. of 129 and 672. 1^\\99{9 

Carrying out the prescribed process, as in the margin, 112 

we get. a remainder 17, .which is a prime number* and -^ 

which, on being used as a divisor, leaves a remainder 5. 17)56(3 

Then, according to the proposition .oompriBed in the Be- itl 

mark, now to be proved, we assert that no number greater 5 

than 1 can be a common measure of the two oziginal 
numbers. 

To prove this : — Let us denote by the letter z any integral common measure 
whatever of the two original numbrrs ; so that, if there are several int^p-al 
common measures, z will have each of them sepfu^tely as one of its meanings. 
Of course z must always have at least one value, namely, the number 1. 

Now since z measures 673 and ltt8, it must measure 616, which is four times 
129. So z measures 672 and 616, and therefore it measures their difference 66^ 
whicdi is the first remainder. By proceeding forward in like manner we may see 
that z measures necessarily every remainder in the whole process. But 17 is one 
of the remainders, and is a prime number ; so z must measure that prime num- 
ber 17, and, for tMs ifeason by itself, we see that no number except 1 or 17 can 
be a value of z, because these are the only two integral measures of the prime 
nnmber 17. But, further, since a remainder 6 Is left in the division by 17, we 
have it t^at z most measure 6 ; and a§| 17 cannot measure 6, a less number than 
itself, z cannot be 17. -So there is nb value remaining possible for z except the 
number 1 ; and so ^r is the pumb^ 1. So 1 Is the only integral common 
measure. But by Prop. 3 of this chapter the greatest common m'^asure must 
be an integer, and as 1 is the only int^er which fs a common measure, we see 
that 1 must be the greatest common measure of tlie two fdven numbers. 

t For brevity g. c^ meas. may adyant^geonsly be M'ritten instead of greate^rt 
oommon measote. Also 1. c mult, inay'be written for least conunon multiple. > 
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To proYB thi6 * we have first to 8ho# that tbe r^bit 8 it A 
4sominon measure of the three given numbezft, and ^ift^wards ia 
show that no greater number is a measure of them all. By the 
l^iid ptoceBa We know that the result 3 is a measure of d6, the third 
of the three given numbers ; and also that the same result 3 is a 
measure of 9, which by the Ist process we know is a measure of the 
1st and 2nd given numbers^ 81 and 342. So the 3 being a measure 
of a measure of each of these two must obviously be a nieasure of 
each of them. So we have now plroved that the result 3 is a com- 
itiOn measure of the three given numbers.' 

NeoLt th^re is no greater common measure than 3 fot all tho 
given numbers. For suppose if possible a greater number^ which 
we may call z, to measure the three given numbers. By proceeding 
in reference to Process 1 in like manner as in the proof of Htile 1., 
we can see that if ;? is a measure of 81 and 342 it is also a measure 
of the result 9 of Process 1 . Then again, by proceeding in like man- 
ner in reference to Process 2, we can see that if 2r is a measure of 9 
and 96, it must also be a measure of the result 3, a number less than 
itself, which is impossible : therefore z does not measure all the 
three given numbers, and so no number greater than 3 can measure 
them. Hence 3 is their greatest common measure. 

Exercises. Find the greatest common measures of the following 
numbers : — 

1. 28dand46d An^. l5 

2. 532 and 1274 Afisw. 14 

3. 888 and 2775 Answ, 111 

4. 2146 and 3471 Answ, 39 

5. 18Z9 and 2426 «.....*. Answ. 1 

Q. 4872 and 81 ^ Answ. 3 

7. 234. 429 and 247 Answ, 13 

8. 910, 1442 and 7246 Anstv. 7 

9. 1976, 2340 and 1742 ...Answ. 26 

10. 966, 2940 and 2660 Answ. 14 

11. 966, 2940, 2660 and 1309 Answ. 7 " 

12. 112, 266 and 2386 Answ. 2 

13. 403, 39 and 182 Answ. 13 

14. 483, 63 and 672 , Answ. 21 

16. 250, 266 and 263 Answ. I 

16. 168, 2310, 114 and 294 Answ. 6 

Rule III. To find the least eommon muUijfle of two 
or more given numbers : (1.) Arrange the given numbers 
in SQCcession, and find by inspection a number wliich 
-will measure as many of them as possible. (2.) By 

* It may be safflcient for many learners, especially beginners in arithmetic, 
withont their Roing through this demonstration, to be told mmelj that the 
proof is like that of Bole I., bat somewhat longer. 
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tliis, divide all the given mimbers which it measares, 
and write the qaotientg and the tindiyided nombetd in A 
new line. (3.) Proceed, if possible, in the same man- 
ner with the numbers in this line ; and thns continue the 
process^ till no number, greater than unity, will m.easure 
any two or more of the numbers last found. (4.) Then 
inultiply all the numbers in the last line, and all the 
divisors employed in the operation, continually together, 
and the result will be the common multiple required. 

The work is often shortened by rejecting, in any 
line, any number that is contained without remainder 
in any other number in the same line. 

If no two of the given numbers have any common 
measure greater than unity, the continual proauct of all 
the given numbers will be the least common multiple. 

Rule IV. To find the least common multipte, other^ 
wise : (1.) Find by Rule t*, the greatest common mea- 
sure of two of the given numbers. (2.) By this, divide 
one of those two numbers, and multiply the quotient by 
the other. (3.) Perform a similar operation on the 
product and another of the given numbers. (4.) Con-^ 
tinue the process thus with each successive quotient, 
till all the numbers have been used, and the final result 
will be the least comnK)n multiple required. 

Exam. 3. Bei^aired the least eommon maltiple of 24, lOf 9, 32, 
6, 45, and 25. 

By Ride III. Here the given numbers being pla<*ed it th^f i>)amd 
line, we see by inspection, that 9 is contained exactly in 45j and 6 
in 24 : 6 and 9 are there^ 

fore neglected. Then.nsiog 2 ) 24 10 (9) 32 (6) 45 25 
2 as a divisor we obtoin 3) 12 (5) le 46"^ 



the quotients 12, 5, and 
16, and we place in the 



5) (4) 16 15 25 



line with them the nndi- ^^ 3 5 

vided numbers, 45 and 25 J 2x3xfixl6x3x6« 7200, an«w, 
and since the qnotielit 5 is 

contained exactly in either of these, it is rejected. tV4 then diyide 
by 8, and- obtain the quotients 4 and 15, which with the nndivided 
numbers, 16 and 25, form a new line. 4 is then rejected, as it is A 
measure of 16: and dividing by 5, iTe place in the next line the 
quotients 3 and 5, aiid the undivided number 1 6. Then, as no two 
of these haye any common measure greater than unity, the three 
divisors, and the three nambers in the la(-t line, ai'e multiplied con- 
tinually together, and the product 7200 is the common multiple 
te^uired. 
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By Rule IV, Bejecbing 9 and 6 as before, and commencing with 

24 and 10 as a pair, we divide either 24 or 10 by 2, the greatest 
common measure of this pair ; so dividing the 24 by 2 wo get as 
quotient 12, and this quotient we multiply by 10, and the product 
120 is the least common multiple of 24 and 10. Then, the greatest 
common measure of 120 and 32 being 8, we have 32 — 8 = 4, and 
120 X 4 » 480, the least common multiple of 24, 10, and 32. In the 
next place, the greatest common measure of 480 and 45 is 15; and, 
since 45 -i- 16 = 3, we have 480 x 3 = 1440, the least common multiple 
of 24, 10, 32, and 45. Lastly, since the greatest common measure 
of 1440 and 25 is 5, and since 25 -s- 5 -5, we have 1440 x 5 = 7200, 
as the common multiple required: and this result we see agrees 
with that of tho previous process. 

With respect to the reasons of these rules, it is difficult to give a 
strict, and, at the same time, an easily comprehended proof; and 
for most learners the following illustration will bo preferable. 

In the operation by Rule III., 2 x 12 x 5 x 16 x 45 x 25, the prov 
duct of the first divisor and the numbers in the second line, is evi- 
dently a multiple of each of the given numbers, 24 being contained 
in it 5 X 16 X 45 X 25 times ; 10, the second number, 12 x 16 x 45 x 

25 times, &c. Again. 2x3x4x16x15x25, the product of the 
first two divisors and the numbers in the third line, is also a multi-> 
pie of each of the given numbers, 24 being contained in it 16 x 15 x 
25 times ; 10, the second number, 3x4x16x3x25 times (since 
2 X 15 = 30, and 30 « 10 x 3) ; 32, the fourth number, 3 x 4 x 15 x 25 
times, &c. : and the illustration may be extended in a similar man- 
ner to the rest of tho operation. That the given number 6 may be 
rejected in the operation, will appear from considering, that 6 is 
contained exacl;ly 4 times in 24, and will therefore be contained 
without remainder in any multiple of 24, and 4 times as often as 24. 
In like manner it would appear, that 9 may be rejected, as 45 is a 
multiple of it. That 5 and 4 may be rejected in the succeeding 
lines will be evident from this, that they ivould disappear were the 
lines that contain them divided respectively by 5 and 4. 

The proof of Rule IV. depends on the principle, that if the prO' 
duct of any two numbers he divid^ 1m any factor which is common to 
bothy the quotient will be a common mt^Uiple qftj^ two numbers. Thus, 
if 48, the product of 6 and 8, be divided \>y 2, ^ factor of both, the 
quotient 24 will be a multiple of each, sinpe it may be regarded 
either as 8 multiplied by the quotient of 6 by the factor 2, or as 6 
multiplied by the quotient of 8 by the same factor. Now, this being 
so, it is obvious, that the greater the coipmon measure is, the less 
will be the multiple; and, consequently, the greatest common measure 
will produce the least common multiple. When the common multi- 
ple of the first t-^o numbers is found, it is evident, that any number 
which is a commqn multiple of it and the third number, will be a 
multiple of ^e first, second, and thicd numbers; and thus the reason 
of the rule is manifesft. 

Remark on Rides III. and IV.-^li may be remarked, that the 
second of these rules always gives the least common multiple. The 
multiple found by the first is not always the least possible; but it 



BEDUCTION OF FRACTIONS, 137 

will be such, if care be always taken to use such a dirisor, as will 
measure at least as many of the aivc7i numbers as any other divisor 
would. This rule, therefore, being very easy in practice, is, in 
general, preferable to the other. It may be farther remarked, that 
by practice the pupil will become able to discover the common mul- 
tiples by inspection, when the given numbers are not large. 

Exercises. Required the least common multiples of the following 
numbers : — 



Exercises. A) sw. 

17. 6 10 15 18 90 

18. 7 11 13 3 3003 

19. 8 12 20 24 25 ... 600 



Exercisfs. Jnsw, 

20. 63 12 81 7 252 

21. 54 81 63 14 1134 

22. 2 3 4 5 6 7 8 9... 2520 



Exercises, Answ. 

23. 6 16 8 14 21 1680 

24. 4301 1672 952 , v.... 4,576,264 

25. 1617 851 1219 19 ; 35,135,237 



REDUCTION OF FRACTIONS. 

Introductory Pemarks. — The name Reduction, as used in the 
title of the present chapter, does not bear exactly the same meaning 
as the same word does in the previous chapter entitled Reduction, 
at page 62. In that chapter the processes treated of, under the 
name reduction, have for their object the changing of the unit or 
units, or the changing pf the dei.omination or denominations in 
which any quantity of any kind of thing is expressed, and the find- 
ing of a true numerical expression for the same quantity in the 
altered unit or units. That might be described as reduction between 
different denominations , the quantity expressed being unchangid ; or 
briefly might be called denominational reduction. In contrast 
with that, the reductio*is or changes in fractions, or in any fractional 
numerics to be treated of in the present chapter, are to consist only 
of changes in form in the numerical expression, while the numerical 
value is to remain unchangod. Or, briefly, the processes will con- 
sist in changing fractionally the form of numerics, usually them> 
selves fractional at first, without change of numerical value. Thus 
if we find that ^ may, without change of value, be otherwise expressed 
by varied fractions, such as | cr f, we are performing operations in 
the kind of Reduction that is included in the present chapter. Such 
operations might well be called numerical reduction. 

A fraction is said to be in its lowest terms, or in its 
SIMPLEST FORM, whcn it is expressed in the least whole 
numbers* possible. 

* We might here better say whole numerics, or integer*, but the old nomencla- 
ture, in the expression whole numbers, is here retained as being for the present 
the more usoal. .... 
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BuLE I. To redtice a fraction to lii lowest terms t 
(1.) Divide the termd of the given fraction by any num- 
ber that will measure both : the quotients will be the 
numerator and denominator of an equiyalent fraction in 
loioer terms. (2.) Let this fraction, if possible, be re- 
duced in like manner : and proceed thus, till a fraction 
is obtained for whose terms no common measure can 
be found. 

The application of this rule will often be facilitated b^ the fol- 
lowing directions and rema)*k8 : — (1.) If the terms of the fraction 
end in ciphbirs, Cnt an equal number frum each. (2.) If they end 
each in 5, or one in 5, and the other in a cipher, divide them both 
by 5 ; or double them, and reject a cipher from each of the results. 
(3.) If 2 measure the lASt figure of each term, it will measure the 
terms themselres. In like manner, if 4 measure the number ex- 
pressed by the last two figures, or 8 that expressed by the last 
three, 4 in the one case, and 8 in the other, will measure both 
terms. (4.) If 3 or 9 measure the sum of the digits of each term, 
3 in the one case, and 9 in the other, will measure both terms. — {^See 
foot note, pagBs 28 and 29.) 

Exam. 1. Eeduce ^ to its lowest terms. 
Here, we diride the given terms by 2 ; thdse df th« fesult by 9 ; 
and those of that result by 3 ; and we see that ^ is eqital to |f, 
|, or |. The terms of the last of these have 
evidently no common measure greater than 9) 3) 

unity; it is therefore the simplest form of the 2)|§}a|}8|cx|. 
fraction. The samd would be obtained tathei* 
more quickly by dividing by 6 and 9. 

Exam. 2. Reduce fylgg to its simplest form. 

Here, two ciphers are cut from the end of each term, which is 
equivalent to the dividing of each by 100. The 
quotients are then divided by 6, and the results 7) 

by 7: and the fraction is reduced to the form f, 6)|^ » || » f. 

which is its simplest form. 

The reason of this rule is evident from Proposition 2, page dO^ 
Exercises. Beduce the following fractions to their simplest forms: 



Eser, Anew, 

*• rss • s 

2* A 

3 120 S 

• 55(5 S 



Exer, Jnsw, 

10 

13 



4. It? " 



6 PS ... . 1 

• 65 2l 



Excr, jtnsw, 

7 176 . 39 

O 960000 5 

*•• TT55000 •••••• e 

^* 103000% VS 



The foregoing method taught under Rule I. is ve^ convenient 
and easy in practice, when the t^nhs of the proposed fractions are 
not very large, or when the divisors are readily discovered. It fails, 
however, in many cases, to determine whether the fraction is in 
its lowest terms or not ; and, while it often depends on guesses, 
and leaves uncertainty, there is usually considerable di£Sculty ex- 
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periencbd in the 6ndlng of dome of the meaeares so to bd obtliiAed, 
except in the cases of some of the smaller numbers. Thus, if the 
fraction |{| were proposed, we should readily discover, that it may 
be redu(^, by division by 3, to the form J§|, which we would per? 
haps conceive to be its simplest form, not knowing that it is still 
farther reducible by division by 19, aild that the simplest form is 
j^. The following method, thotigh often tedious, is perfect in prin- 
ciple, always reducing the fraction to its simplest form, and not 
depending on guesses with 4rials. 

B.ULE II. To 'teduce afiucUon to its lowest terme, other" 
wise: (1.) Find the greatest common measare of the 
numerator and denominator. (2.) Divide them both 
bj this, and the quotients will be the numerator and 
denominator of the required fraction. 

It is often of advantage to carrj the reduction as far^ 
bjtBule I., as can readily be done, and then to apply 
Bale II. to the result. 

Exam. 3. Reduce the fraction ^^ to its lowest tenns. 
tn this example we find the greatest common measure to be 07 s 
and dividing both terms of the ^ven fraction by this, we obtain ^, 
which is the equivalent fraction m its lowest tetms. 

Exam. 4. Eeduce ^8% ^^ ^^ lowest terms. 
Here, beiSause the terms end in 5 and 0, we notice that 5 is a 
measure, and then division b^ 5 reduces the fraction tb J|^. In 
this again, both terms are divisible by 9, as may be seen by noticing 
that 9 measures the sum of the digits of each term ; end the result 
is III, which, by Rule II., is reduced to ■^^, 

Exam. 5. Reduce ^^ to its most simple expressioui 
We see here^ immediiitely, that 6 is a common measure ; for 3 
measures the sum of the digits of each term, and 2 must be a 
measure, since the unit figures are even. After division by 6, there- 
fore, the fraction becomes ^fi- ^^ B-PP^yiog Rule II. to this, we get, 
for the third division, 55 to be divided by 23, which is a prime 
number, and is not a measure of 55. We conclude, therefore, with- 
out proceeding farther, that {fi is the simplest form of the fr^tion. 

It ought to he home m rtivnd, that usually at the con* 
elusion of an operation^ if there he a fra>ction, it should he 
reduced to its simplest form. 

Exercises, Reduce the following fractions to their lowest terms: — 

Exer. Amw. 

io. HI if 

• 9143 •••*••••• iiS 
1*> glT O 835 

*-*• tta? 5»y 



Exer. Anew. 

1 ^ **BB 4»l 

**>• 733s 4iir 

**• Ies5 iSa 

1/5 28S714 8 



Eater. Answ. 

i a lones 94ft 

***• TelTS' *"T559 

1*7 B41S 361 

Ao- 5T455 Til 



BuLE III. Afiy numher of fractions having different 
denominators heing given : to find equivalent fractions 
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having a common denominator the amaUest possible as a/n 
integral numeric : (1.) Find (as is taught in the chapter 
on Measures and Multiples, pages 134 and 135) the least 
common multiple of all the denominators : this will be 
the common denominator. (2.) Then, divide the com- 
mon multiple bj the first of the given denominators, and 
multiply the quotient by the first of the given numera- 
tors : the product will be the first of the required nu- 
merators. The other numerators will be found in a 
similar manner. 

Rule IV". Any numher of fractions being given : to 
find equivalent fractions having a common denominator^ 
not necessarily the smallest possible as an integral 
numeric: (1.) Multiply each numerator by all the de- 
nominators, except its own, and the product will be the 
numerator of the equivalent fraction. (2.) Multiply all 
the denominators continually together for the common 
denominator. 

Exam. 6. Reduce |, /,, ^, and ^^ to fractions having a common 
denominator. 

By Rule III. of the present chapter. Here, by what is tanght in 
Rule III. or IV. of Measures 
AND Multiples, pages 134 and 
135, the least common multiple 
is found to be 360 ; and the rest 
of the work, together with the 
resulting fractions, will stand 
as in the margin. The correct- 
ness of the results would be proved by reducing them to their 
simplest forms, as the given fractions would thus be got back again. 
Thus |f§ would be reduced to |, fig to ^, &c. 

By Rule IV, 6 x 12 x 18 x 20 = 21600, the first numerator ; 
7x8x18x20 = 20160, the second ; 11x8x12x20 = 21 120, the 
third ; 9x8x12x18 = 16552, the fourth ; and 8 x 12 x 18 x 20 
^ 34560, the common denominator. Hence, the fr;ictioDs found by this 
rule are ii|§g, |Ji|^, fWf , and i|fg§ ; which being reduced to their 
lowest terms, would, in like manner, be shown to bo equivalent to 
the given fractions. 

In this example, the results found by Rule IV. come out ex- 
pressed in numbers inconveniently large; and the same is com- 
monly the case. Hence Rule III. should always be preferred, ex- 
cept when it is noticed that no two of the given denominators 
have a common measure. 

With respect to the reasons of these last two rules, it is evident 
that the operation by the second of them (Rule IV".) is just the 
multiplication of the terms of each fraction by all the denominators. 



8)360 


12)360 18)360 20)360 


45 


ao 20 18 


5 


7 11 9 


225 


210 220 162 


325 

36 0> 


US* 1^. 5S§» ^nsw. 
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except its own. Thus, the first of the given fractions is |, which, 

, ,, ^. . , ,.^6x12x18x20 21600 , 

by the operation, is changed into g^^.^^g^^^ , or 3^3^, and 

this, by Proposition 1, pages 49 and 50, is equal to the proposed 
fraction,!. 

Id Rnle III. the division of the least common multiple by the 
given denominator is evidently just the finding of the number, by 
whidi, if both the numerator and the denominator of the given 
fraction be multiplied, the denominator of the result will be the 
least comfnon multiple ; and, by Proposition 1, pages 49 and 50, the 
result will be equal to the given fraction. Thus, in the preceding 
example, when 360 is divided by 8, the quotient is 45 ; by which, 
if both terms of the fraction J be multiplied, there results |§§ for 
the equivalent fraction. 

Exercises. Reduce the following sets of fractions to others, 
having common denominators : — 

Exercises. Answers. 

IQ 5 9 11 17 3 990 S97 249 979 198 

*^' T9» 18' 5i» SS» S •• 515» 5ll?f» 658» 525' 628 

QA 11 19 5 7 8 1 440 855. 9O0 504 648 190. 

^w. 27, a4»g»X5' ff» 9 T?i85» T<J80» To80» Toi5» T08o» It»85 

91 U i£ U fiS '^ 8 JLPIl 1140 eeo 9544 leoo jioo 

**■•• 80» 00» 50» 76» 9» 1^ ............ •• seoO* 3(100* 3600* 3600' 3600' 3H09 

90 li 19 95 _1 79 yT8ao 93940 83750 567 55300 

^^' :»5» 48"» ij' Io?5» ST • 56700* 66700' 56700' Fe7oo» 56750 

00 1111 693 495 385 _316 

*"• 6»Y» 9» TT • 3466' 3465' 3465» 3466 

€)A 11 17 29 47 jr fegO 680 ege 705 815 

*>"*' i2»T8' s5» 4lf» le 755' Tao* TSo' 790» 95o 



OJC 17 17 17 1700 170 17 

*"• Too' 1000' 10000 10000' 10000' 10000 

9/* 41 IS 18 1 4 4a05 910 8276 60 9800 

*"• eo» 90" 2y»T?JJ» 5 dso6* 630o» eSoo' 6300' esoo 

97 4 1 18 5 9 960 , JL68 1456 _g26_ 540 fte 

*•*• y» i<s» iB» te' 51' Ss TeI5» i6ao' TSTO' TS80» TeSo' itfa 

00 1 2 4 8 16 89 948 162 108 7? 48 32 

*0' 5» 9' Sf» 5T' 243>7?9 '• 7l9» 725» ?29' TS§i T25» T55 

Rule V. To reduce an improper fraction to a whole 
or mixed number: Divide the nnmerator by the de- 
nominator ; the qaotient will be the whole number re- 
quired : and if there be any remainder, write it over the 
given denominator for the fractional part of the required 
result. 

The reason of this ride and that of the next are evident ttojsk 
the nature of fractions. 

Exflm. 7. Reduce ^ and agfi 56^ 200 

to whole or mixed numbers. 7^55 9)200 

8, answ. "22§, answ. 

Exercises. Reduce the following fractions to whole or mixed 
numbers : — 



Exer, Answ. 

29. If 1 

so 6 437 Ol 179 



Exer. Answ. 

31 IS^ on 19 

32. ijffs ... 90^ 



Exer. Answ, 

33. ^o»- 42^ 

34. -^^^ 30 
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itULE YI. To reduce a mixed number to an im- 
proper fraction : Maltiplj the whole number by the 
denominator of the frarCtional part, and to the product 
add the numerator : the sum will be the required nu- 
merator ; below which write the given denominator. 

A whole number may be expressed in a fractional 
form by writing the figure 1 below it as a denominator ; 
or by multiplying it by any whole number, and writing 
that number below the product, as denominator. Thus, 
9=f=-^, &c. 

Exam. 8. Beduce 5^ to an improper £ractioq, 1 9 

^, ansfD. 

ExerciseB, Beduce the following nnmbers to impropw fractions :^-i 



Exer, Anno, 
36. ISJ 



6 



86. 8H W 



Exer, Answ. 

37. 40t ^? 

«»0' -^'Sla "585" 



Exer. Answ. 

QQ 1 •99 1099 

«»• lioSo 1005 

40. l^ ifft 



FRACTIONAL ADDITION. 

The name Fractional Appition is applicable to the 
addition of any numerics whatever, except such as are 
all integers in realiiy, and a^ besides clear of fractional 
expression.* In other words, this name is applicable to 
the addition of numerics which include among them any 
fractional expression or expressions. 

The main principle on which fractional addition depends may be 
readily understood through noticing a few obvious examples. 

We may readily see that 3 eighths pins 2 eighths make 
5 eighths, just as 3 pebbles plus 2 pebbles make 5 pebbles. . That 
statement about the eighths mq,y, in ordinary fractional form, be 
written thus : | + 1 make f . Thus we see that different fractions. 



* It is to be olMerved that we often have to deal with mumflrioa whlcli, thoagH 
really Int^reFs, are fractionidly expressed; and operations in Addition, when 
86me of the i^ven nnmerios are fractionally expressed, may sometimes con- 
veniently be regarded as cases of Fractional Addition. Thus the nnmerics 3- 

o 

and 4^, thongh fractionally expressed, are really integers. The former of these, 

8 8 

S — , is obviously equal to the whole number, 6. The latter, 4 - , is a complex 

fractional numeric, which, through the teaching giyea a little further on in 
this treatise, may easily be shown to be equal to the whole number 6. 
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ftll having one same denominator, are to be added together by 
adding their nupieYatore to get the numerator for a fraction which 
will l^ the required sum, and putting the ooramon deaominator as 
its denominator. Also we may readily see that if the fractions 
given to be adde(} together have not a common denominator, they 
may be first reduced in expression to fractions equal to them and 
having a common denominator, and then may be added together in 
the way already explained. Further, it may be noticed that if it 
were required to add together 6, and 4g, and 7f , we might first add 
together the fractional parts, | and | ; and, having found their sum 
to be |, we might add to that the sum of the integral parts, 6, and 
4, and 7, which is 17 ; and, adding this along wiUi the sum of the 
fractional parts, we would get 17{ for the sum total* So we may 
see that if the given numerics comprise any integers, the fractional 
parts may be added together, and the integral parts may be adde4 
together, and theQ th^ two sums may be added together to get th^ 
sum total of the given numerics. 

If, on adding together the fractional parts in the way already 
explained, the sum comes out to have its numerator greater than its 
denominator, this sum may be reduced to an integer with a proper 
fraction ; and if there be, besides, any additional integer in the 
result, the integers may be added together so aa to obtain, for the 
final result, one integer with one proper fraotion* 

The methods of procedure thus suggested may be stated in the 
form of a r^le as follows : — 

BuLE. (1.) Reduce all fractions ip. the given 
numerics to a set* of fractions baying a common de- 
nominator, if they be not sucli already. (2.) Then 
add the numerators together, and put their sum as the 
numerator for a fraction, and put the common de- 
nominator as its denominator. The fraction so obtained 
will be the sum of the fractions in the given numerics.; 
and it will be th.e whole required sum unless there be 
any integral number or numbers included in the given 
numerics. (3.) If this fraction so obtained be greater 
than unity (that is, if it be an improper fraction) reduce 
it to a whole or a mixed number, and that will be the 
required sum, unless there be any integer included in 
the given numerics. (4.) If there be any such in- 
teger or integers, add such as there may be and the 
integral portion of the previously obtained fraction, if 
any, all together ; and annex to the total integer so ob- 
tained the proper fraction already obtained in the 
summation of the given fractions. The result will be 
the sum total required. 

Exam. 1. Add together |f , fl, and ^. 
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Here it is to be noticed that the given nnmerics are all proper 
fractions, and have a common denominator j^^ 
already. Adding, then, the numerators to- 11 li5 
gether, we get 33 ; and taking this as the g | 

numerator tor a fraction, and taking for its -^-^ 
denominator the common denominator of ~1. 
the given fractions, which is 16, we obtain 1^)33(2^, or 2|, 
{f as the sum of the given numerics. But, answ, 

as the numerator in this is greater than the denominator (or, as 
the expression is an improper fraction), we reduce it to a mixed 
number by actually dividing the numerator by the denominator. So 
ve find for the sum required 2^^, or 2J. 

Exam. 2. Add together 3|i, ||, and 6|f . 
In this exercise, by reducing the given fractions to equivalent 
ones having a common demoninator, 

we find the first to be i||§, the gij 13951 

second i|§g, &c. Then, by adding || ''.*... 1450 1 1800 

the numerators, we find the sum 6«3 1656 J 

of the fractions to be Jfgi, or 2^jSi, jj^ ^^ 

by reduction to a mixed number. }^^^ rs7;7vN^ert,,o 901 
We then for convenience write the ^^^' 1800)4601(215^5 
fractional part beneath the given 

fractions, as originally arranged in a column ; and carrying 2 to the 
whole numbers, we find the required sum to be 11 j^* 

Exercises, Answers, 

1 8 • 9 __B9 



TS'^Vi "So 

2 7iiii7ias.20 _«»e5 

3 7j.7il3ill»lg — O 97 

• S + I5 + ie+II+24 -<»T?1 

4- 5 + i + 5 + Tg + A + S4 + lfc =TiJ 

6. iM+i+«+SJ+§l+»l =6ik 

6. l + l + J + S + f =3i|I 

7. i+3tt ^l6f+^ =16^V 

8. 3I+121+13SJ -29l|| 

9. 2| + 4| + 5ft =123i 



lU. a + y + gf — *e?5 

H. I + A + J =lA's 

12. I + IS + I ~ =111 

IQ 1 1 eS _449 

10, j + Yjg —JS9 

14. » + ^ + ^+|| =l5\ 

16. 4ft + 2ife + lA + 8A =10Sf 

16. I+U + T+IJ =*\l 
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FRACTIONAL SUBTRACTION. 

The name Fractional Subtraction is applicable to 
the subtraction of any numeric from any other numeric, 
except when both are integers in reality, and are 
besides clear of fractional expression. 

The explanations and illustrations already given in reference to 
Fractional Addition may afford aid towards the easy understanding 
of the instructions which will now be given for Fractional Sub- 
traction. 

In subtraction in general the number, group of objects, 
quantity, or numeric, from which a subtraction is to be made, is 
called Uie minuend ; and the number, group of objects, quantity, or 
numeric, which is to be subtracted, is called the sttbtra^hend. 
These names will be used in the following explanations and instruc- 
tions on Fractional Subtraction, because without them or some 
equivalent pair of names the desirable brevity with clearness and 
freedom from ambiguity of meaning would be unattainable.* 

For subtraction as an arithmetical processf the subtrahend 
must necessarily be not greater than the minuend. Several 
varieties of cases may be separately considered, the chief of whicl^ 
are indicated in the following rules, and these rules may also render 
obvious enough the principles by which to treat other varied cases. 

Bulb I. When the minuend is a mixed number 

consisting of a whole number and a proper fraction, 

and the subtrahend is a whole number; subtract the 

integral subtrahend from the integral portion of the 

minuend, and to the remainder so obtained annex the 

fractional portion of the minuend. 

"Remark on Rule /. — It is to be noticed that the operation 
directed in this rule will always be possible, because the subtrahend 
must be not greater than the minuend ; and therefore obviously in 

* Although the names fMnueni and wblrakend have often he^n regarded 
with diflfavour, and treated as nearly obsolete, yet they are now Tery commonly 
in nse ; and without them, or some pair of equivalent words, the dilBculty of 
oompo^g clear explanations and instructions in arithmetio would be mu<A 
greater than it is when their aid is accepted. 

t Under the algebraic method of expression the sense of the word subtrac- 
tion is extended trom that in which it is used in ordinary arithmetic. In the 
algebraic method we say that if wo subtract 7 from 6 we get minus S as the 
result. That may be interprete \ or illustrated by saying th^t if from a certain 
marked point oh a road we go, in one direction called forward, 5 miles, and then 
go backward 7 miles, we have in the end really gone backwards 2 miles from 
the starting point. But this result is arrived at by the inirely arithmetical 
process of subtracting 5 from 7, the smaller from the greater ; and then obserr- 
ing that as the backward distance travelled, 7 miles, is more than the forward 
distance. 5 miles, the resultant distance travelled is a distance of 3 miles back- 
wanl from the starting point, and this in algebra is called a distance of minus 
9 milea forward. 

U 
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the case contemplated in the rale the integral subtrahend must be 
not greater than the integral portion of the minuend. 

Rule II. When the subtrahend is a fraction less 
than nnity (a proper fraction) and the minuend is a 
whole number — (1.) Consider anitj to be taken from 
the given minaend and treated as a separate part of the 
minuend, and consider it as expressed for temporary use 
as a fraction having numerator and denominator each 
equal to the denominator in the subtrahend. (2.) From 
the numerator of this temporary fractional expression of 
unity subtract the numerator in the subtrahend, and 
make a fraction having the remainder for numerator, 
and having for denominator the previously used common 
denominator. (3.) Then annex the fraction thus made 
to what remains on the subtraction of imity from the 
given integral minuend. The numeric so obtained will 
be the result required as the remainder left by the 
entire process of subtraction. 

KuLE III. When the minuend and subtrahend each 
consist of a whole number and a proper fraction — (1.) 
Beduce the fractions to equivalent fractions having a 
common denominator, if they have not a common deno- 
minator already. (2.) Then, if possible, subtract the 
numerator in the subtrahend from the numerator in the 
minuend ; and set the remainder as the numerator for 
a fraction, and put the common denominator for its 
denominator. Subtract the whole number in the sub- 
trahend from the whole number in the minuend, and 
place the remainder as a whole number in front of the 
fraction just before found. The numeric so obtained 
will be the result required. (3.) But if the numerator 
in the subtrahend exceed the numerator in the minuend, 
consider unity to be taken from the given whole number 
in the minuend and to be treated as a separate part of 
the minuend, and consider it as expressed for temporary 
use as a fraction having numerator and denominator 
each equal to the common denominator already found ; 
from the numerator of this temporary fractional ex- 
pression of unity subtract the numerator in the subtra- 
hend, and to the remainder add the given numerator in 
the minuend ; setthesum as the numerator forafraction, 
and put the common denominator for its denominator ; 



FitACTIONAL SUOTRiCTION. 147 

carry one to the whole nnmber in the subtrahend, and 
subtract that number so augmented from the given 
whole number in the minuend ; and place the remainder 
in front of the fraction just before found. The nnmerio 
80 obtained will be the result required. 

Exam. 1. From 105| take 24. 

Here the nature of the requisite operation is jAga 

obvious, and the meaning of the work in the margin 04 

is also obyious. This case falls within the scope -^-r 
ofBnlel. 81J, aiiw. 

Exami 2. From 37 subtract f|. 

Here the work is so easy that it can readily be done mentally* 
and the result can be noted without any written 
calculation. Thus we take unity from the 37» and 36/^, answ, 
treat it as a separate part of the minilend, and ex- 
pressing it as ^1 we subtract ^ from it, atid Ve get ^. Then in 
firont of this we 'WtilQ the original Whole number diminished by 1, 
that is, 36 ; and so we have for answer 36^. This case obviously 
comes under Utile XL 

£zam» 8i From 73| take 19^. 

This case evidently comes under Bule III. The given fractions. 
I and ^, on being reduced to equivalent 
fractions having a common denominator, 7^38 ^^^ •^386 
become J§ and A. Then the numerator ^g\ '" ^^^S 

8 in the* subtranend is taken from the I? ••• 5^ 

numerator 25 in the minuend, and the 64^, amw. 

remainder 17 so found is set as nume- 

ratoi^ for a fraction having for denominator the common denomi- 
nator 30. Thus is obtain^ the fraction JJ. Then the integer 19 
in the subtrahend is taken from the integer 73 in the minuend, and 
the remainder 64 is placed in front of the fraction |J be£)re found. 
So the result of the entire subtraction required to be done is found 
to be 544}. 

For orevity, when the principles are clearly understood, the 
work in cases such as this may be arranged as 
here shown in the margin, with less writing 731 .,, 261 
than in the fuller exposition above. ^g 4 '[' sj^ 

64iJ 17 

Exam. 4*. From 10^ subtract 3|f . 
This case obviously comes under Rule III. The fractions A 
and ^ are reduced to ^ and ^. Now we cannot subtract^ 
from 1^, so we consider unity to be taken 

from the 10 in the minuend, leaving 9 lO-2t ... 14"1 

instead, and that unity or one we treat as a gaa 1 10 J ^^ 

separate part of the minuend, and expres- 5^*** 

sing it mentally as ^, we subtract the 6^^^ 79 
numerator 110 from the numerator 175 

H 2 
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and get 65, to which we add the numerator 14, and so we get 79 ag 
numerator for a fraction which is to have the common denominator 
175 for its denominator. So we get the fraction ^f^, which is to be 
the fractional part of the required result. Then to adjust for the 
abatement by unity of the 10 in the minuend, instead of subtracting 
the 3 in the subtrahend from 9, we proceed usually a little more 
easily by the method of carrying 1 to the 3 and getting 4, and sub« 
tracting the 4 from the 10. which will give the same result 6, and 
this 6 we write in front of the preriously obtained fraction, and so 
we get for the final result 6^. 

Further Explanaiwn. — For purposes of explanation the process 
may be written out more 

fully as here in the margin, 10^ 10^ 9 + 17|^^^ 

several steps supposed in 3|| 3112 ,.,,,, 3 + ^ 

the previous arrangement 

of the work to have been ^ "♦■ ^ + tw 

effected mentally being Or 6^, <m9w, 

here exhibited in full. It 

will be noticed that in the subtraction of the one integral portion from 
the other it is a matter of indifference whether we take 8 from 9 
and get 6, or carry 1 to 3 and so get 4, and take this 4 from 10 and 
get 6, as the result 6 is the same in both ways, and both ways are 
true in principle. 

Bemark, — Cases may occur in practice slighfcly dif- 
ferent from any of those formally dealt with in the fore- 
going roles. The treatment of snch cases will, however, 
nsnallj present no difficulty after snch as are formally 
incladed under the rules are well understood ; and, 
besides, a more advanced knowledge of the management 
of fractions, especially of complex fractions, may obviate 
difficulties in some cases both in fractional addition 
and fractional subtraction. One of the further cases, 
at the present stage easily manageable, is that in which 
an improper fraction occurs in one or both of the 
minuend and subtrahend. This case can be treated 
sometimes most easily by reducing the improper fraction 
to a mixed number, and sometimes most easily by 
reducing the fractions, one or both improper, to equiva- 
lent fractions having a common denominator, and then 
proceeding by operations which may be quite obvious 
afler knowledge has been attained of the rules and 
explanations already given. 
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Exercises, Answers, 

1. From 23lf subtract 5 18if 

2. From 376 take ^ 87^ 

3. Subtract 11 from 26 20^ 

4. From 89 subtract ^ 88|if 

6. From {{ subtzact ^ J 

6. From 3^ subtract IJf IJJ 

7. From 12| subtract lOJI llf 

8. From ^ subtract ^ ^ 

9. From 12jf subtract GfJ S-^^ . 

10. From 4^ subtract 3^ Jf 

11. From Jf subtract ^ ^ 

12. From ^ subtract i ^ . '' 

lo- 5e "^ He fie7 



u. ^* --- ^ ^ 



7? '^^ is • TO 

16. From 6|| subtract 2f 3^ 

16. Fromllf + 8{ subtract 9i| 1 



17. From II subtract f J l^V 

18. From ^ subtract || 6^ 

19. From ^ subtract f| ^ 

20. Take away fj from 6f 2| 

21. Subtract J from U 2i 

22. From Jl subtract if Ji 



FRACTIONAL MULTIPLICATION AND DIVISION, 

mOLUDING TBEATMENT OF COMPLEX FRACTIONS. 

The words multiply and multiplic^tiqn, by their obvious etymo- 
logical associatifins (with multusl much, plural mtilti, mani/, and 
jdicdret to fold f) relate, in arithmetic, primarily and most properly, 

* This dgn, •-«.«, is employed to denote the diflerenoe of two quantities, or 
numerical expressions, without indicating which of them is the greater. It is 
seldom used, however. In the exercises in wliich it occurs, the fractions are to 
be reduced to others having a oommon denominator, and the lees is to be U^en 
irom the greater. 

t The Latin verb mtifttpltoo, muUtplieart, to nuMiplv, appears to have been 
formed from, and is certunly associated with, the adjective multiplex^ which 
farther is composed of multut and the root vHe, found in plicdre and vAckvik, to 
/old. The roatpUc appears to have related chiefly to the notion of folding, in 
the sense of biding and creasing. But, from the notion of bending and 
creasing, it i^pears tha^ by a very natural transition, -people's minds passed to 
the notion of rq[)etitlon, or of contonporaneous or successive presentments oi 
equal qnantitiw or magnitudes, or of like objects generally ; and even to thi^ 
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to the making manifold, or the taking of any kind of object, or 
group of objects, mar^ times. When a group of single objects is to 
be taken many times, or taken manifold, or multiplied, there is 
usually the requirement to find, in the ordinary decimal system 
of numeration, how many of the single objects will result from the 
taking of the group the stated number of times. 

Thus, if the group consists of six objects, and if we are to take 
it 4 times, we say — 

four times six are twenty-four, 

and so we multiply 6 by 4, and get twenty-four. 
We can likewise say — 

five times six are thirty, 
and six times six are thirty-six, 

and, obviously, we shall be continuing to perform the same kind of 
process if, proceeding to smaller numbers of times, we go on to 
take anything three times, or two times ; as, for instance, when we 
say — 

three times six are eighteen, 
and two times six, or twice six, are twelve. 

Now, although the designation Ttmltus, or rtian^f would ordi- 
narily not be applied to such small nnmbms as two or three, yet, 
from the perfect similarity of the process in taking two or three 
times a group to the process of taking nine or ten times, or fifty 
times, the group, the name multiplication comes to be extended to 
all such cases alike, and no important difficulty, or no misleJEiding 
tendency, is found to be involved in this slight extension of scope of 
the term muUi in the word multiply. 

presentment of a single one of sash qnantities, magnitudes, or other objects. 
This is clearly indicated in the words simplex^ duplex^ triplex^ and quctdrupUx* 
Thus:— 

'* Uli robm: et ses triplex 

Circa pectus erat, qui fragUem troci 
Cknnmisit pelago ratem 
Primus. "—Horace, Ode»y Book I. Ode3— 

which may be translated ;— That man had oak and triple brass around his 
breast, who first entrusted a frail bark to the wild sea. — From this and nume- 
rous other examples which might readily be cited, it is clear that, in the times 
of Horace, Ovid, and Virgil, the term pUXy in such words as Hmplex, duplex, 
tripUx, qitadrwpUx, and multiplex, did not mean a crease or bend, but that the 
notion conveyed by it was the sucoessiye or contemporaneous presentment of 
equal or mutually resembling objects, or the presentment of one single object 
considered as disassociated from others, as in the case of simplex. In the fore- 
going quotation the term plex related to successive sheets or lamifue of brass 
piled or adapted (applied) one on another. This is the same employment of the 
term as when people nowadays speak of one ply, two ply, or three ply of 
blanket on a bed, quite irrespective of any notion oif folding in the sense of 
creasing, which may or may not exist in the arrangement of the bed clothes. 
The objects successively or contemporaneously presented were not necessarily 
such as would admit of bending or creasing. Thus we have triplex cuspis 
in Ovid, meaning Neptune's trident ; and tripliees sorores in Ovid, meaning the 
three sisters, the Fates ; and we have in Flautus pecuttiam quadfuplium abs te 
miferam, meaning, I will take from thee a fourfold quantity of money. 



F&ACTIOKAL MULTIPLICATION AND DIVISION. 151 

Each of these cases hitherto has been a case of multiplying by 
an integer, or proper number. We cannot, however, well go on re- 
taining the same language for employment in reference to certain 
fractional operations, which, from their having a kind of sameness 
in character with those integral multiplications, are commonly 
called multiplication by fractions and multiplication by mixed num- 
bers. Thus we cannot well go on to speak of multiplying 6 by 4|, 
and multiplying 6 by |, and to say that 

four-and-two>thirds times six are twenty-eighty 



and, worse still, to say that 

1. f.ifnos ffw f 



J times (or time) six are, or is, two. 

The language which suits perfectly well for multiplication by a 
proper number &ils entirely for a closely corresponding operation 
by a fractional numeric ; and yet the fractional operation contem- 
plated in the extension of the language is a real and true and a 
very important operation in arithmetic. 

As already mentioned, it is commonly spoken of as muUiplicaium 
by afraeticnj crhy a mixed nwmher ; or it may likewise, Imt more 
briefly, be called JTtrc^ionaZ muUiplieatian. 

In other language, however, alike for both the fractional and the 
integral operation, both varieties of like operations may be well and 
dearly ej^ressed. Thus we may say; — 

{One-third of 6 is 2\ 
or, J of 6 is 2 / 

/One-and-a-half of 6 is 9 \ 
\oT, 1| of 6 is 9 / 

{Four-and-two-thirds of 6 is* 281 
or, 4| of 6 is 28 / 

4 of 6 is * 24 

1 of 6 is 4 
d of 6 is 18 

2 of 6 is 12 

The various processes, fractional and integral, exemplified in 
these statements do really coalesce harmoniously together as merely 
varying gradations of one common process — a process wider in scope 
than multiplication properly so called, and including true multipli- 
cation within it ; but whidi, in arithmetic, and in algebra, and in 
the hi^er branches of mathematics generally, for want of a better 
name, has come to be spoken of under the name mvltiplieation, 

.It is, however, difficult, or impossible, to realise any clear notion 
of the meaning of the true process of taking a third of 6 and getting 
2, through spiking and thinking of that as a process of multiplying 

* It is a matter of no impartance in principle, whether we nse the word is or 
art in sach cases as these. Thus we may qoite allowably say three of six i« 18, 
instead of three of six are 18 ; and we may say | of 6 i« 3, rather than ^ of 6 
are S. Often, indeed, in fractional arithmetic the fdngnlar suits rather better 
tiisa the ^onl in sach cases. (See also foot note, page 7i.) ^ 
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6 by I and getting 2, a number which, instead of being manifold of 
6, is lebB than once 6. The difficulty, which is only one of language, 
misleading or wrongly suggestive, would be abated, and at the 
same time an advantage in brevity would be gained, if we would 
prune away the injurious member muUi from the word multiply, and 
say pli/ and plication instead of mtdtiply and multiplication. The 
long names must of course be retained for ordinary use in accord- 
ance with established practice ; but already it may be good to hare 
the simplified names ply and plication available for occasional use, 
as enabling us to give easy and clear explanations, and to avoid the 
perplexing and often seemingly irrational statements which have 
to be made in fractional arithmetic under the nomenclature based 
on the word multiplication. No new confusion or ambiguity of any 
importance would be introduced by the proposed modification. The 
terms to ply and plication as thus derived for service in arithmetic, 
with precise significance attached to them, do not obtrude on the 
mind, through other etymological associations, or through other 
usages, any notions contradictory to, or rudely conflicting with, the 
meanings which they would be so employed to convey. In drop- 
ping the injurious part out of the compound word multiplication, 
we would retain the fairly expressive part plication in quite as good 
a sense as before for the useful purposes it has been made to serve. 
Some further remarks and suggestions on this subject of arith- 
metical nomenclature and expression will be given in connection 
with the explanntions on ** division," integral and fractional, which 
will now be entered on. 

The name division, as applied to operations m arithmetic, has, 
alike with the name multipHcationf come to be extended to include 
operations very different from any which it can obviously suggest, 
or with which it has any reasonable connection. Through this it 
occurs that when we proceed to treat of the operations which are 
called fractional division, or division by a fractional divisor, the best 
course to take is to use the word division merely as a name whose 
special significance for this matter is to be assigned by definition, 
but is not to be sought for by any oonsideration of the ordinary 
meaning of the word in common language as relating to the dividing 
of something into parts, whether equal or unequal. We may, how- 
ever, very reasonably make a commencement by considering some 
cases in which the name division really has an obvious rational con- 
nection with the operation which it is used to name. The name is 
already established in use, and we must continue to employ it, and 
so we may well do it the fullest justice possible by noticing the 
cases to which it has some real or good adaptation. 

In the chapter of Introductory Explanations for Division (com- 
mencing at page 31) it has been shown, in effect, that dividing 
by 4 in arithmetic means, in one of its senses at least, the dividing 
of something (which might be a quantity, a group of single objects, 
or a number abstractly considered) into 4 equal parts, and find- 
ing what any one of those parts will be ; also that dividing by 6, 
in like manner, means the dividing of something into 5 equal parts, 
and finding what any one of those parts will be. But if, instead of 
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taking either the integral divisor 4 or the integral divisor 5, we 
take, for instance, the fractional numeric 4|, which is between 4 and 
5, and if we try to find some operation on the original thing (com- 
monly-ealled the dividend), which operation shall be related to 4| 
in a manner somehow corresponding to that in which the other two 
operationN were related the one to 4 and the other to 6, we see at 
once that the previous mode of stating the nature of the required 
operation as being division into equal parts fails for this modified 
case. We can, however, find a corresponding operation which we 
may still truly represent as being division, although not into equal 
parts. We may state the requirement for the new ^oase which may 
be adduced, as being to divide something into four parts mutually 
equal, and one part equal to ^ of one of the equal parts, and then to 
take as the required result one of the equal parts so found. In the 
first case we divide into four equal parts, in the second we divide 
into five equal parts; but it would be too violent an overstraining 
of language, and would too much involve perplexity of thought, to 
say for the third case that in it we divide into four-and-a-third equal 
parts. The mode of thought and language with which we have 
started fails to connect the ordinary process called division by an 
integer with the allied fractional operation somehow perfectly re- 
sembling it, so as to represent them consistently as harmonious 
g^radations of one general process, which better views show them 
really to be. 

When we come further to do what i^ ca^ed dividing by a frac- 
tion less than unity, the language an(| vpiode of thought which have 
been entered on through considering cases of dividing into equal 
parts, and have been extended to the general subject spoken of as 
Division^ come to be more unsuitable still ; because, for instance, 
under the ordinary language i|i establishei) use, we are compelled to 
say that to divide anything by | is to take 3 times the thing, and to 
divide anything by | is tp t^ke 5 times the thing — that is, in each 
case, not to take a portion of it obtained by dividing it into parts, 
but to take Tnore than the whole. The language here does not admit 
of elucidation ; and the less it is discussidd before the incipient 
student, the less is his mind likely to be perplexed in a subject 
which otherwise admits of being made easy and clear. 

Now, to pass to clear and consistent modes of thought, while 
retaining the word '* division '* for use in its ordinary significance in 
arithmetic, b\it employing it as a mere name without regard to its 
mode of introductioUt wq m^y notice that in " dividing* by 4, or 
taking the fourth part of 1& thing (which may be a quantity, a group, 
or an abstract nume|;ic), we are finding the thing of which, if 4 be 
taken, theresi^lt lyill be equal to the original t^ing. So in fixing 
what the name; " diyi^ion is to mean, or what meanings it is to have, 
we may go pn in like n^anner to say that in '' dividing'* anything by 
4J we are to b^ Ending the thing of which, if 4| be te^en, the resxdt 
will be equal to the original thing. 

In saying this we are stating very clearly what is really meant 
in arithmetic, and in otl^er branches of mathematics, by dividing by 

' H 3 
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4} ; and we are indicating orsnggesting what is meant in general by 
dividing by any numeric whatever, whether integral or fractional. 

Thus, going forward in exactly the same way, we say that in 
" dividing " anything by J we are to be finding the thing of which, if | 
be taken, the result will be equal to the original thing. Likewise 
we say that in dividing anything by f we are to be finding the thing 
of which, if f be taken, the result will be equal to the original 
thing. 

From what has already been explained, it will be noticed that in 
the process called division there are three terms concerned. One is 
called the dividend^ another is called the divisor, and the third may 
be called the requisite. Using these names, we may define or de- 
scribe the process of division by any numeric* thus : — 

Definition op DfvisipN by any Numeric. — To divide anything 
called the dividend^ which may be a quantity, a group of single 
objects, or a numerjp, by any numeric called a divisor, is to find 
another quantity, group, or numeric, called the requisite or the r«- 
stcltant, such that if the divisor numeric were taken of that requi- 
site, the dividend ifr^vX^ be brought back again. 

For instance, to 4iyi^® the quantity 20 !t)s. by the numeric |, will 
consist in finding; for result a requisite such that | of it will be 20 lbs. 
The requisite heiie, V^en found by any process, must come out to be 
25 lbs., as will be ^een by observing that if J, which is the divisw 
numeric, be t^ei^ pf 2^ tbs., 20 lbs, 

will be obtained, and that is the Divisor. Dividend. Bequlsite. 

dividend brought back ag^in ; and so, |) 20 tbs. (25 tbs. 

according to our definition, any process 

for finding 25 tbs. as the requisite, is called division ; and in this 
case it is division by a fractional numeric, J, which is less than 
unity, and which therefore makes the requisite be greater than the 
dividend. 

Thus we see that, in ordinary language, to '* divide '* a thing called 
the " dividend " by ^ means to do that which would be reversed or 
undone by " multiplying " the requisite result by the " divisor** ; or, 

* It is to be noticed tbat, in accordance with what is taught in the Intro- 
ductory Explanations for Division, at pages 34 and 8fi, there is another kind of 
operation, called also IHviiUm, in which a quantity of some kind of thing is said 
'to be divided by another quantity of the same kind of thing, when the result 
sought is commonly called a quotient, and is also commonly called a number, whole 
or fractional, of times. In this way it is said that if we divide £6 • 4 - 8 by £3 - 1 . 5, 
we get as resnlt the quotient 8 times, which means that the quantity called the 
divisor is contained in, or may be taken oat of, the quantity called the dividend 
three times, or that 8 of the divisor wonld be a quantity equal to the dividend. 
In the same way it is said that if we divide a length of 8 yards by a length of 

2 feet, we get as quotient 4j limes. This is often spoken of as meaning that a 

length of 2 feet can be taken 4^ times ont of a length of 8 yards ; but it would 

be better spoken of by saying that the length of 8 yards is 4^ of the length of 
S feet. This kind of operation, which is one of the different kinds that are 
ordinarily included under the name division, and is spoken of as division of a 
quantity by a like quantity, or is in fact the finding of the ratio (see page 98) of 
the quantity called the dividend to that called the divisor, is to be noticed as 
NOT being included within the operation which In the text here is re f e n wl to 
under the designation of division by a numeric 
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what comes to the same, we see that it is exacUj the reverse of the 
process of " multiplication " of something by |, whereby the dividend 
would be produced ; and this something, at first unknown but required 
to be found, from which tiie multiplication process by | must coln- 
menceso as to end in producing the dividend, is defined as being the 
thing wanted, or the requisite, for the division process. But as the 
names " multiplication '* and '* division '' are in their nature eminently 
unsuitable for describing the real processes here intended, we may, in 
other words, more readily intelligible, say : — If we plj/ 25 tbs. by J, 
we get 20 lbs. ; and so if we reverse this process, or diipl^ 20 lbs. by 
I, we get 25 lbs. Thus we notice that the process called *' dividing " 
by a numeric, and the process called " multiplying," which must be by 
a numeric, are two processes, either of which, applied to the result 
of the other, with the same operating numeric in both cases, will 
undo or reverse that process, and so brine back as its own result the 
original term of that other process. The same may be stated in 
other words in saying that to ply and to disply by any numeric, the 
.same in both cases, are twq processes, either of which applied to the 
result of the other will exactly undo or reverse that process, and so 
will bring back as its own result the original term of that other 
process. 

Out of the class of cases ceMed divi^on by a numeric it is import- 
ant now to take for separate consideration the case in which not 
only the divisor, but the dividend also, is a pumeric For this cabe 
the previous general definition of course holds good; and, as ap- 
plied to this case, it directly conveys the following particular 
definition : — 

A Definition of Division of One Numeric by Another. — To 
divide one numeric called the dividend (or called the primary nu- 
meric) by another numeric called the divisor is to find a numeric, 
which may be called the requisite or the resultanty such that if the 
divisor numeric be taken of the resultant, the new result will be 
equal to the dividend. 

For instance, let it be required to divide the numeric § by the 
numeric |. Here, under our definition, the requisite (or resultant 
required) is to be a numeric such that if |, which is the divisor 
numeric, be taken of that requisite, the result obtained will be equal 
to the dividend, or primary numeric, |. Let the rec^uisite, at pre- 
sent unknown, be denoted by x. Then, by what has just been said, 
we see that | of x must be equal to | ; or, as the same may be noted 
in form of an equation — 

Multiplying both sides of this equation by 4, we get 
Dividing both sides of this equation by 3, we get 

Thus we see that the requisite or resultant for the demanded di« 
vision process is f. 
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Having got this resultant, we may test it directly according to 
the definition. Thus it ought to be such thnt | of it — that is, the 
divisor numeric of it — shall be equ^il to the primary numeric |. 
Let us, then, find | of |. We can obviously see that one-fourth of 
eight^ninths is two-ninths. Hence three-fourths of eight-ninths 
will be six-ninths, and this is obviously equal to §. That is to say, 
f of § is I ; and so the numeric §, previously found for the requi- 
site, is what according to the definition was wanted to be found. 

As anothev illustration of the meaning of the definition, let us 
take an ordinary easy case of dividing a given whole number into a 
stated number of equal parts ; and we shall see how the definition, 
intended to suit for fractional and integral division jointly, and 
already explained for fractional division, suits perfectly for simple 
integral division. Let it be required to divide the number 21 into 
three equal parts, or to find one of those three equal parts, or briefiy 
to find I of 21.* Here ^1 is called the dividend (or the primary 
numeric), 3 is called the 'divisor ; and obviously the requisite must 
come out to be 7, because 7 accomplishes the condition specified in 
the definition, that if the divisor numeric 3 be taken of 7» or if 3 of 
7, or 3 times 7, be taken, the result will be' 21. 

Thus we see that the definition already given for the important 
case of division by a numeric, in which not only the divisor, but 
also the dividend, is a numeric, suits for fractional and integral 
division jointly considered, as one general process. 

The case under consideration, however — that, namely, of dividing 
one numeric by i^i^Qther — may be otherwise stated by a definition 
next to be given, which depends upon some different courses of 
thought, and whjch ff)T some purposes, or in some connections, will 
be more directly ana more obviously suitable. The perfect agree- 
ment of the two d^ffei^ent definitions will be afterwards explained. 

A iroTHEB Definition of Division of Onb Numbbic bt Anc»thbb. 
(This definition will be here stated \n two slightly different modes 
of expression, both conveying precisely the same meaning.) 

(a.) To divide one numeric by another is to find Uie numeric 
that the one is of the other. 

{b.) To divide one Qumeric called the dividend by another called 



* It will be recollected, from the te^hing in tne earlier part of the present 
chapter, that to find | of 21 is the process which is commonly called to multiply 
31 by |, or which may be called to ply 21 by ^ ; but, in the passage before as 
here iu the text, the same expression is put iion^'ard as meaning to divide 21 
by 3. The state of the case is that to divide or to disply by 8 is exactly the same 
as to " multiply " or ply by ^. Also, it may at this stage be mentioned that to 
divide or diq>ly by ^ is the same as to multiply or ply by 8. The two numerics 
3 and ^ are called reelprocah, each of the other, or either is said to be the 
inver'se of the other ; and to multiply or ply by a numeric is the same as to 
divide or disply by its reciprocal or inverse. This subject is mentioned at the 
present btage because attention is drawn to it by the passage above in the text, 
but it is here touched on only briefly and in a foot note, in order not to inter- 
rupt the course of explanations in prt^ress in the text. More explanations 
bearing on the same subject will be given at various places further on in the 
present chapter, and in the teaching as to inverse ratio and inverse proportion' 
alit^. 
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the divisor is to find for result the numeric which if taken of the 
divisor will produce the dividend. 

Remark, — Hence, as will be seen by comparing the present defi- 
nition with the definition of ratio given previously (p. 93), the 
operation of dividing one numeric by another is the same as finding 
the ratio of that one to that other. 

For instance, let us take again an example already used in 
illustration of the previous definition of division of one numeric by 
another. Let it be required to divide | by |. Here, under our 
second definition, we are to find for result the numeric that the 
dividend | is of the divisor f , or the numeric which taken of | pro- 
duces |. The requisite result, when by any means found (and the 
mode of finding it may, for brevity, be left out of consideration 
here), must come out to be |; because | is the numeric which 
taken of | brings out | ; or, in other words, in taking | of | we 
get I ; a truth which may easily be proved in various ways. It 
may, for instance, be proved thus: — ^We want to find a simple ex- 
pression for eigkl-ninths of three-fourthSf so we may notice that 
one-ninth of Jths is^ths, and eight times this, or eight-ninths of |, 
will be ||th0, whiph is obviously equal to |rds. That is, we have 
proved ti^t 

I of I is equal to f, 

and this is what ^as wanted to be done in order to prove that % is 
the requisite result for the example in division under consideration. 
As another illustration of the meaning of the second definition 
let us take agaiu the second of the two examples already used for 
the first definition. Let it be required to divide 21 by 3, but let 
us take the requirement this time as being to find hovo often 3 is 
contained in* 21. The answer to this question may qyite properly 
be called a quotient ; it is 7 times ; and, in finding it, we have, in 
accordance with the second definition, been finding the numeric 
that the dividend (or primary numeric) 21 is of the divisor 3; or 
we have, also in accordance with the second definition, been finding 
the numeric which, if taken of the divisor 3, will produce the divi- 
dend 21. Also, in accordance with the Remark annexed to the defi- 
nition, we have been finding the ratio of the dividend 21 to the 
divisor 3 ; a ratio which we find tq be the number 7. 

The perfect agreement of the two definitions of Division of One 
Numeric by Another depends on a proposition^ of great fundamental 
importance in ** multiplication,'* whidi will now h% stated and esta- 
blished. 

Pboposition in Multiplication.— In respect to any two nume« 
rics, if the first numeric be taken of the second, the same result will 
be obtained as if the second be taken of the first ; or, in other words, 
the second numeric plied by the first gives the same product as the 
.first numeric plied by the second. 

For example, if we assume any two numerics, | and | ; then if 
we take f of } we shall get the same result as if we take f of |. 
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To show the trath of this for the particular numerics f and f 
here adduced, let us first set down 

I off 

Then we may notice that ^ of f would be ^, and therefore multi- 
plying these equals by 3, we see that f of f is equal to Jf . 
Again, if we next set down 

we may notice that J of | is ^, and therefore, multiplying these 
equals by 4, we see that ^ of f is equal to J|. 
Thus we have proved that 

I of| is equal to |f, 

and we have proved that 

I of I is equal to ^. 
So it follows that 

I of f is equal to | of |. 

Like proofs might be given in all other particular cases, or the 
proof might easily be expressed at once ia general terms by aid of 
algebraic notation ; and so the truth of the Proposition may be 
regarded as established. 

Remark 1. The same proposition for the case of any two 
proper numbers (that is, whole numerics) has been before stated and 
proved on page 23, to which the reader Tfxsny with advantage refer; 
and now it is extended to numerics in general, whether whole or 
fractional. 

Remark 2. Hence, since for any two numerics when one of 
them is to be plied by the other, the same result will be obtained 
whether the first be plied by the secoftd, or thp second be plied by 
the first, we may often simplify our statements by omitting to specify 
one of them in particular as being the plier, and the other as being 
the plicand ; and we may speak merely of the two being plied to- 
gether. In this way, in ordinary language, it is customary to speak 
of two numbers, whole or fractional, being multiplied together, and 
to designate the result as their product without considering either 
of them in particular as having been fixed on as the multiplier. 

We can now see how, through the principle expressed in the 
Proposition before us, the two definitions of division of one numeric 
by another are in perfect agreement, For, under the first one, we 
are to find a requisite numeric such that the divisor numeric taken 
of the requisite will produce the dividend ; and, under the second, 
we are to find a requisite numeric which taken of the divisor will 
produce the dividend; but now, by the PropositiQu just established, 
we see that the requisite numeric for accomplishidg the one condi- 
tion must be the same as the requisite numeric for accomplishing 
the other condition ; or the two definitions perfectly agree in re- 
quiring one same result to be brought out. 

We may also, through the principle established in the Propo- 
sition under consideration, bring out, from each of the previous 
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definitions of division of one numeric by another ^ a single and sim- 
plified definition equivalent alike to the one and to the other of 
them, while leaving out of consideration the notions which distin- 
guish them. Thus : — 

A Thibd Definitiojt of Division of OnbNuvbbic by Another. 
— (a.) To divide one numeric, called the dividend or primary nu- 
meric, by another called the divisor, is to find, for result, a numeric, 
called the requisite or resultant numeric, such that the product of 
the resultant and divisor shall be equal to the primary numeric or 
dividend. 

Or in other words, with t^^e |ame meaning : — (h.) To divide or 
disply ona numeric called the primary numeric by another called the 
displier is to find, for result, a numeric called the requisite or re- 
sultant numeric, such that ^he product of the requisite and the dis- 
plier shall be equal to the primary numeric. 

The explanations now given as to the arithmetical process 
called " division by a fractional divisor ^^ wijl help to throw light on 
the subject of complbx fractions, and that subject will next be 
brought under consideration. 

In the Introductory Chapter on Fractions, page 49, an indica- 
tion has already been given as tq what is the special form of the 
fractional expressions which are called complex fractions. It was 
there stated to the effect that fron^ simple fractions, having a whole 
number for numerator and a whole number for denominator, and 
having an easily intelligible meaningj we may, by obvious sug- 
gestions, be led to pass to other numerical forms or arrangements, 
in which, instead of the integral numerator, a fractional numeric is 
.introduced; or in which, instead of the integral denominator, a 
fractional numeric is introduced ; or in which any two fractional 
numerics are put instead of the integral numerator and integral 
denominator; and that the numerical arrangements so formed are 

called complex fractions. Thus -1, -7, and '-4 were offered as 

9 94 6^ 

instances of complex fractions. It was there stated, however, to the 
effect that the explanations of fractions which up to that stage had 
been given in this treatise did not suffice to indicate what kind of 
meaning is to be attributed to a fractional expression having a fraction 
put instead of an ordinary obviously intelligible integral denominator. 
On that subject perfectly clear explanations can now readily be 
given. 

To prepare the way for entering on the subject of complex 
fractions, it is necessary or proper first to clear away, as an im- 
pediment or stumbling-block, the notion conveyed in the common 
mode of designating the two terms of a fraction as defuyminator and 
numerator. These designations are perfectly well suited for the 
terms of a simple fraction — as, for instance, for those of } or |. Thus, 
if we have to do with | of an inch, we may truly and very clearly 
regard this length as arrived at by thinking first on the small lengtn 
which may be named or denominated as one-eighth of an inch, and 
by then taking a length of 5 small lengths each |th of an inch. In 
this way the 6 is used as a namer or denominator for the small equal 
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lengths brought under conHideration, and the 5 is used as a nume' 
rotor or numberer telling how many of them are taken. This is a 
perfectly good way of thinking on and dealing with the expression 
I of an inch, or | inch. It is not the only true way, however. We 
may regard the expression not«d by the number 5 above a line, and 
the number 8 below the line, with the word inch annexed, and 
standing on the whole thus, f inch, as meaning one-eighth of 5 
inches : we may conceive that we first take 5 inches, or multiply the 
unit, one inch, by 5, and that we then divide the length so got by 
8, or take one-eighth of it for the result. In this way, the names 
numerator and denominator, although not so clearly expressive as 
in the other way, may still be regarded as not quite unsuitable. 
When, however, we come to treat of the length of one inch as taken 
6 times, or multiplied by 5, and then of the result as being next 
divided or displied by S'^ we cannot manage to force our language 
into making 8| be a namer, or denominator, of parts of an inch, of 
which 5 or any other number are to be taken in order to make some 
desired length. The non^enclature, by means of the word denouii- 
nator, fails here entirely ; unless, indeed, we abstain from using the 
word denominator in the sense of a namer, though retaining it as a 
word meaningless except by special definition. 

Now, to keep clear of misleading suggestions from commonly 
used words, we may, for the present, occasionally name the two 
terms of a fraction as the upper' and the lower ; so that, in a simple 
fraction, the loiver is the term nameid, and very well named indeed, 
the denomincUoTf and the upper is the term named, also very well, 
the numerator. Now, we may truly define for fractional expressions, 
in general, whether simple pr complex, the upper term as being the 
plier, or the primary numeric, and the lower as being the displier 
(or divisor in common but badly expressive language), and the 
entire fractional numeric as being equal to, and only a different ex- 
pression for, the resultant of the operation of displying or dividing 
the upper term by the lower. And, if we take for the significance 
of the two members, and of the whole of a fractional numeric, this 
definition, in these or in any equivalent words, we are really stating 
or indicating yery fully and truly the ordinary established signifi- 
cance of fractional expressions, whether simple or complex. Thus 
the numeric noted with 5 for upper term and 8 for lower, f , instead 
of being read or called five-eighths, may be called 5 divided by 8, 
or 5 displied by 8 ; and ^ may be called 5 divided or displied by 
106, instead of being called five-o^ie-hundred-and-sixths ; and like- 
wise Y§9 may he called 5 divided or displied by 102, instead of 
Jive-one-hundred-and-itDoths, or Jtve-one-hundred-iindseconds, The 
common language founded on the regarding of the lower term as a 
namer or denominator, as may be seen by the last instance, and by 
many others like it, often fiiilsto'suit Well even when the lower 
term is an integer. Also, instead of attempting to read or name 

the expression -^ in ^ny such way as five-eight-and-two-thirdsths, 

which would be quite unmanageable, we may call it five-divided-hy- 
etght-and-iwQ'thirds^ or Jive-displied-hy-eight-afid-two-thirds, 
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It is important to notice that it is a matter of indifference as to 
results, though it may often be a matter of importance as to mode 
of consideration, and as to facility of operation, whether in taking 

— of any original quantity — say, for instance, of the money received 

for a ship sold— we multiply that original quantity by 5, and then 
divide (that is, disply) the result by 8|, or whether otherwise we 
treat the 5 as a primary numeric, and disply (or divide) it by 8§, so 

as to get a resultant numeric equivalent to — and then ply (or 

multiply) the original quantity — say, the price of the ship— at once 
by this resultant numeric. In the former mode of procedure the 6 
may well be regarded as a plier, or multiplier, and the 8§ as a dis- 
plfer or divisor; and, in the latter mode of procedure, the 5 may 
better be regarded as a primary numeric t6 be itself displied by 8|, 
in order to obtain a resultant numeric to be used alone as a plier of 
the original quantity — the price, for instance, of the ship. This 
indicators the reason why, in a fractional numeric, especially in a 
complex one, it may be convenient, and may tend to clearness, 
sometimes to call the upper term the plier, or multiplier, and some- 
times to call it the primary numeric, while in either case the lower 
term may be called the displier or divisor. 

Some further examples in ** multiplying" and in "dividing"* by 
fractional numerics, and in simplifying and otherwise treating com- 
plex fractions, will next be worked out with full explanations ; and, 
through the consideration of such explained examples, various im- 
portant principles will be brought into notice, helping towanls clear 
views on the subject in general, and often leading very directly to 
the formation of rules or instructions for easy guidance in practical 
work. Such rules, in this and in other parts of arithmetic, ought 
not to be blindly followed as substitutes for clear views of the prin- 
ciples concerned and of the meajiings of the operations practised. 
The real and important utility of such rules ought to be recognised 
as consisting in their affording guidance for quick and easy decision 
as to how to proceed in practical work without the requirement on 
each occasion to spend time and thought in reconsidering reasons 
for methods of procedure previously established and understood. 

Exam. 1. Let it be required to " multiply " ^ by |, or, what is the 
«ame, let it be required to find {rds of f ths. 

Here we may first notice that } of f is ^^j, and so } of f must 
be twice as great, or { of } must be J*J, and this is equal to If, 
which is the required product. Thus we see that : — 

KuLE I. To multiply one simple fraction by another, we may 
multiply the two numerators together to get the numerator for the 
required result, and multiply the two denominators together to get 
the denominator for that result. 

The same may be brought out in another way, which for some 
cases is only slightly different^ but for others is importantly dif- 
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ferent. Thus : — Let it be required to multiply f by }, <» to find a 
convenient expression for | of ^. The mnltiplier here, }, may be 
read as a third of two^ and the whole expression may be regarded as 

being a third of two of f . Now 2 of f is *y^ or ^ ; and so J 

of this, or ^ of 2 of f , is |^, which is equal to ^, and is the same 
as was otherwise found belbre. 

Exam. 2. To show that in some cases there is an important 
distinction between the two modes of thought concerned in the two 
modes of procedure which have been just now adduced in Exam. 1, 
let it next be required to " multiply " f of a score of sheep by |. 
This may be done in various ways, some much shorter than others. 
For one way, we may notice that a score of sheep is 20 sheep ; and 
that I of a score of sheep must be 12 sheep, because \ of 20 sheep is 
4 sheep, and so f of 20 sheep must be 12 sheep. Thus, as an equi- 
valent for the original requirement, we may say that we are to 
" multiply" 12 sheep by |, or to find f of 12 sheep. Now we cannot 
well in idea propose to di^nde a group of 12 living sheep into eight 
equal parts, and then to take for result 6 times one of those parts, 
because the group of 12 sheep is not divisible into eight equal 
parts, each living sheep being regarded as an essential imit, so 
that we cannot properly treat of an eighth of 12 living sheep 
as being H sheep. Twelve pounds of butter might be divided into 
eight equal parts, each of wnich would be 1 ^ lb. of butter ; and if 
we take 6 times this we shall have 9 lbs. of butter. But now to revert 
to the finding of | of 12 sheep: — We can quite well take jS of 12 
sheep, or 6 times 1 2 sheep, which will be 72 sheep ; and then we can 
take \ of this, which will be 9 sheep. Thus it is not in all cases a 
matter of indilTerence as to mode of thought, whether in order to 
*' multiply " by a fraction we at first " divide by the denominator and 
afterwards " multiply " by the numerator, or first * ' multiply " by the 
numerator and afterwards *' divide" by the denominator. Both 
modes of procedure lead in the end to the same result, but it is the 
better way to think out the principles by courses leading to true 
results while not lending us to the results through the medium of 
nugatory expressions such as 1^ living sheep, or 2| living sheep, or 
generally of any fraction of an essential unit. Now the question 
before us in the present example (Exam. 2) admits of being solved 
very easily by a different course. The question was to multiply f 
of a score of sheep by |, or to find § of f of a score of sheep. We 
may notice that the multiplier | is a fraction not in its lowest terms, 
and that it is equal to J ; and so we may state the requirement as 
being to find | of f of 20 sheep. Now f of 20 sheep is 1 2 sheep, and 
3 of 12 sheep is 9 sheep, and so the required result is 9 sheep, the 
same as was found before. 

Again, we may proceed otherwise, thus : — 

We may cease to regard the 20 sheep as a primary group to be first 
plied or " multiplied " by |, and to have the resulting group of 12 sheep 
afterwards to be plied or ''multiplied'* by |, whereby the resnltant 
-"oup of 9 sheep is arrived at. But, instead of that, we may regard 

20 sheep as a primary group to be once for all plied by the fimc- 
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tional numeric | of f, which by Ettlb I. is J^, and is therefore 

^. Now to ply or " multiply " the score of sheep, or 20 sheep, by ^, 
we may see that ^th of 20 sheep is 1 sheep, and ^^tbs of 20 sheep 
must be 9 sheep, the fame result as has been before found otherwise. 
Again, the whole arithmetical process carried out in the solution 
of the question may be briefly put forward thus : — In order to find 
{ of f of 20 sheep, we may at first leave all notion of the sheep out 
of consideration, and proceed t» find | of f of 20 — ^that is, to ply 20 
by f , and then to ply the result by j ; or, what comes to the same, it 
is to find what is called the product of the three numerical factors 
20, and f, and f. This product, through various explanations 
already given, may be seen to be ^^^, or ^*^*° , and this is ob- 
viously equal to 3x3, or equal to 9, because tlie entire expression 
may be regarded as ^th of 20 times (3 x 3), which is simply 3x3, 
or is 9. 

Exam. 3. Let it be required to " divide " or to disply J by f . 
Here, referring to the first definition of divinon of osie immeric by 
another (XHige 155), we have to notice that the dividend or primftry 
numeric is |, and that the divisor numeric is |, and that we are to 
find a resultant numeric which is to be such that f of it shall be 
equal to the primary numeric. Putting this briefly in the form of 
an e(|uation, with the letter x taken to denote the resultant numeric 
required, we have 

^ar ^I (1) 

6 8 ^ ' 

Multiplying both sides of this equation by 5, we get a new 
equation — 

^"^-Y- (2) 

Dividing both sides of this equation by 3, we get 

-B («) 

'=1 (*) 

Thus we have found || as the requisite or resultant numeric for 
the demanded division or displication, because we see that this 
numeric || is the numeric which if plied by f will give our primary 

numeric | ; and so if the | is displied by the same operator f the 
reverse process is performed, and f| is obtained as the result of the 
demanded displication. Now, looking back to equation (3), we see 
that this result has been found by inverting the divisor }, so as to 
take instead of it |, and then ** multiplying" or plying the primary 
numeric by the inverse of the divisor. By consideration of this, and 
of any other like operations, we are led to the following rule : — 

Hulk II. To divide one simple fraction, called the dividend, 
by another called the divisor, " multiply " the dividend by the iur 
verse of the divisor. Or, as the same may be stated in other 



164 FRACTIONAL MULTIPLICATION AND DIVISIOIf. 

words:— To disply one simple fraction, called the primary, by 
another, called the displier, ply the primary by the inverse of the 
displier. 

ReTnark. — ^It will be afterwards seen that to divide or displyany 
one numeric, called the primary, by any other numeric (whether 
these be simple fractions or not), we have to ply the primary by the 
inverse of the divisor, or displier. The rule is here only put for- 
ward for the case of simple fractions, because it is only for that 
case that a sufficient illustration has been here given. 

A proposition of great importance will now be stated, and its 
truth established or illustrated by sufficient exemplification. 

Pjboposition a. Any numeric expressed as a fraction composed 
of an upper and a lower term, whether these terms be themselves 
integral or fractional, may without change of value have its upper 
and lower terms both multiplied by any one same proper number, or 
both divided by any one same proper number. 

The truth of this proposition in part of its entire scope, includ- 
ing only some of its simpler cases, has already been enimciated and 
established in Propositions 1 and 2, pages 49 and 60, but it was not 
there established in its full generality. It was not established there 
for cases in which the given fraction is a complex one in expression, 
nor for the case in which, through dividing the terms of the original 
fraction by a number, a complex fraction comes to be produced. 
The truth of the proposition is now to be proved, or to be sufficiently 
illustrated in its full generality. 

To establish the Proposition : — Let the fraction be denoted by 

-, where a and h may represent any numerics whole or fractionaL 
b 

Now, referring to the definition of meaning of a fraction in general, 
given on page 160 (where it is statni to the effect that the entire 
fractional expression is by definition made to signify, in value, the 
resultant of the operation of displying or dividing the upper term 
by the lower), and using along with that any one of the three defi- 
nitions given on pages 155, 156, and 159 of division of one numeric 
by another, but preferably the third of them, we may see that if we 
put X to denote the value of the fraction, irrespective of any par- 
ticular numerical arrangement for expressing it, the value x must 
be the numeric, which is such that 

xy.b=a (1) 

Now, if the terms of the original fraction be both multiplied by 6, 
the fraction is changed to ^, and if d/ be put to denote the value of 

this, we have likewise under the same definition 

d< X 55 = 50, 
from which it follows obviously that 

afxh = a (2) 

Comparing this with equation (1), we see that £ must be equal to 
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X, So we see that the original fraction — may, without change of 

b 

value, hare its upper and lower terms both multiplied by the 

number 5, the fraction being thus changed in expression to - with- 

00 

out change of value. A like proof could obviously be given for any 
other whole number whatever taken as multiplier for both terms of 
the fraction ; and so the part of the Proposition relative to multi- 
plying both terms by any one integral numeric whatever is now 
proved. 

Next reserving for use formula (1) as already brought out, we 
may proceed to notice that if the terms of the original fraction be 

a 

both divided by 3 the fraction is changed to -|-; and if now «^ be 

s 
put for the value of this, we have by the same definition as before 

'^'<|=f w 

fh)m which it follows obviously that 

Comparing this with equation (1), we see that a/' must be equal to 
X, So we see that the original fraction - may, without change of 

value, have its upper and lower terms both divided by the number 

3, the fraction being thus changed in expression to -v- without 

i 

change of value. A like proof could obviously be given for any 
other whole number whatever taken as divisor for both terms of the 
fraction, and so the part of the Pfoposition relative to dividing 
both terms by any one same number whatever is proved. But the 
other part of the Proposition was proved before, so now the whole 
Ihroposition is proved. 

The foregoing Proposition leads very directly to an easy process 
for simplifying complex fractions. Thus : — 

Exam. 4. Let it be required to find a simple expression for 
the complex fraction •!, which may be read as uven-eightha dt* 

vided hy three-Jiftha, it may be noticed that this requirement to 
simplify the given complex fraction is really essentially the same as 
tlie requirement in the preceding example (Exam. 3), to "divide** or 
to disply I by f ; but now using our Proposition A, we may proceed 
under a ai£ferent mode of thought. Commencing with the given 
fraction, we may multiply its upper and lower terms by 8, which is 
chosen as being the lower term of the subordinate fraction consti- 
tuting one of the terms of the entire fraction. The upper term | on 
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being multiplied by 8 becomes 7, and the lower term f on being 

8x3 
multiplied by 8 becomes — -— ; and so the entire fraction, through 

5 

having its upper and lower terms both multiplied by the number 8, 
becomes without change of value .^ « Next let us multiply the 

b 

upper and lower terms of this modified expression by 5, which is 
chosen as being the lower term of the one term yet remaining frac- 
tional in the entire fraction. The upper term 7, on being multi- 
plied by 6, becomes 5x7; and the lower term ^, on being 
multiplied by 5, becomes 8x3; and so the entire fraction, without 
change of value, becomes ^ ; and this is obviously ^. 

From this we may obviously draw the following rule, which 
may be seen to be really only a repetition of Rule II. in slightly 
altered words, and arrived at by a different mode of thought : — 

RuLB III; To simplify a complex fraction having a simple frac- 
tion for its upper term and a simple fraction for its lower term ; 
invert the lower term and multiply the upper by it. The product 
will be a simple fraction equal to the original fraction. This, if 
not in its lowest terms, may usually be required to be reduced to 
its lowest terms, so as to constitute the demanded result. 

Another important proposition, one which is more extensive in 
scope than either of the two parts of Prop. A, may be brought out 
by a combination of those two parts, through consideration of the 
performance, first of the operation referred to in one of the two 
parts on a given fraction, and then of the operation referred to in 
the other on the result of the first; and by observing that &b 
neither of these two operations alters the value of the fraction on 
which it is performed, the two in succession will not change the 
value of the original fraction. So it may readily be seen that— 

Fboposition B. Any numeric expressed as a fraction composed 
of an upper and a lower term, whether these terms be themselves 
integral or fractional, may without change of value have its upper 
and lower terms both " multiplied " (plied) by any simple fraction 
whatever. 

Or further, since by various processes, such as are in course of 
being explained, any given numeric whatever may be reduced in' 
form to a simple fraction, it will follow that the statement in the 
Proposition need not be restricted to the " multiplication " of the 
upper and lower terms by a simple fraction, but that the Proposi- 
tion may be stated in the following modified form : — 

PfiOPOSTTioN C. Any numeric expressed as a fraction composed 
of an upper and a lower term, whether these terms be themselves 
integral or fractional, may without change of value have its upper 
and lower terms both ** multiplied ^' (plied) by any numeric what- 
ever. 

For illustration of what is stated in Prop. B we may take tha 
following example : — 
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Exam. 5. Let it be required to simplify the complex fraction 
5 

Here the lower term is T+f, and we may notice that if we 
" multiply " this by | we shall undo or reverse the division by |, 
and we shall leave 7 lor the lower term for the entire fraction ; and 
if we multiply also the upper term 5 by the same fractional 
numeric | we shall get, instead of the entire original numeric, with- 
out change of value, 1^ ^ X, or Jth of -^, or Jf . 

Bernard. — The generalised expression in Prop. C of what was 
stated in a less general way in Prop. B comes more into service for 
facilitating operations in arithmetic under algebraic expression 
than in ordinary arithmetic with direct expression in numerical 
figures. The generalized statement is offered here chiefly for the 
purpose of preventing the reception of any impression from Prop. A 
and Prop. B to the effect that the numeric which may be used as 
multiplier for the upper and lower terms should necessarily 
be an integer or a simple fraction. It is to be observed also that 
the proposition is more readily brought out and illustrated foi 
the cases put forward in Prop. A and Prop. B — that is, for the casefc 
when the multiplier for the upper and lower terms is an integer or 
a simple fraction — than for cases in general as comprised in Prop. 
Cj when the multiplier is allowed to be any given numeric, whole or 
fractional, and anyhow expressed. 

Inverses or Reciprocals of Numerics. — It njay be recollected that, 
accordingto the explanations given in Exam. 3, page 163, togetherwith 
the statements in Kule II. on the same page, a fraction is said to be 
inverted when its upper and lower terms are interchanged to derive 
a new one from it ; and that the new one may be called the inverse 
of the old. It follows obviously that either of them is the inverse 
of the other. Either of them is also very commonly called the re- 
ciprocal of the other : or the two regarded in their mutual relation 
as a pair are called reciprocals. 

The subject of inverses or reciprocals may also well be entered 
on in a slightly different way, by starting at fist with the following 
definition, with which all that has been already stated on the subject 
will be found to be in perfect accordance : — 

Detinitjon. (1.) The inverse or reciprocal of any numeric is 
the numeric which is such that " multiplication " by it, performed on 
the result of a " multiplication " by the original numeric, will undo 
or reverse that " multiplication." Or, in other words, which will be 
found to be equivalent, we may say that — (2.) The inverse or recip- 
rocal of any numeric is the numeric which is such that if the ori- 
"ginal and it be *' multiplied" together as factors, the product will be 
Unity. 

A few examples will make this easily intelligible. 

Exam. 6. If we have first under consideration | of the rent of a 
form, we are commencing with the result of a ** multiplication " of 
the rent by f . Now, obviously we shall undo or reverse that original 
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** multiplication " if we " multiply " this result by | ; as, by so doing, 
we get I of (f of the rent), which is obviously equal to the rent ; and 
incoming back again to the rent, from which the original process 
bad commenced, we are in e£fect undoing or reversing that process ; 
and so, in accordance with the first expression of the definition, | is 
the inverse or reciprocal of |. 

Next, referring to the second expression of the definition, we 
may notice that, without any reference to the rent in particular, it is 
fine in general that | of | of anything duly divisible is equal to the 
thing itself, or that I of |, or | x |, is equal to 1 ; and so, under the 
second expression of the definition also, each of the numerics | and 
I is the inverse or reciprocal of the other. 

Exam. 7. Since 6 times | of the rent would be the rent, we see 
that the two numerics 6 and | are reciprocals each of the other ; or, 
in other words, we may say mat each of them is the reciprocal or 
the inverse of the other. 

Exam. 8. It may readily be seen likewise that the reciprocal or 
inverse of ^ is -|. An easy way to illustrate this is by means of 

the second expression of the definition. Thus if we multiply these 

3^ y gl 

two numerics together, we get -| 5, and this product, having its 

upper and lower terms equal, must be itself unity, and so the two 
numerics are each of them the reciprocal or inverse of the other. 

Some further examples will next be given, in which various prin- 
ciples and methods will be illustrated, and in which operations in 
" division" by numerics will come specially to be performed and ex- 
plained. 

Exam. 9, part 1. If 5 tbs. of copper be melted with 3 lbs. of tin, 
how much copper will there be per one pound of tin ? 

Obviously there will be | of 5 lbs. of copper to } of 3 pounds 
of tin ; or, what is the same, there will be | of a pound of copper 
to 1 pound of tin. 

. This very easy case will help in preparing for others not so 
simple. We may notice that we have to commence with a given 
rcUe of copper to tin, 

5 tbs. copper per 3 lbs. tin ; 

und the requirement is, to find to equivalent rate in terms of 
a requisite quantity of copper per 1 lb. of tin. 

So we may see that if we divide both terms of the given rate by 
the fkumher of pounds in its term which is to be changed to 1 pound, 
we shall get for the required equivalent rate 

J of 5 lbs. copper per } 6f 3 lbs. tin ; 

or, I lb. copper per 1 lb. tin. 

Or, briefly, to get the requisite quantity of copper which will form 
one term for an equivalent rate with 1 lb. of tin for the other terra, 
we have to divide the quantity of copper stated as one term of the 
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given rate by the nuTnber which in the given rate expresses in 
pounds the quantity of tin which is the other term of that rate. 

Exam. 9, part 2. Next, if 5 lbs. of copper be melted with | ]t>. 
of tin, how much copper would there be per pound of tin at the 
same rate ? 

Here, as 1 pound of tin is | of (| of a pound of tin), the copper 
that would go to a pound of tin would be | of the copper that goes 
to j of a pound of tin ; or the copper pejr puund of tin must be | of 
5 lbs. But, in taking } of 5 !bs., or, as it is called, in " multiplying " 
5 lbs. by J-, we are doing what is called dividing 5 lbs. by | — that is, 
by the originally stated numeric, of which this \ is the inverse. So 
we see that whether the numeric expressing in the pound unit the 
quantity of tin be a proper numbeir, or a fraction less than unity, 
in either case to find the quantity of copper going at the same rate 
to the pound of tin, we bare to •* divide " the stated quantity of 
copper by the nuiMric expressing in the pound unit the stated 
quantity of tin. 

Exam. 9, part 3. Further, if b lbs. of copper be melted with 

4 j- lbs. of tin, how much copper-will there be per one poimd of tin ? 

Here 4| lbs. of tin may be expressed as -^ lb. of tin ; and as 
1 lb. of tin is y\ of (-^ lb. of tin), the copper going to 1 lb. of tin must 
be ^ of the copper going to -*J lb. of tin ; or the copper going to 
one pound of tin must be -^ of 5 lbs. of copper. But, in taking ^ of 

5 lbs. of copper, or, as it is called, in " multiplying " 5 lbs. of copper 
by ^, we are doing what is called " dividing " the 6 Ibs^ by -¥-. or by 
4|. So we see that, in this case also, to find the quantity of copper 
that goes to a pound of tin we have to " divide " the stated quantity 
of copper by the nurneric expressiog in the pound unit the stated 
quantity of tin. 

In each of the three cases already considered we have for sim- 
plicity taken the stated quantity of copper as 5 lbs. ; but, whether 
the quantity of copper had been 5 lbs., or 2J lbs., or f Ib.^ or any 
other numeric of the pound unit, the same mode of consideration 
would show that the same instruction for performance of the work 
would still hold good ; and, in all such casesj to find the quantity of 
copper per pound of tin the rule may be given that we are to 
*' divide" the stated quantity of copper by the numeric expressing in 
the pound unit the stated quantity of tin. 

Exam. 10. If 2«. 6(f. be the cost of 6^ lbs. of sugar, what 
would be the cost of 1 lb. at the same rate ? 

Here 6| lbs. sugar may be expressed as -^ lbs. sugar ; and, as 
1 lb. sugar is ^ of (4p- lbs. sugar), the cost of 1 lb. must be ^ of the 
cost of ^- lbs. ; or the cost of 1 lb. must be ^ of 2*. 6e?. But, in 
taking ^ of 2«. 6^^., or in doing what is called " multiplying" Is. 6rf. 
by ^, we are doing what is called " dividing ^ 2«. ^. by-^, or by 6J. 

From this, and other examples like this, we may see that in 
general — 

KuLR IV. If the cost is given for a stated quantity of anything, 
then, to find, at the same rate, the cost per any unit quantity of 

I 
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that thing, we have to " divide " the cost for the stated quantity by 
the numeric expressing that stated quantity in the same unit. 

The considerations which have just been adduced, in Examples 
9 and 10, bring prominently into notice an important proposition, 
which may be stated as follows : — 

Proposition D. If the two terms of a rate be both "multi- 
plied," or both " divided " (or, in other words, both plied, or both 
displied), by any one same numeric, whether integral or fiactional, 
an equivalent rate will reeult. 

The truth of this follows very directly from the explanations, 
given on pages 106 and 107> of the meaning of the word rate, and 
of sameness or equivalence of rate under different expressions, to- 
gether with the explanations, given in the present chapter, of 
" multiplication ** and " division " by fractional numerics ; and its 
truth may re&dily be perceived by the learner through consideration 
of illustrations such as are offered in Examples 9 and 10. 

By employment directly of this proposition taken as true, we 
are led into a somewhat varied mode of thought and expression for 
bringing out a solution of the question in Exam. 10, but the arith- 
metical work, on comparison with that already brought out, will be 
found to be virtually the same, and this agreement helps to illustrate 
the proposition. The varied method so arrived at is of a kind which 
it is good to have in readiness for frequent practical use in other 
cases. Thus : — 

Exam. 10. Varied Method.— li 2«. M, be the cost of 6| lbs. of 
sugar, what would be the cost of 1 lb. of sugar at the same rate ? 

Here, dividing both terms of the stated rate by the numeric 6^, 
we get by Prop. I) as an equivalent rate — 

28. ed. + 6^ per (e^lbs. sugar) -r 6^; 

or, 28. 6d. -7- ^ per I lb. sugar. 

So it arises that we are to ''divide** 28. 6d. by the nomeric 6^, or to 
*• multiply " 28. 6d. by the inverse of 6 J. Now 6 J may be expressed 
as -^, and the inverse of this is ^ ; so we have to ** multiply " 2s. 6d, 
by ^, and so we find the required equivalent rate to be — 

^ of 30 pehce per 1 pound sugar ; 

or, f§<2. per 1 pound sugar ; 

or we find that the cost of 1 lb. of sugar at the stated rate is 4^^. 

Remark. — The learner should observe that when once the prin- 
ciples are well understood the work in this, or in other like ques- 
tions, may be very briefly performed. The work in the two solutions 
given of Example 10, and in the three parts of the previous example, 
is set out at length, with explanations, in order to exemplify and 
illustrate various important arithmetical principles, and especially to 
show some practical ways in which the requisition to "divide," or 
disply, by a fractional numeric may arise. In practice the work, 
widiout the explanations, comes to be very short. 
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EXBSCISBS. 

Preparatory Explanations for Grroup L of the Exercises, 

The first group of the exercises on the subjects of the present 
chapter will be Confined to fractional multiplication ; and, for aiding 
in liieir performance, a few preparatory special explanations and 
recommendations will noit be given. 

Bole I., as established on page 161, should be borne in mind and 
be well understood. That rule was — 

Rule I. repeated. To mnltiply one simple fraction 
by another, we may mnltiply the two numerators toge- 
ther to get the numerator for the required result, and 
multiply the two denominators together to get the de- 
nominator for that result. 

It is further to be noticed that when a multiplier or 
multiplicand is given in the form of a mixed number, it 
may be reduced to an improper fraction as a preparation 
for the employment of Rule I. 

Also the work may sometimes more readily be per- 
formed by employment of one or both of the following 
rules A and B ; — 

Rule A. When the multiplicand is a mixed number, 
its whole number and its fraction may be separately 
multiplied by the multiplier, and the results may be 
added together to get the required result. 

Example. — Thus let it be required to multiply 4| by }. 

Here ** multiplying " the whole number 4 by J, we get, as a first 
partial result, 2 ; and " multiplying " | by I, we get as a second par- 
tial result |. Then adding these partial results together, we get as 
the final result 2f . 

Rule B. When the multiplier is a mixed number its 
whole number and its fraction may be used separately 
as multipliers for the multiplicand, and the two separate 
results may then be added together to get the required 
result. 

Example. — Kequired to multiply 6 by 2|. 

Here the multiplicand is 6, and the multiplier consists of the 
whole number 2 and the fraction J. Then first multiplying 6 by 
the whole number 2, we get as a first partial result 12 ; and next 
multiplying 6 by the fraction |, we get as a second partial result 2. 
Then adding these partial results together, we get 14 as the final 
result. 

I 2 
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Example under Bides A and B jointly, — Required to multiply 
6J by 2i. 

Here, according to Rale B^ we may first multiply 6} by 2, and 
then multiply 6| l^ |, and then add togeriier the two partial results 
BO obtained, bo, multiplying 6| by 2 under Rule A, we get ob- 
viously 12 -fl, or 13, for a first partial result; and multiplying 
^ by |, we get, also under Rule J, 2 + ^, or 2j, for a second partial 
resnlt. Then adding together these two partial results 13 and 2|, 
we get for the final result Idg. 

Otherwise. — The same requirement may be executed under Rule I., 
without the use of Rules A and B, thus : — Requited to multiply 6| 
by 2|. We may commence by reducing the two giren factoid ~ that 
is, the multiplicand and multiplier — to improper fractions ; and so 
they will become obviously -^ and |. Then by Rule I. we find for 

product ^^ , and this is obviously equal to -^, which is equal to 

15}, which is the required result, and is the same as was before 
found. 

Also, it may be noticed that, according to the Pro- 
position in multiplication established on pages 157 and 
1 58, when, of two numerics, one is to be multiplied by 
the other, it is a matter of indifference, as to resnlt, 
which of the two be treated as tbfe multiplicand and 
which as the multiplier ; but sometimes otie way may 
afford an easier process than the other ; and the easier 
way may be selected, if noticed. 

Further, it is to be noticed that if three or more 
numerics are to be multiplied together, it is a matter of 
indifference as to result in what order the multiplica- 
tions be performed. 

The truth of this proposition may be illustrated or proved in 
various ways. It may, for instance, easily be feeen to follow very 
directly from Rule I. Thus if it be required to multiply | by f, 
and then to multiply the result by f, we see that by Rule I. when 

we multiply I by ^ "we get -JJ* as product ; and again, by the same 
rule, when we multiply this product by | we get as an expression 
for the final result \^f^' Now, noticing that the numerator here 
is the product of the three given numerators, and that the denomi* 
nator is the product of the three given denominators, wo may see 
at a glance that the same result would have been got if we had pro- 
ceeded to multiply the three given numerics together in any other 
order. Thus, for instance, if wo commence by multiplying | by J, 

we get as product J^, and if we next multiply this by the other 

given faotor, y, we get J^f^, which is the same result as was be- 
fore found. 

Also it is to be noticed that : — To multiply any 
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qaantitj (whicli may, for instance, be a length, an area, 
a sum of money, a weight of any commodity, or a period 
of time, or may in general be a quantity of anything 
variable in magnitude), by any numeric, is to find that 
numeric of the stated quantity. 

Thus, to multiply 28. 6rf., which is a sum of money, by J, is to 
find Jth of 28, 6d.t and the rec^uired result obviously is 6d. 

Group L of Exercises, 

Perform the operations indicated in the following 
expressions.* 



1 ^x4-i 

I. TS^TT 

q 11 V 29 

4. AX^ 
6- ft XH 

8. 19ixl|f 

9. 34§|x4f| 
10. 21|x21|x21j 

11 99 V 47 

12. ttXIA^I 

13. 13r»^xl|i 



■f 



14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

26 



2Ax| 



1« 5 X 



TTT 



76 

1 9 
4-^ — 



■TT 



XlM 



TTS 



2Axl I 



A of 



^y 



7% 



3 



of9f 
of 



4 



lof^ 



of 
^of 







of* 






+ ■ 



X j^ 



TT ^ 2^1 X ^5 



27. Multiply 45. 6(i. by |. 

28. Find the amount of railway fares for a journey for three 
adults and one child, the ordinary fare being bs. ^, and the child's 
&re being charged at half the ordinary fare. This may be regarded 
as a case in which it is required to ^lultiply $«. 4(i. by 3^. 

20. Find 6f of 12*. 9</. 

30. Multiply 3 ft. 6 ins. by J. 

31. Multiply 2 hours 20 minutes by |. 

Preparatory Explanations for Exercises Chroup IL 

The second group of the exercises will relate chiefly to ditision 
by a fractional numeric. Explanations bearing on this subject have 
been given at length in pages 152 to IdO, and 163 and 164, and in 
some subsequent passages. These should be attended to and under- 



* Tlie answers to the exercises here, and in some other cases afterwards, will 
be given at the end of the volume. 
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stood as well as manageable at the outset ; and the rule which will 
now be given, and which follows yeiy readily from those explan^t* 
tions, will be useful. 

KuLE V. To divide anything called tlie dividend by 
any nnmenc called the divisor, mnltipl j the dividend by 
the inverse of the divisor. 

Exam. 1. Let it be required to divide 28. 6d. by |. 

Here applying the rule and observing that the inverse of } is 5, 
we multiply 28, 6d, by 5 ; and so we find 12«. 6d, for the requisite 
result. 

Exam. 2. Required to divide 8 lbs. by §. 

Here the inverse of the divisor is |, and so multiplying 8 lbs. by 
} we get for the required result 12 lbs. 

Exam. 3. To divide 15 !bs. by |. 

Here we have to multiply Id lbs. by |, which is the inverse or 
reciprocal of the divisor. Now § of 16 lbs. is 1^ of 15 lbs., or it is 
15 lbs. + 7^ lbs., and that is 22^ lbs., which is tne result required. 

Exam. 4. To divide | by f. 

Here we have to multiply | by the inverse of the divisor — that 

IS, by f . So the required result may be expressed as { x |, or ~^ 

which is equal to-^or 1|, either of which may be given as the 
answer in a convenient form. 

Exam. 5. To divide 2| by 2f . 

Here instead of 2^ we may take its equal -^, and instead of 2f 
we may take its equal -^. So we have to divide -^ by -^ ; or, what 
is the same, we have to multiply -^ by ^. Thus we get ^^ ; and 
this is equal to }of or 1^, which is the result required. 

Exam. 6. To divide 12| by 8. 

Here we have obviously to take } of 12]; and this statement 
is in agreement with the ri;le under which we are now working — 
Rule V. — because the inverse of 8 is J. Now, we may express 12| 

as -^, and taking | of this we get g^, or ||, or l|f, and either of 

these last two may be offered as the required result in a convenient 
form. 

Exam. 7. Required to divide i by ^. 

Here, following the directions in Rule V., we are to multiply | 
by -^ ; and so we get ^~ i or |§, or if, or 1^, and this last may be 
offered as the required result in a convenient form. 

Beniark, — If the given dividend and divisor be frac- 
tions having a common denominator, or if, after having 
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been given as numerics in any other form, they be re- 
duced to fractions having a common denominator, the 
common denominator may be rejected, and the numerator 
of the dividend may be divided by the numerator of the 
divisor to find the answer. 

Exam. 8. Thus if it bo required to divide f by f, we may reject 
the common denominator 7f and set down at once § or J as the 
answer. It may be noticed that the same result would be got by 

application of Hule V. Thus by it we would get $ x |, or '-^, and 

rejecting the factor T, which occurs both in numerator and denomi- 
nator, or, what is the same, dividing both numerator and denomina- 
tor by 7, we get } or }, the same result as before. 

Exam. 9. To divide ^ by lyj^. 

Here the divisor may be put into the form }Jg ; and so we have 
to divide -^ by j^. Now, rejecting the common denominator, we 
get for the requisite result ^^ 

Group IL i»f the Exeroisea, 

Ezer. 32. Divide 4} by 5|. 
S3. Divide I9/5 by 2^. 

34. Find a simplified expression for |S-r|S. 

35. Find a simplified expression for 8|-r8|. 

36. Divide £1 - 6 - 6 by J. 

37. Divide 22 fb. 8 ins. by 2-;. 

Carry out the processes indicated in the following 
expressions : — 



38. 1-5-H 


48. 


foff^fofi 


39. ^-i-ik 


49. 


M^if 


40. m^m 


60. 


i^i 


41. l,fe-!-lT^ 


51. 


3K2f 


42. l-i-ygr 


fiS. 


^^m 


43. 2^ . ttVt 


53. 


loffH-Joff 


44. 7J-5-8 


54. 


l-^-l-« 


45. 4^-f-15 


55. 


li-i-H+H-i-H 


46. f-r-A- 


56. 


865.^365^ 


*7. A-^* 


67. 


m^m 
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Preparaiory Explanafiona for Exereiaes Group III, 

This third group of exercises will be a miscellaneous set, relating 
to the subjects in general which have been brought forward in the 
present chapter on fractional multiplication and division, including 
treatment of complex fractions. The teaching already given 
throughout the chapter should be attended to as preparation for this 
set of exercises. 

Remark, — Much saving of arithmetical labour in the bringing 
out of required results may often b^ effected by making at an early 
stage a scrutiny of the mutual relations of the operations at first 
proposed, and abandoning any operations which may be found 
mutually counteractive, and simpUfyii)g others if ^y easy mpans of 
simplification be noticed. 

Exam. 1. Required to find the product of ||, ||, and ^. 

Here, when the propos^ operations are at first indicated by 
signs, but not fully carried into effect, we may notice that 19 stands 
as a factor in both numerator jg 27 7 19x27x7 
and denominator, and may ^ x -- x _ = _ 

either be struck out, or 1 may ^^ ^^ ^^ 45 ?< 29 x 19 
be put instead of it in the =: ^ ^^ ^ * 

writing down of an equal but 5 >< 4 x I 

simpler fractional expression. 3 ^^^^^^ 

The 19 in the numerator is a ^20* * 

multiplier, and the 19 in the denominator is a divisor, and the two 
operations by this number, 19, would be mutually counteractive, 
and so both may be abandoned. Again, we may notice that tha 
factors 27 and 45 in the numerator and denominator are each divi- 
sible by 9, and so, dividing them by 9, we find that we may put 
instead of them 3 and 5. And, further, we may notice that, as the 
7 and 28 in numerator and denominator are each divisible by 7* we 
may put instead of them 1 and 4. So the required product comes 
to be ^. If we had at first proceeded to multiply together the 
factors 19, 27, and 7 in the numerator, and to multiply together the 
factors 45, 28, and 19 in the denominator, we would have got a true 
expression for the required product; but it wonld have been in very 
large numbers, ^s»io^ ^°^ would have required much trouble for the 
reducing of it to its lowf st terms. It is much easier to find modes 
-of simplification before the Actors in numerator and denominator 
are multiplied together than after. 

Remark, — When mixed numbers are given or otherwise occur as 
factors, they are usually more easily managed by being reduced to 
fractional form. 

Exam. 2. To find the product of 2J, |J, IJ, and-i. 



2|x 


27 
20 


X 


H 


X 


1 

H 


^x 

2 


27 
20 


X 


10 
9 


X 


1 


6 X 


27 


X 


10 


X 


4 


2 X 


20 


X 


9 


X 


T3 


5 X 


3 


X 


1 


X 


4 


2 X 


2 


X 


1 


X 


13 


6 X 


3 










13 


» 










Id 

I3' 


or 


1. 

J 


l5' ' 


answ. 
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Here, reducicg mixed nambers to fractional form, for 2| we put |, 
•for IJ we put -^, and for 3J 

we put -^:^. Then as — ^ is the 

inverse of -^, or is ^3, we use 
this simple fraction instead of 
the complex one. Then, in- 
stead of 27 and 9 in numerator 
and denominator, we put 3 
and 1 ; and, instead 10 and 20, 
we put 1 and 2; and after- 
wards we drop or strike out 
the 4 in the numerator with 
2 X 2 in the denominator; and 
we find for the reqiiired pro- 
<iuct in simple form ^, or 1^. 

Group III, of Exercises, 

Exer. 58. A sum of money, amounting to £159 - 10 - 6, is to 
be divided among four persons so that the first three shall receive 
equal shares, and that the fourth person shall receive | of one of 
those equal shares. Find one of the three equal shares ; and also 
find the smaller share. 

The following suggestions may be helpful : — If one of the equal 
shares be called X, we may see that 3| of X will amount to the 
whole sum of £159 - 10-6* We may write this as an equation 
thus: — 

3|^ = £159 - 10 - 6. 

Then dividing both sides of this equation by 3|, we get — 

X = £159 - 10 . 6 + 3|. 

So in order to find one of the equal shares we have to divide 
£169-10-6 by 3| ; And, to do so, we may multiply that kum of 
money by the inverse of 3|. 

59. If the circumference of a carriage wheel be 13| feet, how 
often will it turn in going a mile, the mile being 5280 feet? 

The following suggestions may give aid : — If w be pot to denote 
the number of turns (or rather the numeric, integral or fractional, 
expressing the number of turns and fraction of a turn) we have — 

a:xl3j = 5280; 
and dividing both sides of this equation by 13j^, we get) — 

ar-5280-J-13J. 

60. A safety valve, arranged so that its area exposed to the 
action of the steam can be very exactly ascertained, is found to expose 
20§ square inches to the steam. It is loaded with 1350 lbs. What 
pressure per square inch will just suffice to balance this load and 
make the valve be on the point of rising ? 

The following suggestions may be useful : — If x be the number 
(or rather the numeric) expressing the pressure in pounds on one 

13 
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square inch, then there will he xx 29f lbs. total pressure of steam 
on the 29f square inches, -and this is to be equal to 1350 tbs. Or 
we may note that 

jrx29|«;^50; 

and therefore x^^UoO-i- 29|. 

61. A link in a chain of a suspension bridge has a cross-sectional 
urea of 9| square inches. It is subjected to a pull of 42^ tons. 
What is the pull in tons per sqi^are incl^, on the supposition that the 
tensile stress is uniformly distributed throughout the cross-section ? 

The following suggestions may afford aid. We may state that 

there is a rate of 42| tons per 9| square inches ; and then, dividing 

42i 
both terms of this rate by 9|, we get as an equivalent rate — | tons 

per 1 square inch- 

62. Find a sum of money such that ^ of it shall be £89 - 14-6. 

63. Find a sum of money such that 6| of it shall be £56 - 10-4. 

64. Find a sum of money such that 5 of it shall be £77 - 3 - 5. 

65. Disply £98-14-6 by ^. 

66. Ply £3 - 10 - 6 by J of 3 J, and disply the result by |. 

67. Find in a simple form the ratio of f to IJ. 

68. Find in a simple form the satio of | to If. 

69. Find in a, simple form the numeric that ^ is of 4^. 

3 ^ 

70. Simplify the com.plex fraction -^. 

71. The capacity of a cistern is 6^f gallons. A pipe supplies 
wat-er to it at the rate of. 2| gallons per minute. How long time 
will be required for the pipe to fill the cistern ? 

72. A pipe delivering water uniformly fiUs, in 15|§ minutes, a 
cistern whose capi^sity is known to be 26| gallons. What is the rate 
of How in gallons per n^inute ? 

73. Find in simple form the inverse of ^q. 

74. Find in simple form the reciprocal of 2|. 

75. Six persons, A, B, 0, &c., haye joined originally as partners 
all alike in the purchase of a ship, with the arrangement that the 
profits accruing from time to time are to be divided among them in 
equal shares. Afterwards B, wishing to retire from the business, 
sells his share in the ship to A ; and C, being in want of some ready 
money, sells f of his share to A ; so tliat A now owns 2| shares in 
the ship. In a division of the profits, the sum paid to A, as his 2| 
shares of the profit, was ££(85 - 8 - 6. What was the amount of 
one of the equal shares of the profit on that occasion ? 

76. Ply 25 by f , and ply the result by the inverse of 2i, and 
disply the new result by ^^1 

77. Multiply 34 by |, aiid multiply the result by the reciprocal 
of 1^, and divide the new result by y/gg. 

78. What is the fraction, or what is the numeric, that 35 is of 84 ? 

79. What is the numeric that 84£ is of 35| ? 
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80. Find what is -1 of a score of sheep. 

81. What is -^ of a score ? 

11 

Ol 

82. What is zJ of a score ? 

9 

83. What is-?! dozen? 

17 

84. Five dozen eggs are packed equally into three baskets. 
State by number or fraction of dozen (or, in better words, state by 
numeric of dozen) the eggs in each basket. Next let each basket 
go for 5 persons. How many e^gs will there be for each person ? 

85. Divide 2| by 4i. 

86. Multiply 2^ by 4|. 

87. Divide f by f . 

88. Divide | by f , 

89. Divide | by |. 

90. Supposing gun-metal to be composed of 90J parts of copper 
to 9| parts of tiu by weight, find how much tin (stated as a fraction 
of a pound) there is per pound of coppei;. 

91. Also find how much tin and how much popper there is per 
pound of the gun- metal. 

92. The metre is 3^ feet British appro^ ^press 1 foot as a 
£raction of a metre. 



DECnVfATi FKACTIONS. 

A Decimal fbaction, often for by^vity called a de- 
cimal, is a fraction whose denominator is 10, or some 
number produced by the continued multiplication of 10 
as factor, such as 100, 1000, &c.* 

* When a number is multiplied by itself, so that it enters jnst twice as a 
factor in making a product, the product Is called th6 second power of the num- 
ber. When a number is multiplied by itself, and the product again is multiplied 
by the number to make a final product, so that the ntimber enters just three 
times as a factor into the product, the product is called the third power of the 
number. In like manner the product made by taking one same number four 
times as a &ctor is called the fourth power of the number ; and so on. Thus 
10x10, or 100, is the second power of 10; 10x10x10, or 1000, is the third 
power of 10 ; lOx lOx lOx 10, or 10,000, is the fourth power of 10 ; and so on. 
Distead of the word number throughout the aboTe statement, the word numeric 
might properly have teen used. It is to be understood that in that statement 
the word ** number " has been employed in the wider but less proper sense in 
which it is customarily often employed, being taken to mean, not only any 
proper number, bat also any numeric, whole or fractional, greater or less than 
unity, CUT imity itself. Thus | x i, or }, ui the second power of | ; § x § x §t or 
JL JB the third power of | ; and so on. Further information on the subject of 

powers- will be given in the chapter on Powers and Boots, farther on in this 
treatise. 
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Thus ^, ^, xpriW* tJ5» **°d -^- are decimal fractions. The 
last iwo of these, it will be Doticed, are numerics of the kind com- 
monly called improper iractiuns, being each of them greater than 
unity. Tbey might otherwise be noted as 4y^ and 24^. In this 
wa^ there is exhibited in each of them an integral part; in the one 
it IS 4, and in the other it is 24, and in each there is exhibited a 
fractional part, t"^, which is less than unity. Often, in commonly 
used language, tne entire fractional expression, though it be greater 
than unity, is spoken of as a decimal fraction^ or a decimaZ ; and some- 
times the integral part is regarded and spoken of as a whole num- 
ber or integer, and only the fractional part less than unity is called 
the de.'imal fraction. Our ordinary language is rather imperfectly 
expressive in this matter, not only in reference to decimal fractions 
but also to fractions in general. Usually, however, the meaning of 
the writer or speaker may be gathered sufficiently from collateral 
statements. 

All the rules for the management of fractiops in general are, of 
course, applicable in regard to decimal fractions. 

A specially simple and easy mode of notation, however, is avail- 
able for decimal fractions, which renders their management usually 
much easier than it would be by employment of those methods 
alone which are applicable to fractions in general. This mode 
of notation, which may be called the decimal notation as applied 
not only to numbers proper but to fractions, may be explained 
thus: — If we write down a line of consecutive figures, 542 for 
instance, we have the figure 2 at the right hand meaning sim- 
ply 2 of whatever objects or units are reckoned, while the figure 4 
next on the left means 4 tens, or 40 of them ; and the figure 5 next 
farther towards the left means 5 groups of a hundred each, or 500 
of the objects or units. We may thus notice that in passing from 
figure- place to figure-place in the direction from lefi to right, a 
figure in any place expresses a tenth of what the same figure would 
do in the place before; and we have to observe that in the usual 
notation for expressing a "whole number" we recognize the units 
place merely by its being the extreme place at the right-hand side. 
But, further, in order to allow of an extension of the same decimal 
system of notation being made, so that the extended system may 
serve to express decimal fractions alike with decimally grouped 
numbers proper, it is only necessary to provide some other way of 
indicating the units place, which shall not make that place neces- 
sarily be the last or terminal place in proceeding from left to right ; 
and then to arrange that the row of figures may be extended as far 
as we please to the right of the units place, subject to the same con- 
vention as before,' that a figure in any place shall express a tenth of 
what it would express in the place next on the left of it. The 
units place might be marked in any convenient way. It might, for 
instance, be indicated by a crescent marked over it. Thus the ex- 
pression 64236 would mean 600 + 40 + 2 + ^ + yf^, or, 642^, or 
4f§gfi. For the purpose of suggesting readily the corresponding re- 
lations of figures equally distant to the left and to the right of the 
units figure, a mark placed over or under the units figure would be 
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very suitable. .It is, however, customary, and it suits well in re- 
spect to convenience and facility in writing and printing, to mark 
the units figure by placing a point y«5^ after it^ and this is called the 
decvmal point. This point should always be placed above the level 
of the middle of the figures, to distinguish it from another point 
placed lower down, which is often used as an abbreviation for x , the 
sign of multiplication. Most likely the use of the point in this way 
really had its origin in the notion, not of its being a mark specially 
attached to the units place for indicating that place, but of its being 
a separating mark, or boundary, between the " whole number" and 
the decimal fraction in a row of figures intended as partly integral 
and partly fractional. Indeed, the decimal point is often spoken of 
as the separating point, and this name suits very well, being sugges- 
tive of true notions, especially when the intention is to ref^r not to 
the units place, but to the separation between integral and fractional 
portions in a row of figures. It is to be particularly noticed, how- 
ever, that when we wish to recognize corresponding relationships to 
the selected unit in figures situated U^ left and to right of the units 
place, we have to regard the corresponding figure-places as being 
such as are equally distant, not from the decimal point, but from 
the units place. 

Thus, for example, if we write down in a row, as in the margin, 
the figure 8 several times in succession, and if we as^sign to any 
one of these figures the units place, by putting as 
a mark for temporary use a crescent over it, and if, 3 2 10 12 3 
as in the margin, we number alike the places 8 8 8 8 8 8 8 
equally distant to right and to left from the units 
place, we see that the two figures 8 on left and on right of the 
units place, and immediately next it, have the relation that the one 
on the left means 8 tens of the unit, while the one on the right 
means 8 tenths of the unit. Likewise we see that the 8 numbered 
2 on the left means 8 hundreds of the unit, while the 8 on the 
right numbered 2 means 8 hundredths of the unit, and so on. 
There is no like relationship or correspondence between figure- 
places equally distai^t to left; and to right from the decimal point. 

From the explanations which have now been given it will 
readily be seen that — 

A decimal numeric is multiplied by 10, if the units 
place, or, what brings the same result, if the decimal 
point be removed one place towards the right hand ; by 
100, if two places ; by 1000, if three places, &c. : and, 
conversely, a decimal iiumeric is divided by 10, if the 
point be removed one place towards the left hand ; by 
100, if two places ; by 1000, if three places, &c. ; vacant 
places, when there are such, being supplied in both 
cases by ciphers. 

Thus, -7248 x 10 = 7248, or 7^; 6*347 x 100 « 6347; 6*3 
X 1000 = 6300. Also, 78-33-»- 10 = 7-833; 736 -J- 100 -00736 ; 7*3 
-8-100=073, &c 
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It also becomes evident that 

The valne of a decimal nnmeric, when its nnits place 
is fixed by the insertion of a decimal point, is not 
changed by annexing one or more ciphers to the end of 
it, nor by taking one or more away ; as, in each case, 
the valne figures retain the same positions in relation to 
the units figure. 

Thus, *50 = *5 -> '500 = '5000 ; each being equivalent to one half. 

It also becomes evident that, for any given fraction, a decimal 
fraction may always be found either equal to it, or as nearly equal 
to it as we please. 

Verbal Expression of Decirruds, — Decimal fractions, whether frac- 
tional alone or partly integral and partly fractional, admit of being 
verbally expressed— that is, spoken or written in words— in several 
varied ways. The best way for use in all ordinary business state- 
ments and calculations, as also for all ordinary use in scientific 
work, as in mathematics and natural philosophy in general, and in 
special subjects, such as astronomy, chemistry, engineering, &c., 
and, indeed, the only way commonly used for reading decimal frac- 
tions from their written expression by a row of figures with decimal 
point, consists simply in naming the figures and the decimal point 
one by one in their order from left to right as they occur in the 
figured expression ; except that often the integral portion before 
the decimal point may with satisfaction be verbally expressed in 
the ordinary way for numbers proper as taught in the chapter on 
Numeration and Notation, near the beginning of this treatise. Thus 
the decimal numeric 152*3610954 would be ordinarily, and for most 
purposes would be best, read as follows : — Of^e hundred and fifty- 
two^ point J three six one, nought nine five, four. In this the pauses, 
indicated by commas, are unimportant except as slightly &cilitating 
the reading and copying down of a long line of figures. 

There are other ways which are usually regarded as forming 
requisite parts of arithmetical teaching, and which are of interest 
as to matters of principle or of system, but are really of little if any 
practical use unless when the number of figures after the decimal 
point does not exceed about two or three. One of these may be 
exemplified thus : — The numericl52'3610954 may be put into the 

form 152 ^yj^'^ , the figures after the decimal point being taken 
as numerator for the fraction, and the denominator being 1 with 
the same number of noughts annexed as the number of figures thus 
taken for the numerator. The numeric as a whole may then be 
read : One hundred and fifty-two ; and three miUions^ six hundred 
and ten thousand^ nine hundred and fifty-four ; ten-mUlionths. 

Another of these ways— the one which is probably the most 
commonly preferred from among the systematically good but practi- 
cally not useful methods at present referred to, is arrived at by 
carrying out to the right of Uie decimal point the same kind of 
separation of the figures by one or more groups of three, commenc- 
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ing from the decimal point, as is customarily done for integers hav- 
ing more than three figures, commencement being made from the 
end of the units figure where the decimal point would be situated if 
wanted. This may be understood from the following example : — 
The numeric 

l,333,333'33a,333,3 

may be read as — One million, three hundred and thirty-three 
thousand, three hundred and thirty-three imits, three hundred and 
thirty-three thousandths, three hundred and thirty-three millionths, 
and three ten-millionths. 

As instances of a way occasionally very good for reading a deci- 
mal numeric having very few figures after the decimal point, the 
following may suffice: — 25*31 may very well be read, twenty-five^ 
and thirty-one hundredths ; or twenty-five^ and three tenths^ and one 
hundredth'. — also 46*3 may be read forty-five^ and three tenths. In- 
stances will next be given of a mode of reading which is rather 
often fallen into thoughtlessly, but which should be avoided as quite 
incorrect. To read 4-63 ba four point sixty three ; and to rea<l 6*427 
Asfive point four hundred and twenty seven, would be quite incorrect 
and should be guarded against. 

Exercises in Notation and Verbal Expression of Decimals. 

Write the following fractions according to the notation of 
decimal fractions : — 

1. Three hundred and six ten-thousandths. 2. Three hundred- 
thousandths. 3. One ten-millionth. 4. One ten-thousandth. 5. One 
tenth. 6. Fifty-seven hupdred-thousandths. 7. Two hundred ten- 
millionths. 8. Five hundred and ninehu^d^ths. 

Express the following decimals in words i — 



1. 


•68 


3. 


•007 


5. 


31-73 


7. 


•00004 


9. 


•034567 


2. 


•106 


4. 


•0007 


6. 


3173 


8. 


•00041 


10. 


•0000001 



REDUCTION OF DECIMAL FRACTIONS. 

Rule I. To reduce a common fraction^ greater or less 
than tmity, to a decimal. Set down, as if for a dividend 
for an ordinary process in simple division, the given 
numerator with a row of ciphers, unlimited in number, 
either annexed or imagined as being annexed. If any 
such ciphers be actually annexed, the situation where 
the number proper constituting the given numerator 
ends ought to be noticed, so as not to be forgotten, or 
may well be marked by insertion of a decimal point just 
after the units place of the number proper. Such pre- 
caution is more especially wanted in case of the given 
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nnmerator ending already with a cipher in its nnits 
place. Set down the given denominator as divisor, and 
proceed to divide exactly as in simple division, except 
that a decimal point is to be inserted jast before the 
figure, whether a valne figure or a cipher, which is the 
first for the finding of which any of the annexed ciphers 
is used. Continue the division process till there be no 
remainder, or till a sufficient number of figures are ob- 
tained in the resultant to afford sufficient exactitude. 

Exam. 1. To reduce -^ to a decimal. 

Here, by the rule, we are to proceed as we would do in simple 
divisioaif we had as dividend any number consisting of 19 followed 
hy a row of noughts, and as divisor the number 8 ; and we have to 
characterize our resulting figures, or, in other words, we hare to 
assign to them their local values, by inserting a decimal point just 
before the first figure for the obtaining of which an annexed nought 
is used. In the work as shown in the margin 
several ciphers are actually noted, not merely 8)19*00000 

imagined, after the 19. and the termination of ~2*375 

the number proper 19, given as the numerHtor, 
is marked by insertion of a decimal point between that number and 
the annexed noughts. Then, in carrying out the division, we find 
that 8 is contained in 19 twice with a remainder 3 ; so we set 
down 2 for the first figure of the result. Now, to carry on the 
division farther, we have to use, with the remainder 3, the first of 
the annexed noughts, and so we insert the required decimal point 
just before the place where the next figure of the result is to be put; 
and then dividing 30 by 8, we get 3 for that next figure, and we set 
it down just after the decimal point ; and we have & as remainder. 
With this remainder, 6, we mentally use another of the noughts, 
getting 60, which we divide by 8, so getting 7 with a remainder 4. 
We set down this 7 for the next figure of the result ; and with the 
new remainder, 4, we use another of the noughts, getting 40, which 
we divide by 8, getting 5 for' the next requisite figure ; and there is 
DO remainder ; and so the work is finished ; and the required result 
complete is 2*375. 

Reason of the Process. — The process in the foregoing example has 
been ctirried out only by the rule stated, but not proved at the com* 
mencement of this chapter ; and no reason has as yet been given for 
the process. The reason of the process may now, however, be easily 
and fully explained as follows : — 

If to the numerator and denominator of the given fraction -^- 
we annex three noughts, which is the number of annexed noughts 
that were actually used in the work, we get yjjjy , which must 
be equal to the original fraction, because the annexing of the 
three noughts to the upper and lower terms of the fraction is 
the same as multiplying each of them by 1000, and to mul- 
tiply both by any one same number we know already (Prop. 1, 
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pages 49 and 50) does not alter the value of the fraction. Next, if 
we dirido both terms of the fraction thus obtained by 8, we do not 
change the value (Prop. 2, page 50, or Prop. A, page 164), and so 

we get the same value expressed as *^^^* But, by the work 

actually performed, we have found that 19000•^8 is 2375, and so 
our fraction may be stated as f^5§. But the division of 2376 by 
1000 here indicated will be carried out by shifting the units place 
three places to the left, and so making the place occupied by 2 
become the units place ; and this will be eifected by shifting three 
places to the left the units mark or decimal point, which, although 
not written for the integer 2375, may be regarded as having its 
place just after the units figure 5. The shifting of the decimal 
point three places to the left thus gives us the decimal numeric 
2*375 ; and this result is the same as was before brought out by the 
process under the rule, and it has now been brought out by a process 
fully explained and shown to be throughout in agreement with the 
one directed by the rule. 

A clear abstract of the steps in the fully explained process may 
be brought concisely undeir review in the following statement : — 

19 ^ J9000 ^ 19000 + 8 ^ 2375 ^ 2-375 
8 8000 1000 1000 " 

Exam. 2. To reduce f to a decimal. 

Here we proceed as if we had to divide by 7 any number consist- 
ing of 2 followed by a row of noughts; and we have to assign to the 
resulting figures their local values by inserting a 
decimal point just before the one of them which 7)2*00000 
is the first for the finding of which any of the '28571 

annexed noughts is used. Now we see that 7 is 
not contained in the number 2, which is the entire given numerator ; 
and so with the 2 we must use the first of the annexed noughts, 
getting 20, to be divided by 7 ; but at this stage, before setting down 
the quotient obtainable by this subordinate division, we may timely 
note the decimal point just in front of the place where we intend to 
insert, for a beginning of the result, the figure to be so obtained. 
Then dividing the 20 by 7, we get 2, which we set down as the first 
figure for the result just after the decimal point, and we have a re- 
mainder 6, We next use this remainder with another of the 
noughts, getting 60 ; and, dividing this by 7, we get 8 with a re- 
mainder 4. We set down the 8 for the next figure of the result, and 
carry on the division in like manner till we have got a sufficient 
number of figures for the result to give all the exactitude that is 
judged necessary. We thus get for a very approximately exact re- 
sult •:28571. 

Season of the Process. — The process in this example resembles 
so closely that used in the previous one that its explanation might 
easily enough be made out by the learner through a little reconsi- 
deration of the principles exhibited in the very full explanations 
already given in that previous example, and application of those 
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principles to the present case. The following concise statement, if 
considered in conjunction with those previous explanations, may be 
quite sufficient to make the reasons clear : — Commencing with the 
given fraction f, we have 

2 ^ 200000 _ 200000 -i- 7 ^ 28571f 
7 "^ 700000 100000 ** 100000 

But the fraction f in the numerator here is so very small compara- 
tively to the integral part of the numerator, 28571, that it may with 
only very slight inexactitude be neglected, and we may take, as a 
very approximately true value for the given fraction, the fraction 
iofotb * ^^ ^^ ^^ entire expression means the hundred thousandth 
part of 28571, we can see that its value may be noted *2857l ; be- 
cause the insertion of the decimal point at a situation five grades or 
places to the left of where it would stand for the number 28571, 
reduces the local value of each figure to j^q^q of what it is in 
that number. 

Exam. 3. To reduce ^ to a decimal. 

Here we are to proceed as we would do in simple division if we 
had for dividend any number expressed by 3, the given numerator, 
with a row of noughts following, and for 

division 512; and we have to assign to the 512)3'000( '005859375 
resulting figures their local values by insert- 2560 

ing a decimal point just before the one of 4400 

them which is the first for the finding of 4095 

which any of the annexed noughts following ««,q 

the given numerator, 3, is used. "We first 2660 

notice that 512 is not contained in 3 ; so, — ~ 

in the result, the units figure, if noted, must A«na 

be 0, or its place may be left blank. Then 3525. 

we insert a decimal point immediately after 1920 

the place regarded as the units place. Next, 1536 

by using, with the 3, one annexed nought, 3840 

we get 30, in which we see that 512 is 3584 

not contained, and therefore we place a "2560 

nought as the first figure of the requisite 2560 

after the decimal point. Then we use 

another nought, and so instead of 30 we 
have 300 ; and, finding that the divisor 512 

is not contained in this, we put another nought as the next figure 
of the requisite. Next again, we use another annexed nought, 
getting 3000; and, finding tbat the divisor 512 is contained in 
this 5 times, we set down 5 as the next figure of the requisite, and 
we have a remainder 440. After this the division proceeds in the 
usual way, a nought being annexed to each remainder : and the 
requisite decimal is found to be 005859375, or , - £>if?ffL> ' 

Bemark, — ^The fraction thus formed with 1,000,000,000, or the 
ninth power of 10 (see foot note, page 179), as denominator, would, 
by reduction to its lowest terms, be brought back to the originally 
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giyen expression ^; and so the truth of the process already 
worked out would be confirmed. 

Exam. 4. Beduce x^ to a decimal. 

In this example, each remainder after the first two is 8, and hence 
the same figure must be repeated perpetually. 

12 )600000 

'41666, &;c. 
Exam 5. Beduce ^ to a decimal. 

Here, after two figures have been obtainad 
in the requisite, the same series of remninders, 11 )60000 
and consequently the same series of figures in '5454, &c. 

the requisite, must recur ; and therefore, were 
the work pursued, the first two figures of the decimal would be re- 
peated without end. 

A decimal for expressing a value which cannot be 
exactly expressed by a finite number of the decimally 
arranged figures is called ap. intebminate decimal ; and 
a decimal which, by a finite set of figures, expresses 
exactly the value wanted is, in contrast, called terminate. 

When a decimal is expressed either by the continual 
repetition of the same ggure, or of the number ex- 
pressed by two or more figures, it is called a periodical 
or a ciBCULATiNQ DECIMAL; and the figure, or number, so 
repeated is called the period. 

Thus the deamals in the fourth and fifth examples are periodical, 
the period in the one consisting of one figore, and that in Uie oliier 
of two. When only one figure is repeated, the application of the 
terms period and periodical^ though convenient, and perhaps the best 
on the whole, may be considered as scarcely correct, as each of the 
terms suggests the idea of more figures than one. On this account, 
some writers term such decimals repeaters, or repeating decimals. 

A periodical decimal is said to be mixed, if it consist 
of one or more figures prefixed to a periodical part ; 
others are called pure. 

For brevity, in writing decimals of this kind, it is 
sufiicient to write the period but once, and to denote its 
continuation by putting a dot over the first figure of the 
period, and another over the last ; or one over the re- 
peating figure, if there be but one figure in the period. 

Thus. -7333, &c., may be written -73, and -5637637, &c., 5637. 

The following considerations will explain still further the nature 
of these fractions. By the preceding rule we find the following 
results: J=*llll, &c. ; ^=-010101, &c.; 5j5 = -001001, &c.; 
g^ » '00010001, &c. These decimals are all penodical ; and if any 
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of them be multiplied by a whole number, the result will also be 
periodical. Thus, if we multiply the third by 128, we find iff 
= •128128, &c.; if by 998, we get ||| = -998998, &c. Here we see 
that the value of the periodical decimal is the common fraction, 
whose denominator is the number expressed by as many 9*8 as 
there are figures in the. period, and whose numerator is the period 
itself ; and the same may be shown in every case. Hence we have 
the following rule : 

Rule II. To find the value of a pure ^periodical deci- 
mal : Take the period for numerator, and as many 9*s 
as there are figures in the period for denominator. 

Thus, -297 = 111 = if; -3 = 1=1; 999, &c. = |=l, &c. 

If the decimal be mixed, its value may be easily found on the 
same principle. Thns, if it were required to find the common 
fraction which would produce the decimal * 12436436, &c., by mul- 
tiplying by 100 we should find 12-436, or 12J||. Dividing this by 
100, we obtain, for the value of the proposed fraction, ^^ + g^gg^ , or^ 

by reduction toa common denominator, '^ + ^^'^^m. 

Remarkhere that 12x999=12 x (1000-1) = 12000- 12. Hence 
1 2 X (999 + 436) = 1 2436 - 12 ^ 1 2424. A generalisation of this is 
obvious, and leads to the following rule : — 

Rule III. To find the value of a mixed periodical 
decimal : From the number expressed by the finite part 
with the period annexed, subtract the finite part for the 
numerator ; and, for the denominator, to as many 9's as 
there are figures in the period annex as many ciphers 
as there are figures in the finite part. 

Thus, to find the value of 83, from 83 take 8, and there will re- 
main 75, and the required fraction Jg or |. In like manner, to fiud 

the value of -26361 we have for numerator 26301-26 = 26275, and 
for denominator 99900. Hence the required fraction is §||^, or 
IgfJ. The values of such fractions may also be found by the sum- 
mation of series, as will appear hereafter. 

It may be remarked here, that when a vulgar fraction is in its 
lowest terms, and its denominator contains no simple factors except 
2 or 5, the two prime &ctors of 10, the equivalent decimal is 
finite, but in every other case it is interminate. The cause of this 
is, that neither 10, 100, nor any similar number, nor a multiple of 
any of them, is divisible by any of the nine digits except 2 and 5. 

It may also be observed, that the number of circulating figures 
must always be less than the units in the denominator. This is 
obvious from the consideration, that the number of remainders 
different from each other, which can arise in any operation in divi- 
sion, must be less than the units in the divisor. Thus, in dividing 
by 7, it is evident, that the only possible remainders are 1, 2, 3, 4, 
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6y a!ld 6 ; and since, in reducing to decimals, a cipher is annexed to 
each remainder, there cannot be more than six dividends, and con- 
sequendj six figures in the quotient all different. 

HiSCELLANBOnS ExEBCISBS AND EXAMPLES. 

Exercises, Reduce the following fractional quantities to deci- 
mals: — 



Exercises, Answers, 

1. ^T '4375 

^ -09376 

0048828125 

-276 

076923 

-583 



2. 
3. 
4. 
5. 
6. 

7. 
8. 



1024 

11 

40 

JL 

13 ••' 

7 

T5 

^Irt -0104895 

logoT -60059994 



Exercises, 



Answers, 



9- 5» 



•04 



10. ?J -4683544303797 

H. sfe -6044 

12. 56*08 -000444 

-02439 

, 1 

16. ii -612346679 

-0227 



13. A 

14. I 



16. i 



Exercises. Answers, 

17. 10*. 9d to the decimal of £l -6375 

£1 04375 

. £1 -87916 

an acre -81876 

acwt. .N... -671428 

a mile ^ -116626 

a day -14583 



18. 0*. lOjrf. 

19. 17». 7d, — ^ — . 

20. 8 r. 1 1 p. 

21. 2qrs. 8 lbs. — 

22. 37 perches 

23. 3 hours. 30 minutes 

24. 15 minutes, 30 seconds — an hour <.... -2683 

25. 3 cwt. 1 qr. 7 its. a ton -165626 

2Q, %yL, ^ a shilling -5416 

Exer. 27. If the diameter of a circle be 1, the eitcumference is 
3} nearly, or 3^^ more nearly. Express each of these decimally.* 

Answ. 3-142867, and 31415929, &c, 

28 If the circumference of a circle be 1 , the diameter is ^ nearly, 

or^f more nearly. Express each of these decimally. Answ. -318 
and ^318309869, &c. 

29. Reduce a quarter of wheats containing 456 lbs., to the decimal 

of a hundred weight. ^7Mt&. 4*071 4286. 

30. The length of the tropical, or civil year, is 365 days, 5 hours, 
48 minutes, 49-7 seconds: reduce the 6 hours, 48 min^, 49*7 seconds, 
to the decimal of a day. Answ. -2422419, nearly. 



• Thedrcnmference, true to twenty decimal places, is 3'141d9266368979323846. 



60 
4*80 seconds. 
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Exam. 6. Bequired the value of *3945 of a day in hours, &c. 

Here the decimal is multiplied by 
24, the number of hours in a day, and '3946 day 

four figures being cut off towards the , ^^ 

right, it appears that '3945 day is equal 1 5780 

to ^^i^ or 9^«5 hours. The decimal 7890 

'468 is then multiplied by 60, and three 9 '4680 hours 

figures being then cut off, there results 60 

28*080 or 28*08 minutes. By continu- 28*080 minutes 

ing this process the value of the given 
decimal is found to be 9 h. 28 min. 4*8 
sec. 

Exam. 7. Required the value of £'5937* 

Here, by multiplying by 20, we find, £-6937 

that the given decimal is equivalent to 20 

llj8^% shillings. Then, by multiplying 11-8740 shillings 

by 12, we find '874*. to be equivalent 12 

to 10'488 pence. In like manner, 'iiScL 10^^488 pence 

is shown to be equivalent to 1^^ ^*r" 4 

thing, or a halfpenny, very nearly ; and, • neo f w-i,* 

consequently, the required value is 11«. 1*95^ lartnmgs. 

10i<i., nearly. Ansvo, lU, 10J4., nearly. 

The' following rule is easy and useful in practice : — To find the 
value of the decimal of a pound sterlina to the nearest farthing : (1.) 
Take a fifth of the number expressed by the first two figures of the 
decimal^ for the shillings of the result, (2.) JHminish the nuntber ex- 
pressed by the remainder with the third figure of the decimal annexed, 
oy a twenty-fifth of itself and what remains will he the farthings in 
the rest of the required value. Thus, in finding the value of £'5937, 
the fifth part of 59 is 1 1, the shillings of the answer ; the remainder 
is 4, which being prefixed to 4 (the third figure increased by 1, 
because the next figure, 7, is greater than 5), we have 44, the twenty- 
fifth part of which is more nearly 2 than 1 ; we therefore reject 2, 
and have remaining 42 farthings, or lO^d.; and hence, the answer 
is lis, lO^d., nearly, the same as before. With respect to the 
reason of this process, it is evident that the given decimal is more 
nearly equal toV5940 than '5930 : we use therefore the former, or 
its equal '594. \Now, this is equivalent to "55 + '044, the value of 
the former part o( w^ich would be found by the general rule for 
this problem, by multiplying by 20 and dividing by 100, which is 
the same as dividing by>^^nc(^ 20 is one fifth of 100. Then, for the 
value of £'044 or £^000- '^J^^'^i^'shing the denominator by one 
twenty-fifth part of itself, we have 960 ; and by diminishing the 
numerator by a similar part of itself, we have 42 nearly : hence 
£yj^ is nearly equal to £^, or 42 farthings, since £^ — 1 far- 
thing. Practice will soon enable the learner to estimate with 
sufficient correctness the effect of the fourth figure of the decimal, 
with respect to the quantity to be rejected. In this example, in- 
stead of using 44 farthings, we might use 43'7, and it would be 
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easy to see that the twenty-fifth of this would be about 1*7 ; by 
rejecting which we should have 42, as before. 

• 

Exam. 8. Required the value of '805 of a yard in long mea- 
sure. 

This, and similar exercises, may be wrought either by converting 
the proposed decimal into a common fraction, in the way shown in 
page 186, or more easily, by employing an 
approximative process, as in the margin. *8055 of a yard 
In doing so, we cany 1 to the product of 3 3 

and 6, because, had the decimal been con- "2^4166 feet 
tinned farther, 1 must have been carried ^2 

from the preceding product. For a simi- "t^t^ • 1 
lar reason, 7 is carried to the product of *'»»99 inches. 
12 and 6. The result is found to be 2 feet, Antw. 2 feet, 5 inches. 

4*9 inches, which is equivalent to 2 feet, 

5 inches (see page 188). An additional 5 was annexed to the 

given decimal, that the result might be more distinct and certain. 

Exercises. Required the values of the following decimals :— 

Exercises. Answers, 

31- -OCTSofacwt ,. 7if lbs. 

32. -4625 of a ton 9 cwt. 1 qr. 

33. je-0484 llj^- 

34. '8845 of an acre 3r. 21J|p. 

35. '00213 of a day 3 minutes, 4j|^ sec 

36. £'7 15*. 6|<i., nearly 

37. •286714ofacwt 1 qr. 4 lbs. 

38. '1136 of a mile 36 perches, 2 yards 

39. -615 of a shilling 7^, 

40. £AS^5 9s. Sd., nedxly 

41. -2383 of a degree 14' 18" 

42. jg-oe 1«. 4rf. 

43. -47916 lb. troy 6oz. 15dwts. 

44. £-428 8«. 6J<Z., nearly 

45. -4376 of a shilling ^d. 

46. '09375 of an acre 15 perches 

47. '4 foot, long measure 5| inches 

Exer. 48. The mean length of the moon's synodical revolution 
round the earth, that is, the time between one new or full moon 
and the foUowing, is 29*530588715 days: express this in days, 
hours, &c An»w. 29 d. 12 h. 44 m. 2*86 s. 
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ADDITION OF DECIMAL FRACTIONS. 

Rule. (1.) Arrange the giveii niimbers so tbat the 
separating points may all be in the same column. 
(2.) Find the sum as in simple addition. (3.) Point 
off as many places of decimals, as there are in the given 
number which contains most. 

If any of the numbers contain periodical decimals, 
let these be carried out to as many places as there are 
in the longest of the finite decimals ; or, if much accu- 
racy be required, let them be carried as far as may be 
judged necessary. 

In the practical application of decimals, it is known, from the 
nature of the particular case, to how many places the result should 
be true. When a result is thus required to be trite to an assigned 
number of places, it is proper to carry the decimals which consist of 
more places^ to at least one place beyond the assigned number, and to 
reject the last figure. In this case, it is proper to obsenre, that when 
a decimal is not carried out to its full length, the last figure of the 
part retained should be increased by I, if the succeeding figure be 5, or 
greater than 5. 

Exam. 1. Add together 81-4632, 975, and 47*388. 

Here, the numbers are arranged as in the 81*4632 

margin, and added as in common addition. The g.y^ 

reason of the arrangement and operation is mani- 47*388 
fest, those figures being added together which 

are of the same local value. 138-6012, sum. 

Exam. 2. Add together 3*73, -873, 61 '7. 108-2, and 73-463128 
80 that the result may have four places of decimals true. 

In this example, the first, third, and fifth numbers are carried 
to five places, each, and the last figure of the third is made 8, because 
the next figure would be 7. In lilce manner, the 
fifth figure of the lai»t line is made 3, because 3*73737 
the succeeding figure is 8. The reason of this ^ '873 
IS evident, since 30 is nearer 28 than 20 is ; and 51-77778 
30, by the rejection of the last figure, becomes 108-2 
3. In the addition, the sum of the last column 73-46313 
is 18, from which 2 is carried, because 18 is 238 0513, sum, 
nearer 20 than 10. The correct sum, found by 

carrying the decimals farther, is 238*05127951, which by retaining 
only four figures of the decimal, and increasing the last of them 
by 1, because it is followed by 7d, &c., becomes 238-0513, the same 
as before. 

Exer. 1. Add together 1-83, 5*674, 3125, 18*3, 100, 3862, 
4-3957, and '5. Afisw. 1696322. 

2. Required the sum of 93-617843. 7*836, 12-25, *71&75, 4*391, 
7-839, 3-7674285, and 8693. Answ. 131-2843215. 
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3. Required the sum of 51-25, 34, -637, 7885, 7-875, 7-876, 
and 11-i. Answ. 90-079360724. 

4. Required the sum of -7354, -7354, '7364, -7364, -07354, 
and -07364. Answ, S'0HSS6799i, 

6. Add together -3, -3, -46, '45, -351, '6468, -6468, -6468, 
and -6468. Answ. 4-4766345678. 

6. Add together 8, 87, and -876. Answ, 2-644553. 

7, 8, and 9. Required the sum of the numbers given in exercises 
6th, 6th, and 10th of addition of fractions, the several fractions 

being previously reduced to decimals. Answ. 6-0078125, 3-90714286, 

and l-5610li90476. 



SUBTRACTION OF DECIMAL FRACTIONS. 

Rule. (1.) Set the less number so that each figure 
in it may stand below a figure of the same local value 
in the greater. (2.) Then proceed as in simple sub- 
traction, and place the separating point as in addition 
of decimals. 

Exam. 1. From 3-54 take 1-34266. . „ ..e.r.e 

3-5454545 
Here, the greater number is ex- 1*34265 

tended, and the remainder is found to be "ZZZZZZri ».». 

2-2028045 dtff, 
2-2028046. v^ovtu j/ 

Exam. 2. Required the difference of 8-6 and 2-7. 
Here, the less number is carried to four places, that the true 
answer may be discovered with greater certainty. 
In the operation, ciphers are conceived to be From 8-6 
annexed to the greater number, and 1 is carried Take 27777 
to the repeating figure first used, because this Bern, 6-8222 
must have been done, had the less number been 
carried one place farther; The answer is found to be 6-82. 

Exercises, Answers, 

7. 6-83-4-i7 = 1-6682 

8. 17-4--48 = 16*95 

9. 3 342- 1-75 ... = 1-534766 

10. 8i-7f* = -94642867 

n. 7T^5-4jf5 = 2-9617621 

12. 15^-13^ ...« 1-8188236 



Exercises, Answers, 

1. 3-468-1-2691 » 2*2089 

2. 6-46-1345 = 51045 

3. 56-429-29-6853 ... = 26-7437 

4. 34-528-10-6347 ...«23-8933 

5. •682--09647 =-68553 

6. 13-6-4-345 = 93216 



* In this exercise and the next two, the given fractionB are to be reduced to 
decimals, and the difference taken according to the mle. 
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MULTIPLICATION IN DECIMAL FRACTIONS. 

Rule I. Multiply the factors as in simple multipli- 
cation, and point off in the product as many places of 
decimals as there are in both factors ; supplying the 
deficiency, when there is one, by prefixing ciphers. 

Exam. 1. Multiply -582 by 66-3. 

Here, because there are three places *58 2 

of decimals in the one factor, and one 66' 3 

in the other, there most be four places 1 74 6 ' 

of decimals in the product. 3 492 

The reason of the rule will be under- 34 92 

stood from considering, that when the 'oQ.c^Qaa *«.^w7-.,^ 

, . . 1' J ^u n .. j» do 0000, product, 

denominators are supplied, the first fac- ^ 

tor becomes ^^, and the second 66^, 

^^ -^ i the product of which, by the rule for the multiplication of 

fractions (page 161), is ^^^^ ; and hence it appears, that the product 

of 682 and 663 must be divided by 10000, which is effected by 
cutting off four figures. It is evident, that the divisor must contain 
as* many ciphers as there are in both denominators ; that is, as there 
are decimal figures in both factors. 

Exam. 2. Multiply -13 by '7. 

Here, a cipher must be prefixed to the product 91, '13 
as there are two places of decimals in the one factor, '7 

and one in the other. '091 

Exercises, Answers, 

7. 1 xl xl y-l ...«0001 

8. 13-825 X 6-128 ...« 70-8946 

9. 08 X -036 = 00288 

10. -31 x-32 «0992 

11. 318x41-7 «132-606 

12. 62-38x7 «436-66 



Exercises, Answers. 

1. •78x-42 = -3276 

2. 7-8x4-2 = 32-76 

3. 7-49x63-1 i=472-619 

4. -144 X 144 --020736 

6. 105 X 1-05 X 106 « 1-167626 
6. 36-48 X -475 = 17*328 



"When the number of decimal figures is great, or the factors 
numerous, the figures obtained by the preceding rule are, in many 
cases, unnecessarily and inconveniently numerous. The following 
approximate rule will be found very useful in such cases. 

Rule II. (1.) Count off, after the separating point 
in the multiplicand (annexing ciphers, if requisite), as 
many figures of decimals as it is necessary to have in 
the product. (2.). Below the last of these, write the 
unit figure of the multiplier, and write its other figures 
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in reyersed order. (3.) Then multiply by each figure 
of the multiplier, thus inverted, neglecting all the figures 
of the multiplicand to the right of that figure, except to 
find what is to be carried, and let all the partial pro- 
ducts be so arranged, that their right-hand figures may 
stand in the same column. (4.) Lastly, from the sum 
of these partial products, cut the assigned number of 
decimal places. 

In carrying from the rejected figures, we should 
take what is nearest the truth, whether it be too great 
or too small. 

Exam. 3. Multiply 7-24661 by 81-4632, so that there may be 
only three places of decimals in the product. 

Here 1, the unit figure of the multiplier, is written below 6, the 
third decimal figure of the multiplicand ; 8, the figure which jpre- 
cedes 1, is put after it ; 4, the figure yfhxch fullatos it, is set before it, 
&c. We then say, 8 times 5 are 40, and I 
(carried for 8 times 1) are 41 : 1 is then 
set down and 4 carried, and the rest of the 
-work by 8 proceeds in the usual way. Then 
in multiplying 7*246 by 1, we add 1 to the 
product for 51, because 51 is nearer 100 
than 0, and therefore it is nearer the truth 
to carry 1 than 0. Li multiplying 7'24 by 
4, 3 is carried for the product that would 
have resulted from the rejected figures : 
for, going two places back, we have 4 times 
5 are 20 ; 4 times 6 are 24, and 2 are 26, 
which being nearer 30 than 20, we carry 3. So likewise in multi- 
plying 7*2 by 6, we carry 3 from the rejected figures ; and thus we 
proceed in similar cases. In finding what is to be carried for the 
rejected figures, it is generally sufficient to go one figure back, but 
in doubtful cases it may be well to go farther. 

The reason of the preceding operation will be Sfen from the 
adjoining work at full length, m which a vertical line is drawn, 
cutting off the part rejected in the abbreviated 
process. The result in this way is 590-323, 
or rather 590*324, on account of the following 
figures, and is less, by a thousandth part of a 
iinit^ than the result before obtained. The 
cause of this difference is, that all the partial 
products in the contracted mode, except the 
last, happen to be rather too great. If, as in 
the preceding example, the results which are 
too great be marked by the sign—, and thoFe 
that are too small by + , it mnj enable us, in 
some degree, to judge of the accuracy of the result, as we may sup- 
pose it to be nearly correct, if the number of signs of each kind be 

K 2 



7-246 51 
28 641 8 

6 70721- 

7247- 

2899- 

435 + 

22- 

1_+ 

690 326, product 



7-24651 
81-4632 



1 

21 

434 

2898 

7246 

579720 



690-323 



449302 

73953 

7908 

604 

51 

8 



893432 
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nearly the same, since the excesses and the defects 'will then pr(K 
biibly bahince each other. As the last figure, however, cannot be 
depended on, it is proper to work for one figure more than it is ne- 
cessary to have true, and to reject it at the conclusion : and in 
lengthened computations, such as many of those in compound inte- 
rest and annuities, it may be right to work for two or three addi- 
tional figures. 

Exam. 4. Multiply '681472 by 
'01286, so that the decimal in the '681472 

product may contain five figures. 6821 00 

681 + 

In this example, since the multi- 136 + 

plier contains no integer, a cipher is 55 „ 

placed below the fifth figure of the 4^ 

multiplicand, and then, the multiplier '00876 vrodvat 

being written in reversed order, the ' ^ 
work proceeds as in the last example. 

Exam. 6. Multiply 7*94 by 3*69, 
so that there may be four places of 7'9444 

decimals in the product. 963 

Here the multiplicand is carried out 238333 

to four places ; and by a process similar 47666 

to those which precede, the answer is 7150 

found to be 29*315, which is quite 29*3150, product. 
correct. 

Exercises. Answers. 

13. 1123674 X 1123674 to 6 places 1*262643 

14. 7-286714 X 36*74405 to 6 places 267*706650 

15. 24-63 X -2347 to 6 places 6*782154 

16. '863541 X 10983 to 6 places '09484 

17. -1347866 X -288793 to 7 places 0389254 

18. '26736 X -28768 to 4 places 0769 

19. 2-656419 X 1723 to 6 places 4*578932 

20. 1-66 X 1-48 to 6 places 2'45976 

21. 053497 X -047126 to 6 places -002521 

Exer. 22, 23, 24. Required the product, true to six places of 
decimals, of the numbers given in Exercises 4, 6, and 14, in the 
article on multiplication of fractions ; the several fractions being 
previously reduced to decimals. Answ. -113445, '467480, and 
2-893162. 

25. The sun*s diameter is 111-454 times the equatorial diameter 
of the earth, which is 7925*648 miles. Required the sun*s diameter 
in miles. Answ. 883,345 miles. 

26. The moon's mean distance from the earth is 29*982175 times 
the equatorial diameter of the earth. Required that distance in 
miles. (See the last exercise.) Answ. 237628-165 miles. 

27. In consequence of the vast mass of matter contained in the 
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sun, a body at his surface weighs 27*9 times as much as it would at 
the surface of the earth. How much, then, would a person who 
weighs here 161 lbs. (1*4375 cwt.) weigh at the suns surface? 
Anaw. 2 tons cwt. qr. 11*9 lbs. 



DIVISION m DECIMAL FRACTIONS. 

Rule I. (1.) If the divisor and dividend do not con- 
tain the same number of places of decimals, snpply the 
deficiency by annexing ciphers, or, in a periodical de- 
cimal, the next figures of the period. (2.) Then, reject- 
ing the separating points, divide as in whole numbers, 
and the quotient will be a whole number. (3.) If there 
be a remainder, after all the figures of the dividend have 
been used, ciphers or periodical figures may be annexed, 
till nothing remains, or till as many figures are found as 
may be Judged necessary. The part of the quotient thus 
obtained, will be a decimal. 

If, after the rejection of the separating points, the 
divisor be greater than the dividend, the quotient will 
contain no whole number, and the work will proceed 
according to Rale I. in reduction of decimals. 

Exam. 1. Divide 1346-6 by 43*68. 

Here, by annexing a cipher to the dividend, and rejecting the 
points, we have for divisor 4368, and for dividend 134650. Hence, 
dividing in the common way, we find 30 for the integral part, and 
annexing ciphers to the remainders, and continuing the operation, 
we get -826465, &c. The answer, therefore, is 30*826465, &c. The 
work is left for the learner to perform. 

With respect to the reason of the operation, the value of 1346*5 
is not changed by the annexing of a cipher ; and the removal of the 
points merely multiplies each of the given numbers by 100. (See 
page 181.) It is evident, therefore, that the value of the quotient 
will not be affected ; since, while the dividend is multiplied by 100, 
the divisor is increased in the same ratio. We might also consider 
the dividend as the numerator, and the divisor as the denominator 
of a fraction ; and then the reason of the process would depend on 
Proposition 1, established in page 50. The reason of removing 
the points is to make the dividend and divisor whole numbers, 
and thus to render the operation, as much as possible, the same as 
in simple division. 

Exam. 2. Divide 1342 by 67*1. 
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Here, by axmexing three ciphers to the divisor, and rejecting the 
points, -we get for divisor 671000, and for dividend 1342. Then, the 
divisor being the greater, the quotient will contain no integral part; 
and the annexing of a cipher to the dividend gives one cipher for the 
quotient: the annexing of a second gives another cipher; but the 
addition of a third gives 2. Hence, the quotient is '002. 

When the number of places of decimals in the divisor is not 
greater than in the dividend, the number of figures of decimals in 
the quotient will be equal to the difference between the number of 
places in the divisor and dividend, as is evident from multiplicfition 
of decimals ; and in this way the number of decimal figures in the 
quotient is often easily determined. 

Rule II. When the divisor consists of many fignree, 
the work will be shortened, if, instead of annexing a 
cipher, or a periodical figare, to each remainder, a figure 
be cut off from the divisor. In this case, each product 
is to be increased by carrying from the product of the 
figure last cut off, and of the figure last placed in the 
quotient. 

It may facilitate the use of this important contraction, if, after 
the rejection of the separating points, so many figures be annexed 
to the divisor and dividend, or taken from them, that the divisor 
may contain one or two figures more than are required to be in the 
quotient. Other directions might be given, but the following 
examples and illustrations will perhaps be preferable. 

Exam. 3. Divide 2-3748 by 1*4736, so that the quotient may 
contain three places of decimals. 

In this example, the numbers being prepared according to Rule 
I., and the first figure of the quotient being found, instead of adding a 
cipher to the remainder, 

9012, we omit the last 14736)23748(1*611 14736)23748(1*611 
figure of the divisor, to • • • 14736 14736 



23 23 

15 14 




6_ 

40 
36 



040 
736 



denote which a point is "9012 ~9012 

placed below it. Then, 8842 8841 

6 being put in the quo- ^170 ~170 

tient, we multiply 6, the j^^ , .» 

figare cut of£, by it, and, 
without setting anything 
down, we carry 4, be- 
cause the product 36 is 8 8.304 
nearer 40 than 30. After 

that, 3 is cut off in like manner, and then 7. The quotient is found 
to be 1*611, or more nearly 1*612, because the remainder 8 is rather 
more than the half of 14. The annexed operation at full length 
will explain the reason of the contracted process, the vertical line 
cutting off the rejected part. 
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Exam. 4. Divide 73-64 by '432, so that the quotient may have 
four places of dec.mals. 

Here, it is easy to see, that 
the quotient will contain three 43232323)7364000000a70-3355 
places of whole numbers. (This ...... 43232323 

■would Tje seen by dividing 736 qaaata?? 

by 4.) Hence the quotient |«*»7677 

must contain seven figures. . , ,- 
Kxtending, therefore, the divisor 145051 

to eight places, and the divi- 129697 

dend to the same number of lf5354 

places of decimals, the process 12970 

will stand as in the margin. 2384 

In the work, instead of bringing 2162 

down the last two ciphers of "222 

the dividend, two figures may 216 

be cut in succession from the ' — - 

divisor, and the rest of the ope- 
ration will proceed as before. 

The pupil should work all the following exercises by Rule II., 
and several of them by Rule I. In those in which the divisor ponsists 
of few figures, the work must be commenced by Rule I., and it may 
be finish^ by Rule II. 

Exercises, Answers. 

1. 47-58-r 26175 1-81776504 

2. •3412 + 8-4736 040266239 

3. 468-7 + 3-365 139-309889 

4. -58 + 77-482 00756122 

5. 75-347 + -3829 196-779838 

6. 6'5+706249 928222 

7. 1-r 10-473654 09547766 

8. 7-5 + 37-38 "20064205 

9. 5-69 + 6-2 -81 

10. -625 + 42857i imz 

11. -09+230769 '39 

12. 2-i66-r3-125 6918 

13. -079085 +-83497 -094716 

14. -61 ■*- 13-543516 04549495 

15. 23-6 + -037538 6286662545 

16. 7*126491.^531 13*420887005 

17. -879454 + 897 -98043924 

18. 52-73-7-52-734567 1000053224 

19. 2-370^-4-923076 -481 

Exer. 20. The sun contains 354,936 times as much matter as the 
earth, and 1048-69 times as much as Jupiter. From these data, find 
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PRACTICE. 



how many times as much matter Jupiter contains as the earth. 
Answ, 338*456 times. 

21. How many times as much matter does the earth contain as 
the moon, the matter in the moon being represented by 0*0125172, 
when that in the •earth is denoted by 1 ? Answ. 79*89 times. 

After the full illustration of the multiplication and division of 
decimals, which has been given in the preceding pages, it appears 
unnecessary to give their application in the rule of proportion ; as, 
in thus applying them, the pupil can feel no difficulty, the terms 
being arranged in the manner already explained, and the product of 
the second and third t^rm^, in like manner, divided by the first. 



PRACTICE. 

An ALIQUOT VKSii of a qaantity is such a part as, 
when taken a oertain number of times, will exactly 
make that qaantitj. Thus, 5 is an aliquot part of 20, 
3 of 12, &c. 

What is generally called practice in mercantile 
arithmetic, is only an abridged method of performing 
operations in the rule of proportion by means of aliquot 
parts; and it is chiefly employed in computing the 
prices of commodities. 



10s.0(f.«£} 
6». 8rf. = £| 

3*. ^d. = £\ 
28. U, = £J 



Tables of Aliquot Fasts. 

MONEY. 

28. Od. = £^ 
1«. 8i. = £^ 
1«. 4d = £^ 
18. Sd. = £i 
l8,0d. = £^Q 
6i.«Jofl5. 



4d.^lofl8. 
^d.^\ofl8. 
2d.^iofl8. 

Id.^-^ of Is, 
J{2. B ^ of Is. 



2 qrs.— I cwt. 

1 qr. = J cwt. 

16 lbs. ^\ cwt. 



WEIGHT. 

14 lbs. 
8 lbs. = ^ cwt. 
7 lbs. = ^ cwt. 



I cwt. 



4 lbs. «■ ^ cwt. 
14 lbs.= I of a qr. 
7 lbs.» Jofaqr. 



2 roods s J acre. 
1 rood s I acre. 



LAin) MEASURE. 

20 perches - | a(^e. 
16 perches = ^ acre. 



1 perches » \ rood. 
8 perches » ^ rood. 
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These tables may be constructed by diyiding £l, 1 acre, Sec, 
by 2, 3, 4, &c.| and selecting such of the quotients as are free from 
fractions. The folloiving continuation of them will often be found 
useful. By its means, the pupil will be assisted in discovering 
what aliquot parts may, in many cases, be most adyantageously 
employed. The more obvious and less useful parts are omitted. 



MONET. 



I I of 6s. Od. 

I J of 68. Od. 

Is. 4A= I of 4*. Od. 

r I of 10a. Od. 

U. 3<i.= «| i of 65. Od. 

L I of 2s. 6d. 

^ of lOs. Od. 

I of 68. Sd. 

lOd.^^ I of 68 Od. 

1 of 35. id. 

I of 25. 6d. 



lQd.=^ 



U.=- 



i of l5. Sd. 

r| of 45. OJ. 
-J- of 35. 4d. 



1 



7H = 



5d. 



id.= 



J of 25. Od. 
fl of 65. Od. 
< I ot28.6d. 
Li ofl5.3ei. 

^ of 65. Od. 

J of35.4<i. 

I of 2s. ed. 

i ofl5. 8dL 

^of4«. Orf. 



_ r^of25. 
-\iof25. 



AA- r A of 35. 4rf. 
\ 5 of 25. Od. 
^of25. 6d, 
Od. 
f^^of28. ed. 
I of Is. Sd. 
I of Is. 3rf. 
I ofOs.lOi. 



Zd 



2|rf.-^ 



-A of is. 



IH 



f -1^01 15. 
i J of is. 

L i of 05. 

2^^r|of05. 

^'^•"liofOs. 



Zd. 
Od, 
Od. 
6d. 
3d, 



WEIGHT. 



i4n>s. 

8 lbs. 

7 lbs. 



{ 



J of 2 qrg. 
^ of 2 qrs. 
I of 16 lbs. 
^ of 2 qrs. 
J of 14 lbs. 



4 lbs.= 



2 1bs.= 



/ J of 1 qr. 
I } of 16 lbs. 
/I of 16 lbs. 
I J of 8 lbs. 



In the computation of prices, the quantity of the commodity 
may be of one denomination or of more than one ; and, accordingly, 
the subject divides itself into two branches, with several varieties, as 
will appear from the following rules and illustrations. 

Rule I. In finding tlie price of a commodity, when 
the price of each article^ as well as the quantity, is of one 
denomination, multiply tlie price of each article by the 
number of articles. 

Exam. 1. Bequired the price of 289 cwt. of beef, at £2 per 
cwt. 

Here, the price of 289 
cwt. at £\ per cwt. is 289 cwt. at £2 per cwt. 

£289 = price of 289 cwt., at £1 per cwt. 
2 

£2 



evidently £289; and the 
price of the same, at £2 
per cwt., must obviously 
be twice that amount. 



£678 = 
k3 
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Exercises, Answ, 

1. 311 &t£Z £933 

2. 1286 at £6 #6430 



Exercises. Answ, 

8. 197 at £4 £788 

4. 309 at £1 £309 



Rule II. When the price is an aliquot part of the 
higher denomination ; take a like part of the nnmber of 
articles, and tlie result will be the price in the higher 
denomination. 

Exam. 2. What cost 533 lbs. of tea, at 6s. per lb. ? 

533 lbs. at 5s. per lb. 
£533= price of 533 lbs. at £1 each. 
5«. = J of £1...£133 - 6- = 5s 

In this example, since 533 articles, at £1 each, would cost £533, 
it is evident that at 5s. the same number of articles would cost one 
fourth of that amount, 55. being one fourth of £l. We therefore 
divide £533 by 4, and the quotient, £133-5-0, is the required 
price. 

Exam. 3. Find the price of 537 yards, at Sd. per yard. 

537 yards at Zd. per yard. 

537s. = price of 537 yards at 1«. Od. per yard. 

Sd.^l of Is. Od,„J^. 3i.= Zd. 

£6- 14-8, answ. 

Here, 537 yards at 1 shilling would coQt 537 shillings ; and the 
price of the same at Zd. would evidently be a fourth of that, or 
134«. Zd., which, by reduction, becomes £6-14-3. 



Exercises, Answers. 

5. 389 at 10s. 0d....£l9i -10-0 

6. 739 at 3s. 4ei....£l23 - 3-4 



Exercises. Answers. 

7. 646 at 2s. 6rf....€80 - 12 - 6 

8. 2571 at Os. 2d.. .£21 - 8 - 6 



Rule III. The given price of each article may 
often be divided into parts, such that the values of the 
whole, at these rates taken separately, may be found by 
the first or second rule, or that the values of some of 
them may be derived from those at others. The sum of 
the results thus obtained, will be the price required. 

Exam. 4. What cost 479 cwt. of sugar, at £4 - 9 - 6 per cwt. ? 

479 cwt. at £4 - 9 - 6 per cwt. 

£479 = price of 479 cwt. at £l per cwt. 

4 



6s. Oi.=Jof£l 
4s. O(i. = |of £1 
Os. 6d. = ^ of 5s. 



£1916 = 

119-15-0* 
95-16-0 = 
11-19-6 = 



£4 

59. 

4s. 

ed. 



Answ. £2143 - 10 - 6 



£4-9-6 
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In this example, at £1 psr cwt., 479 cwfc. would cost £479 ; and 
hence, to find the price at £4 per cwt., we multiply, according to 
Rule I., by 4. Again, since ds. — one fourth of a pound, and 4s. ^ 
one fifth of a pound, the prices at these rates will be found, by Rule 
II., by taking a fourth and a fifth of £479. It still remains to find 
the price at 6d. Now, since 6d. is one tenth of 5*., the price at 6d. 
will evidently be one tenth of the price at 5s. . we take, therefore, 
one tenth of £1 19 - 15, the price at 5^., and the result is £1 1 - 19 - 6, 
the price of 479 cwt. at 6d. per cwt. Finally, the price of the 
whole quantity at £4 per cwt. being £1916 ; at 6«., £119 - 15 ; at 
45., £95 - 16 ; and at ed., £11 - 19 - 6 the price at £4 - 9 - 6 will 
be £2143 - 10 - 6, the sum of all these. 

Exam. 5. What cost 647 yards of linen, at Zs. 9d. per yard ? 

647 yards at 3^. 9d. per yard. 
£647 = price of 647 yards at £1 per yard. 



28. 6rf. = J of £1 80-17-6= 28. 6d. 

l^hot2s.6d. 40- 8-9= Is. Sd. 



U. dd. = i of 25. 6d. ^ 

Answ. £121 - 6-3= Zs. 9d. 

In this example, the price at £1 per yard is £647 ; and, as 2^. 6d. 
is one eighth of a pound, the price at 28. 6d. will be one eighth of 
£647, or £80 - 17 - 6. Now, 28. 6d. and 1*. Zd. make up the givtn 
price, Zs. 9d. ; and Is. Zd. being one half of 28. 6d., the price at 
la. Zd. will be half the price at 2s. ^d., and hence we take the half 
of £80 - 17 - 6. Then, the prices at 2^. ^d. and \s. Zd. being 
£80 - 17 - 6, and £40 - 8 - 9, the price at 28. Qd. and Is. Zd., or at 
Zs. 9d., will be £121 - 6 - 3, the sum of these. This exercise might 
be wrought with nearly equal facility by finding the prices at 35. 4d. 
and 5d.f and taking their sum. 

Exam. 6. Find the price of 247 cwt. of flour, at £1 - 5 per cwt. 

247 cwt. at £1 - 5 per cwt. 

£247 = price at £1 per cwt. 

68. Od. = l of £1... 61-15 = _5£. 

Answ. £308 - 15= £1 - 5 

The examples, thus far, have been wrought at full length, for 
explaining the operations ; ' ' 

and the ^upil should thtus 247 cwt. at £1 - 6 per cwt. 

work Similar questions, till r^_£i 61-15 

he thoroughly understand ' * " 

the reason of the process. '^^^^ ' ^^* ^^^^' 
Afterwards, however, the 

work may stand as in the mar^n, which is the mode commonly em- 
ployed. 

Exam. 7. What is the cost of 195 lbs. of raisins, at l5. Zd. per lb.? 

195 fbs. at l5. Zd. per lb. 

Ijr ^^ = » nf ^1 <r 4)^195 = price at £1 per lb. 

15. 3rf. = xeOf£l...<[ 4)48-15 

Answer, £12 - 3 - 9 = l5. Zd 
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Or thus, 195 lbs. at Is.'Sd. per lb. 

1955 = price at Is. Od. per lb. 

Zd,^l of Is, Od.., . 48 •< 9 ...« Os. Sd. 

2|0) 243 - 9 ... = Is. dd. 

;£12 - 3 - 9, answ., as before. 

In the first of the preceding operations, since Is. Zd. is one six- 
teenth of a pourd, we divide £195, the price at a pound sterling 



per pound, by 4, and 
th< 



195 lbs. at Is. Bd. per lb. 
3(^. = iof Is.Of f. 48-9 

2|0 )24|3 - 9 

£12 - 8 - 9, answ. 



le result again by 4. 
In the second method, 
the price at one shil- 
ling being 195 shillings, 
and the price at 3d. one 
fourth of that amount, 

or 485. 9i., the sum of both is 243«. 9rf. ; or, by reduction, £12-3-9, 
the same as before. This operation may also stand as in the margin. 

Exam. 8. What cost 1257 yards of ribbon at 6^. per yard? 

1257 yards at 6^. per yard. 

628 - 6 = price at 6d. per yard. 
78 -6t « J^ 

2|0) 70|7-Ot = 6|d 

£35 - 7 - 0|, answ. 

Exam. 9. What is the cost of 347 cwt. of coflfee, at £7 - 11 - 6 
per cwt. ? 

347 cwt. at £7 - 11 - 6 per cwt. 
7_ 

^62429 «price at £7 - - per cwt^ 

173-10-0= £0-10-0 

21-13-9= 0- 1-3 

4- 6-9= 0- 0-3 



ed.=^loils.Od. 
Id. = I of 6d. 



lOs. «lof£l 
Is. 3d«J of 105. 
05. 3d = iof l5. dd. 



Answ. £2628- 10-6 = 



£7-11-6 



Or thus, 347 cwt. at £7 - 11 - 6 per cwt. 
7 



105. Oi. = iof £l 
l5. 0<i. = ^of 105. 
05. 6d = iof l5. Od. 



^2429 = price at £7 - 0-0 per cwt. 

173-10-0= 0-10-0 

17- 7-0= 0- 1-0 

8-13-6-: 0- 0-6 



Answ. £2628- 10-6 = 



£7-11-6 



Exam. 10. If a tradesman have 35. 9^. per day, how much is his 
yearly salary, the days of labour in the year being 313 ? 

313 days at 35. 9^. per day. 

£52 - 3 - 4 = amount at 35. 4d. per day. 
6-10-5 = Os.dd.Z i 



35. 4(f. =|of£l 
Os. 5d. =|of35. 4rf. 
05. OH =4r0f 5rf. 



0-13-0i = 



Answ. £59 - 6 - 9^ = 



05. Old. 
35. 9^. 
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This exercise might have been wrought by distributing 3«. 9^ 
into the parts, 28, 6d,, Is. 3d, and |^. ; but those employed above 
are much preferable, as, in the other case, hd, being one thirtieth of 
Is. 3d.j we must have divided by a number inconveniently large. 
Unless, indeed, in particular circumstances, we should, if possible, 
avoid taking parts that would require us to divide by any number 
greater than 12. The seventh example affords an instance in which 
no inconvenience arises from employing a large divisor ; and other 
instances will frequently occur. 

In taking aliquot parts, it sometimes shortens the work to take 
the same part twice, as a result may thus be copied without working 
For it again. Thus, ISs. 6d. may be divided into 10«., 4a., 4s., and 6^ 
Sometimes also the price at a small rate may be found, Hnd from it 
the price at a greater may be obtained by multiplication. Thus, 
168. Ad. may be divided into 28., 14«., and id.; the price at lis. 
being 7 times the price at 28. In like manner, for 17s. Id. we may 
take l8. Sd.f 168. (9 times Is. Sd.), and 5d. Other remarks on this 
subject will be found at the end of this article. 

Exercises, Ansvjers, 

£ s, d. £ 8. d. 

9. 1626 at 2 SJ..... 220 6 OJ 

10. 1429 1 2 9 1625 9 9 

11. 1973 6 10 674 2 2 

12. 749 5 8 212 4 4 

13. 1689 4 10| 411 13 10} 

14. 2476 18 6 2290 6 

15. 5926 11 8 3456 16 8 

16. 313 8 8 135 12 8 

17. 5934 1 6 10 7664 15 

18. 3576 11 4} 2033 17 

19. 958 1 18 8 1852 2 8 

20^ 1898 6 10} 652 8 9 

21. 1594 13 6 1075 19 

22. 695 14 10 615 9 2 

23. 2386 1 6 6 3161 9 

24. 725 17 8 1002 18 4 

25. 589 1 11 6 927 13 6 

26. 286 12 1 172 15 10 

27. 7649 5| 183 6 If 

28. 6728 7| 173 8 

29. 6491 102 290 14 lOj 

30. 991 1 3} 64 

31. 436 4 17 8 2129 2 8 

32. 3726 6 SJ 1069 6 llj 

33. 1677 6 1 426 4 9 
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Exercises. Answers. 

£ s. d. £ s. d. 

34. 7913 2 16 lOj 22502 11 lOj 

35. 4265 1 14 li 7277 3 1§ 

36. 249 5 13 9 1416 3 9 

37. 576 18 9 540 

38. .6485 2 10 6 16374 12 6 

Rule IV. To find the price of any number of articles 
at 2 shillings each : Double the lajst figure of the niunber 
for shillings, and take the nmnber expressed by the 
preceding figures as pounds. 

Exam. 11. What is the cost of 647 yards of muslin, at 2^. per 
yard? 

The reason of this rule is, that 2 shillings are one tenth of a 
pound, and the work is no more than a con- 
tracted division by ten. Thus, in the annexed 647 jrards at 2s. 
example, by dividing by 10, we should have £54 - 14 - anew. 
£64, with the fraction £^, or, by doubling 
both the terms, £|J, or 14 shillings. 

Rule V. If the rate he an even number of shillings^ 
multiply by half that number, and in mxdtiplying, 
double the last figure of the product for shillings ; the 
rest will be pounds. 

Exam. 12. Required the price of 273 lbs. of indigo, at 8 shillings 
per lb. 

The operation by this rule is evidently nothing more than an 
extension of the last. In the annexed 

example, the price is -^^ or ^ of a pound ; 273 lbs. at 8*. per lb. 
and hence we multiply by 4, and the doub- 4 
ling of the last figure of the product for dei09 -4-0, answ. 
shillings, is equivalent to a division by 10. 

Rule VI. When the number of shillings is odd, we 
may find, by the last rule, the amount at one shilling 
less than the given rate, and for that shilling take one 
twentieth of the price at one pound. 

Exam. 13. "What is the cost of 787 pounds of nutmegs, at 17 
shillings per pound ? 

In this example, the price is first found at 16«. per pound, by 
multiplying by 8, and doub- 737 ^^ ^^ 17,, p f^^ 

Img the last figure of the g 

product for shillings :t:hen, £629 - 12 = priceat 16..perlb. 

for the remaining shilling, ^pi on 7 \ 1^^ 

a twentieth part of £787, ^^' = ^^^ ^9-7 : 1^ 

the price at 20s. per lb., is *668 - 19= lis. 

taken ; and the sum of both results is £668 - 19, the price at 17 
shillings. 
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Exam. 14. Bequired the amount of 233 cwt. of pearl ashes, at 
£3-9 per cwt. 

In this example, we first find the price at £3, by multiplying by 
3 ; then the price at 8^., 

by multiplying by 4, and 233 cwt. at £3 - 9 per cwt. 

doubling the last figure 
of the product for shil- 
lings ; and, lastly, the 
price at 1^., by taking a 
twentieth part of £233, 
the price at £l per cwt. 



Is. « £ ^ 11 - 13 = 



Answ.£S03' 17 = 



3 4 

= price at £3 per lb. 

8«. 

Is. 

£3-9 



699 
93- 4 = 



It is evident, that we might have taken an eighth of the price at 
eight shillings, for the price at one shilling. 



Exercises. Ansivers. 

£ s. d. 

39. 397 at 28 39 14 

40. 418 35 62 14 

41. 763 6s 228 18 

42. 378 7s 132 6 

43. 841 Ss 336 8 

44. 937 9« 421 13 

45. 949 12s 569 8 



Exercises, 



46. 675 at 13^. 



Answers. 



47. 512 

48. 319 

49. 868 

50. 470 

51. 983 

52. 724 



143. 
les. 
lis. 

185. 

£3-4 
£5- 13 



£ s. 

438 15 

3'38 8 

255 4 

737 16 

, 423 

3145 12 

4090 12 



d. 










Rule VII. The price may often be determined very 
easily, by finding the amonnt at a rate higher than the 
given rate, and deducting from the amonnt the price at 
the difference between the given rate and the assumed 
one. 

This method is generally of little use, unless the difference 
between the given and the higher rate be an aliquot part of the 
higher. This difference may be called the complement of the given 
rate. 

Exam. 15. What cost 189 tons of coals, at 17^. 6d. per ton? 

119 tons, at 175. 6d. per ton. 

£189 «priceat£l per ton. 

25.6£?. = £J 23-12-6 = 25. 6d. 



Afi8W.£l65' 7-6== 



175. 6d. 



2s. 6rf.=*£| ... 



Or simply thus ; 

189 at 175. ed. 
23-12-6 



£125- 7-6 

In this example, since 175. 6d. is less than a pound by 25. 6d., 
which is an aliquot part of a poimd, the required price is found by 
taking from £189, the price at £l per ton, £23 - 12 - 6, the price at 
25. 6d. per ton. 
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Exam. 16. What is the cost of 257 feet of plank, at lOd. per 
foot? 

Here, from 2o7«., the 267 feet at lOd. per foot, 

price at U, per foot, we 2i. = |of la... .42 10 
take 42«. lOrf., the price 21 0)211 4 - 2 

at 2d. per foot: the ^ >ia ia o «..*«« 

remainder is 214«. 2(;., £10 - 14 - 2, (MMW. 

or £10 - 14 - 2, the price at lOd. per foot. 

Exam. 17. What is the cost of 514 gallons of seal oil, at 3«. 
lid. per gallon? 

514 gallons, at Ss. lid. per gallon. 

4 

2056 shillings = price at 4^. per gallon. 

lf^. = ^of Ig... .. 42-10 = Id. 

2; 0)20 1| 3- 2 = 3«. lid. 

£100 - 13 - 2, answ. 

Exam. 18. Required the price of 193 cwt. of Turkey figs, at 
£3 - 18 per cwt. 

In this example, 193 cwt. at £3 - 18 per cwt. 

the price at 2». per 4 

cwt. (found by Rule £772 =priceat£4- per cwt. 

IV.) is taken from 19- 6« 0- 2 

the price at £4. £752 - 14 = £3- 18 

Exercises, Answers, 

£ s. d. £ s. d, 

53. 358 at 13 4 238 13 4 

54. 599 lOj 26 4 Ij 

55. 967 8 32 4 8 

56. 275 2 15 756 5 

57. 361 3 12 0* 1299 12 

68. 889 9 33 6 9 

59.483 5 16 8 2817 10 

60. 189 4 7 43 6 3 

61. 997 11 45 13 11 

62. 753 19 65 17 9 

63. 649 1 5i 47 6 6J 

64. 721 19 684 19 

We now proceed to problems of the second class ; and in resolv- 
ing them, we may employ either of the two following general rules. 

* £3 - 12 is the difference between £4 and 8 shillings, and f or 8<. we aie to 
take a tenth of the price at £4. Exercise B% will be wrought by finding the 
price at two shillings, and then proceeding in the usual manner ; and the 
answers of Exercises 60 and 63 may be derived from the prices at 6s, Od. and 
U. Bd, 
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Role VIII. When the qttantity is not expressed by a 
whole number of oiie denomination : (1.) Compute the 
price of tlie integral part by some of tlie methods already 
given : (2.) Then find the price of the fractional parts, 
or lower denominations, from the given rate, by means 
of aliquot parts, or otherwise : (3.) The sum of all will 
be the whole price required. Or, 

Rule IX. When the quantity is not expressed by a 
whole number of one denomination : (1.) Find the price 
of the entire given quantity at £1 * for each unit of the 
integral part, valuing the subordinate parts at the same 
rate : (2.) Then the operation will proceed in the 
manner already explained, without fiirther work for the 
subordinate parts. 

Exam. 19. Required the price of 79f yards of broadcloth, at 
£1-2-11 per yard. 

By RuU VIII. 
79f yards, at £1 -2-11. 

9 - 17 - 6 = price of 79 yards, at 2s. %d. 
1-12-11 = dd. 



2.5. 6c?. = £i 
6d. = lot28. Qd. 
iof £1 -2-11 



0-11- 51= lyard 



0- 6- 8| = 
£91 - 7 - 7i, answ. 



? 



In this process, the price of 79 yards is first found (or rather the 
parts composing it are found) ; and then, for J yard, the half of 
£1 - 2 - 11 is taken, and for \ yard, the half of that is found : the 
sum of all which parts is £91 - 7 - 1^, the result required. 

By Bute IX. 



25. %d. = £| 

05. 6fi. = |of 25. %d. 



791 yards, at £1 -2-11. 

£79 - 16 - =price at £1 per yard. 

9-19-41= 25. ed. 

1 -13-2| = 5d. 



Answ. £91 - 7 - 7J=» £l - 2 - 11 



* This rale is restricted to pauneU, as a farther extension of it is of little use. 
Tlie principle, however, is oniversal tn its nature, and may be extended to any 
other rate in a similar manner. 

With respect to the eighth and ninth rules, it may be observed, that the 
ninth (of wMch Rules X, 21., XII., and 2I1L are paxticular applications) is 
very elegant in principle ; and, in many cases, it airords the neatest and most 
concise mode of computing prices. In some cases, however, it gives origin to 
fractions, which, when perfect accuracy is required, render the operation 
tedious. In such cases, the eighth rule is sometimes preferable. For mercantile 
purposes, however, as it is unnecessary to work for the precise fractions, the 
ninth rule, when managed as will be shown in the succeeding rules, will perhaps 
be found superior in all the principal and more difficult computations. 
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In this method, we first find the price of 79? yards, at £l per 
yard. This is £79 - 16 ; for the price of 79 yards is £79, and, the 
price of a quarter of a yard being evidently 5«. Od.j that of | of a 
yard is 158. Then, the price at £l per yard being £79 - 15, the 
price at 28. 6d. will be one eighth of this, or £9 - 19 - 4^; and the 
price at 5d.y one sixth of the price at 28. 6(2., or £l - 13 - 2|. The 
jBiim of these is £91 - 7 - 7 J, the whole price, as before. 

Exam. 20. What is the cost of 69f yards of cambric, at 13«. lOd 
per yard? 

By Bule Vni. 

Here, after finding as 
already illustrated, the 
parts whose sum will be 
the price of 69 yards, at 
13«. lOd. per yard, we 
take, for } of a yard, 
the half of 13«. I(k2. ; and 
taking \ of 6^. Wd.^ we 



4(£. = iof 10s. 



10«. 0<;. = £i 

38. 

05. 6<2. = ^of 10«. 
I yard = % yard 
I yard = |of|yard 

Jnsw. 



69|at 138. \0d, 
£34 - 10 - 

11-10- 
1-14- 6 
0- 6-11 
0- 1- 8| 

£48- 8- 1} 



get l8. 8}^., the price of | of a yard. The sum of all these partial 
prices is £48 - 3 - IJ, the whole price required. 



108. Oi. 
38. 4(2. 
08. 6<2. 



^ of 108. 



I of 108. 



By Bide IX. 
69| yards, at 138. \0d. per yard. 
£69- 12-6 = price at £l per yard. 

34-16-3 = 108. 

11-12-1 « 38.4(2. 



1 -14-9| = , 
£48- 3-l| = 



08. 6(2. 
138. 10(2. 



In this method, since, at £l per yard, one eighth of a yard would 
cost 28. 6(2., five eighths would cost 5 times 28. 6(2., or 128. 6(2. ■ and, 
consequently, 69| yards would cost £69 - 12-6. The rest of the 
work procee(ls in the usual manner. With respect to both modes, 
it may be observed, that, on account of the large divisor, 20, the 
work would have perhaps been as short, had we taken 108., 38. 4(2., 
5(2., and 1(2., though it would require an additional line. 

Exeroise8. Answers. 

£ 8. d. £ 8. d. 

65. 328f at 6 6 106 16 lOj 

66. 675J 2 14 4 1835 2 2 

67. 7538| 2 4 879 10 5 

68. 176c. 3q. 18 8 164 19 4 

69. 164| 2 5 6 375 1 9f 

70. 239a. 3r. 10 10 129 17 3^ 

71. 172^ 3 15 10 654 16 6 

72. 257}i 2 9 4 636 3 lOJ 
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Rule X. In calculating the prices of hundreds, quar- 
ters, and pounds, the price, at ^^1 per cwt., will be fonnd 
by mxiltiplying tbe pounds by 2\, and considering the 
product as pence ; and by multiplying the quarters by 
5, and considering the product as shillings. 

The reason of this rule is evident ; since, at £\ per cwt, each 
quarter would evidently cost 6a., and each pound a twenty-eighth of 
this, or 2^ pence. 

Exam. 21. Required the price of 198 cwt. 2 qrs. 21 lbs. of cast 
steel, at £4 - 8 - 8 per cwt. 

By Rule VHI. 

c. q. lbs. 
198 2 21 at £4 - 8 - 8 per cwt. 



4 



8«. 0<i. = Aof £4 
05. 8(2. :» X of 85. 
2 qrs. = J of 1 cwt. 

4 lbs. = I of 2 qrs. 

71bs. = |ofl4lbs. 



£792- 0- =priceof 198cwt., at£4percwt. 



79-4-0 = 8s. 

6-12- 0= U. 

2- 4- 4 «=priceof2qrs.at£4-8-8percwt. 

0-11- 1 = I4lbs 

0-5-6| = 7 lbs 



£880 - 16 - 11| = price required. 

By Rule X. 
c. q. lbs. 

198 2 21 at £4 - 8 - 8 per cwt. 
5 2} 



£198 - 13 - 9 «price of 198c. 2q. 21 lbs., at £l - - Opercwt. 
4 

794 - 15 - = 4-0-0 

^79- 9- 6 = 0-8-0 



^ 6-12- 5\ ^ 0-0-8 

Jn. 880- 16-11^ = £4-8-8 

The first mode of working this exercise is sufficiently explained 
in the operation itself. In the second mode, we say, one seventh of 
21 is 3, and twir) 21 are 42, and 3 are 46 pence, or 3«. 9<i,, which 
is the value ui che pounds at £1 per cwt. We then set down %d, 
and carry 3 to 6 times 2, or 10 shillings, the price of 2 quarters ; 
and we thus find the price of 2 q. 21 lbs., at £l per cwt., to be 
135. ^d. ; to which £198, the price of 198 cwt. at the same rate, is 
prefixed. The rest of the operation proceeds in the usual manner. 





Exercises. 




Answers, 




cwt. q. lbs. 


£ 5. 


d. £ 5. d. 


73. 


75 3 21 at 


4 14 


6 per cwt. ... 358 16 1 


74. 


285 3 7 


3 17 


8 ... 1109 18 IJ 


75. 


117 1 7 


17 


4 ..i 101 13 5 
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Exercues, 
cwt. q. lbs. 
76. 84 3 14 



77. 134 

78. 836 

79. 812 

80. 176 



1 
2 
3 
1 



21 

21 

7 

14 



£ 8, d, 

12 11 8 per cwt. 

18 4 

2 8 4 : — 

6 12 8 

2 16 10 



Answers, 

£ s. (L 

1068 2^ 

123 4 8^ 

2021 19 10| 

5391 13 H 

501 3 Uf 



Exam. 22. Required the price of 319 cwt. 3 qrs. 16 lbs. of 
glue, at £2 - 12 - 6 per cwt. 



319 

2 



% Bule Vin. 

q. lbs. 

3 16 at £2 - 12 - 6 per cwt. 



10». ==£} 

25. 6d.^^ofl0s. 
2 qrs. =} of 1 c. 
1 qr. = I of 2 q. 
161bs. = |of 1 c. 



T 



£638 - 0-0 = price of 319 cwt. at £2 per cwt. 

159-10-0 « 10«. 

39-17-6 « 28. 6d. 

1- 6-3 =priceof 2q.at£2-12-6percwt. 
0-13-1^ = Iqr. 



0- 7-6 = 



16 Ibs.- 



Answ, £839 - 14 - 4|, the price required. 

. By Bule X. 

c. q. lbs. 

319 3 16 at £2 - 12 - 6 per cwt. 
5 2^ 



£319 - 17 - 10| =price at £1 - - per cwt. 
2 



10«. Od. « £J 



28.6d. = \oflQ8. 



£639 - 15 - 8;^ = 

159-18-11^ « 

39-19-8H = 



Answ. £839 - 14 - 4| ^ 



£2- 0-0 
0-10-0 
0- 2-6 

£2-12-6 



The latter of these methods gives origin to fractions, which 
render the operation more tedious. This may be obviated by pro- 
ceeding on the same principle, but converting the fractions into 
decimals, which it will be found to be sufficient to carry out to two 
places each. Thus, the work may be as follows : — 



cwt. q. lb?, 

319 3 16 at £2 - 12 - 6 per cwt. 
5 2^ 



105. 0i.«£| 

2«. 6<i. = iofl05. 



£319-17-10-29 
2 

639-15- 8-58 
159-18-11-14 
39-19- 8-78 



Answ, £839-14- 4*50, or £839 - 14 -4J, as before. 
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Here, in talcing ^ of 16, we have 2 to carry, and 2 remaining ; 
then, conceiving a cipher annexed to the remainder, and dividing 20 
hy 7» we set down the quotient 2, and conceiving a cipher annexed 
to the remainder 6, we have 7 contained most nearly 9 times in 60. 
We then proceed as before, and find for the price at £l per cwt. 
£319 - 17 - 10*29 nearly. After this the work proceeds as before, 
only that in each line the pence and the decimal are multiplied and 
divided as if they were a single whole number, the point being 
retained. Thus, in finding the price at 28.' 6<2., after having found 
£39 - 19, we have 2*. lid, or Z5d., remaining; we then divide 35-14 
by 4, as if it were all one number, and find for the quotient 878, or, 
with the point, 8* 78. The final result is £839 - 14 - 4*50, or 
£839 - 14 - 4|, the same as by the other processes. 

In working by this method, it should be recollected that '25d. 
is a farthing; 'bOd. a halfpenny ; and '75d. three farthings; and, in 
valuing the carnal found in the answer , the pupil should consider to 
which of these it is nearest^ and value it accordingly. 

It may be observed, that, as the method of miianaging the deci- 
mals in all operations of this kind is uniformly the same, any pupil 
may practise this method, whether he hassttuUed decmal fractiotis or 
not. 

The following question is wrought in several ways, for the pur- 
pose of showing their comparative advantages, and of affording an 
additional example of the mode of performing computations of this 
kind. 



Exam. 23. Required the price of 
barilla, at £1 - 13 - 2 per cwt. 



212 cwt. 3 qrs. 19 lbs. of 



By Bvle VHI. 



10«. 0<£. = £| 

2s.Qd.r^£^ 

1«. 0<i. = Jof 2s 

05. 2^. = lof Is 

2 qrs. a J of 1 cwt. ... 

1 qr.«A of 2 qrs. ... 
16 lbs. aX of 1 cwt. ... 

2 lbs. si of 16 lbs.... 
1 tb. =1 of 2 lbs. ... 



cwt. q. lbs. 

212 3 19 at £1 - 13 - 2 per cwt 



106- 


0- 





21- 


4- 





10- 


12- 





1 - 


15- 


4 


0- 


16- 


7 


0- 


8- 


3« 


0- 


4- 


8^ 


0- 


0- 


7A 


0- 


0- 


3fff 



Answ. £353 - 1-10^ 



iu 
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Or thus 

cwt. 
212 



10«. Od. 

28. Od. 

Is. Od. 

08. 2d. 

2 qrs. 

1 qr. 
16 lbs. 

2 lbs. 
1 lb. 



= iof 
= iaf 
-I of 
= |of 

= Jof 
= |af 



q. lbs. 
3 19 at £1 - 13 - 2 per cwt. 



28. 
l8. 

1 cwt 

2 qrs. 

1 cwt. 
16 lbs. 

2 lbs. 



106- 0-0 
21 - 4-0 
10-12-0 
1-15-4 
0-16-7 
0- 8-3-50 
0- 4-8-86 
0- 0-711 
0- 0-3-55 



Answ. £353 - 1 - 1002, or 
£353 - 1-10, nearly. 



J?y Rufe X. 
cwt. 
212 



q. lbs. 
3 19 
5 2^ 



108. 
28. 

Is. 
2d. 



— *Io 

= |of 2«. 
= |ofl«. 



£212 
106 
21 
10 
1 



18- 4f 
9- 2A 
5 - lojj 

12-11^^ 



Or thus : 
cwt. 
212 



3 
5 



lbs. 
19 



Answ. £353 - 



1-10^ 



10«.«£i 
2s.«£A 
l«. = lof 2«. 
2d s I of Is. 



£212-18- 4-71 
106- 9- 2 35 
21- 6-10-07 
10-12- 1103 
1-16- 6-84 



Answ, £353 - 1 - 1000 



Exercises. Answers, 

cwt. q. lbs. £ 8. d. £ 8. d. 

81. 75 116atl 9 9 per cwt 112 2 llj 

82. 538 2 17 10 4 278 6 Of 

83. 346 1 4 1 12 7 664 3 If 

84. 786 2 8 18 9 737 8 2i 

85. 647 2 11 6 10 8 ^ 4230 19 6 

86. 238 3 3 19 7| 947 12 lOJ 

87. 181 3 13 2 13 4 484 19 6J 

88. 261 2 1 1 17 1 466 6 9| 

89. 103 27 5 14 10 „ 692 16 6J 

90. 418 2 17 2 8 861 5 2 

91. 179 3 25 3 11 3 641 3 1 

92. 246 3 24 3 5 4 806 15 

93. 319 1 9 18 7J 297 7 6^ 

94. 90 2 10 6 2 4i 463 14 1 



Rule XT. In computing the value of acres, roods, and 
perches, multiply the perches by 1^ for pence, and the 
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roods by 5 for shillings, and the result will be tbe price 
at £1 per acre. 

The reason of this ruU is evident, since, at £\ per acre, each rood 
is worth bs.f and each perch a fortieth of this, op \\i. 

Exam. 24. What is the yearly rent of 136 acres, 3 roods, 
29 perches of land, at £l - 4 - 3 per acre ? 

The work, by Rule 
VIII., in this exercise 
and some others, is 
left for the pupil to 
perform, if it should 
be thought necessary. . _, , -^ 
The extct answer is ^'' ^d,^^ot^s. 



a. 
136 



r. 
3 
5 



4«. Oi. « £i 



£136 - 18 - 


7-50 


27-7- 


8-70 


1-14- 


279 



29 at £1 - 4 - 3 
1| 



£166 - - 6J|2, as 
would be found by 
employing common fractions. 



Answ. £166 - - .699, or 
£166- 0- 7, nearly. 



95. 
96. 
97. 
98. 
99. 
100. 



a. 

561 
45 

77 
586 
674 
311 



101. 1268 

102. 139 



Exercises. Answers, 

r. p. £ «. rf. £ s. d. 

2 20 at 1 17 6 1053 11 

2 35 16 6 37 14 4J 

1 30 12 46 9 3 

1 31 17 31 800 5 OJ 

2 29 11 4i 383 14 6 

2 26 12 9 354 10 3| 

3 17 16 6 1681 4 8i 

3 39 2 7 10 334 16 4i 



BULE XII. (1.) In computing the price of tons, huu' 
dreds, and quarters, at £1 per ton, take the tons and hun- 
dreds as pounds and shillings, and multiply the quarters 
by 3 for pence. (2.) In compviations for troy weight, at£l 
per ounce, take the ounces as pounds, the penny- weights 
as shillings, and half the grains as pence. (3.) In 
computing the prices of yards, qvurters, and nails, at £1 
per yard, take each quarter at 5^. and each nail at 
Is. Sd. 

The reason of this rule depends on the obvious principle, that, at 
£1 per ton, every hundred would cost a shilling, and every quarter 
3d. : that, at £l per ounce, a penny-weight would cost a shilling, 
and a grain a halfpenny : and that, at £l per yard, a quarter would 
cost 68. and a nail Is. 3d. 



I 
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Exercises. Ansvoers. 

£ 8. d. £ 8. d. 

103. 176 tons 18 cwt. 1 qr. at 38.13 per ton ... 6799 4^ 

104. 219 tons 16 cwt. 3 qrs. 117 6 per ton ... 2500 13 0\ 

105. 93 oz. 7dwt. 15grs. 10 4 per oz. ... 48 4 111 

106. 263 oz. 16dwt. 9 grs. 11 3 per oz. ... 148 7 llj 

107. 58 yds. 3 qrs. 1 nail 12 8 per yard... 37 4 lU 
108.105 yds. 2 qrs. Snails 2 8 4 per yard... 255 8 2J 

The preceding are the most useful applications of the principle 
on which the ninth and the succeeding rules are founded. Various 
others might be given, which, however, are omitted, as they are of 
less importance, and as they will present no difficulty to the pupil 
who is well acquainted with those already explained. 

Rule XIII. In many calctdations, instead of mul- 
tiplying the quantity by the price, it is better to muU 
tiply the price hy the quantity. This is often the case, 
when compound multiplication can conveniently be 
employed. 

Exam. 25. Required the price of 12 cwt. 3 qrs. 8 lbs. of hops, 
at £23 - 18 - 6 per cwt. 

cwt. q. lbs. £ 8. d. 
12 3 8 at 23 18 6 per cwt. 
^ 12 

£287 - 2 - =price of 12 cwt. 

2qrs.=icwt. ... 11-19-3 = 2 qrs. 

1 qr. =1 of 2 qrs. 5 - 19 - 7| *= 1 qr. 

8 lbs. = ^ of 2 qrs. 1 - 14 - 2 | « 8 lbs. 

Armo. £306 - 15 - 0^ = I'Z cwt 3 q. 8 lbs. 

Exercises. Answers. 

£ 8. d. £ 8. d. 

109. 8 cwt. 2 qrs. 12 lbs. at 1 15 9 15 7 8| 

110. 8 acres 3 roods 19 perches 18 10 8 7 Qi 

111. 9tonsl3cwt 5 19 8 57 14 ^ 

112. 11 acres 1 rood 23 perches 1 3 71 13 9 2\ 

113. 1 yard 3 qrs. 2 nails 19 3 2 14 lOi 

114. "What is the importation duty on 359 gallons of port wine, 
at 7s. Id. per gallon? Answ. £136-2-5. 

115. What is the duty on 710 gallons of Madeira wine, at 7s. 
^. per gallon? Answ. £273 - 12 - 11. 

116. Required the amount of the duty on 124 gallons of French 
wine, at lis. 4^. per gallon. Answ. £70 - 10 - 6. 

117. Required the duty on a cwt. of opium, at 8s. 9rf. per lb. 
Answ. £49. 
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118. Find the duty on 47 cwt. qr. 19 lbs. of mother-of-pearl* 
shells, at £4 - 13 - 4 per cwt. ; and on 197 lbs. of tortoise-shell, at 
38. Hid. per lb. Answ. £220 - 2 - 6, and £38 - 19 - 9|. 

119. What is the duty on 517 lbs. of £ast India coffee, at 
£5 - 2 - 8 per cwt. ? Answ. £23 - 13 - 11. 

120. Bequired the duty on 179 cwt. 2 qrs. 12 lbs. of Muscatel 
raisins, at £2 - 3 - 6^ per cwt. Answ. £391 - - 4|. 

121. Find the pnces of 13 banfels, 17 stdnes, 9 ibs. of wheat, at 
£1-7-6 per barrel ; of 17 barrels, 11 stones, 5 lbs. of barley, at 
148, 6d. per barrel ; of 15 barrels, ^1 stones, 2 lbs. of oats, at 106. Sd. 
per barrel ; and of 11 barrels, 10 stones, 11 lbs. of malt, at 19«. 6d. 
per barrel t the barrel of wheat consisting o£ 20 stones ; of barley, 
of 16 stones; of oats, of 14 stones; and of malt, of 12 stones. 
Answ. £19 - 1 - 9 ; £12 - 16 - 9J; £8 - 8 - 6J; and £11 - 12 - OJ. 

122. What cost 4 dozen and 5 bottles of wine, at 288. per dozen ; 
and 7 bottleSi at 7Ss. per dozen ? Answ. £6-3-8, and £2-5-6. 

128. What is the rent of 2 roods, 17 perches of meadow, at 
7 guineas per acre ? An8w. £4 - 9 - 1|. 

124. Find the price of 2 qrs. 13 lbs. of sugar, at £2 - 12 - 6 pef 
cwt. ; and also of a sugar loadf, weighing 12 fba. 10 oz., at 9|(2. per 
lb. Answ. £1 - 12 - 4, and 108. 

125. What cost 17 cwt 3 qrs. of hay, at 5 guineas per ton? 
Answi £4 - 13-24. 

126. Find the prices of 16| lbs. of beef, at 6^^. per lb. ; 12^ lbs< 
of mutton, at 6^. per lb. ; and 9 lbs. 6 oz. of salmon, at 28. 4a< per 
lb. Answ. 98. 3^, 68. ^d., and £l - 1 - i0|. 

127.* Beffastt Wh Oct., 1641. 

Mr. flenty Wilson, 

Bought of Samuel Jones 

725 yards fihe White linen, at 48. l^. £ 

87 yards cambric, at 128. lOd 

417 yards muslin, at 38. 9^. *,.. .. 

£284 - 8 - 3 
128. 
Joseph O'Reilly, Esq. 

1841. To David White & Co. Dr, 

Sept. 24thi To fine scaje sugar, 4 cwt. 3 qrs< 22 lbs. 

at £4 - 17 - 4 per cwt ». £ 

Dec. Ist, To tea, for 1 chestf containing 83 lbs. 

at 78. 4d. per lb . 

£64 - 10 - 1 J 

129. Dublin, 8th December, 1842. Mr. William Joyce buys 
from Patrick M'Neale 138 gallons port wine, at 168. Sd. per gallon ; 
130 gallons sheny, at 168. 4d.; 110 gallons Madeira, at 268. 9d. ; 

* In this exerdae. and the five following, which are called Mlis ofPareelt^ 
the pricet of the seteral articleb are to be found and set in the blank spaces 
toMfuds the right hand : the sum of these partial amounts is the entire amount 
required. The form of the first of these exercises is that which is usually em^v 
ployed when all the articles are bought at the same time ; but when the times 
are diiflerent, the form is generally that of the next exercise. The remaining 
•xerciaet of this Idnd ara 1^ for the pupil to write out, in proper form, for kis 
own improrement 

L 
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and 120 gallons Teneriffe, at 14«. lOd, Bequived die whoile amonat. 
Jnsw. £457-5-10. 

130. Mr. Edward Stone buys of Hugh Sinclaire of Gork, Jan. 8tli, 
1842, 156 tierces prime beef, at £5 - 9 - 8 ; 813 barrels ditto, at 
£3 - 5 - 8 ; Feb. 4th, 93 barrels prime pork, at £3 - 8 - 8 ; Feb. 24th, 
64 barrels inferior ditto, at £3 - 3 - 6. Bequired the entire amount. 
Answ. £2403-12-11. 

181. Belfast, Jan. 10th, 1842. Mr. Alexander Jefferson buys 
from William Fitzpatrick 218 yards of linen, at Ss. 2<2. per yard ; 
178 yards of muslin, at Is. 4|^. per yard ; 2 pieces of printed ^ieo, 
containing 56| yards, at Is. 2d. per yard ; and (me peoe ditto, con- 
taining 27f yards, at 10<2. per yaid : and he pays in part £32 - 12 - 6. 
How much remains due ? Ansio, £18-4-9. 

132. Mr. Bghert Bellingham buys from John Cunningham of 
Glasgow, Feb. 5th, 1842, 3 cwt. of fine scale sugar, at Ss. lOd. per 
stone ; 2 cwt. coarse ditto, at 7s. 4d. per stone ; a chest of tea con- 
taining 86 lbs., at 4s, 6d. per lb. ; 38 gallons of whiskey, at Qs. lOd. 
per gi3lon ; and 10 gallons of rum, at Ids, 6d, per gaUon. Bequired 
the amount. Answ. £55 - 11 - 0. 



The method of aliquot parts in its application in finding prices 
having been fully developed and illustrated in the preceding pages, 
it may be proper to conclude this article with some miscellaneous 
matter that could liOtj with p)y>priety, hate been intermixed with 
the general principles already exemplified. 

Operations in the rule of proportion may often be abbreviated 
by the method of aliquot parts^ whether the first term is a unit or 
not. Thus^ if it were pro- 
posed to find how much £ £ ». 
fiour might be bought fof As 11 : 6 6 
£6 - 5 - 8j if 7 <5trt. 2 qrs. 
16 lbs. cost £11 ; the terms 
being arranged in the usual 4b Qd ^£1 
way. we may «»ltiply ^e j,; ^Z^^ 
third term by £6^ and take ^" 
parts of it for 5». Sd, By 
this meansi the product of ^«^* 4 1 18» nearly. 
the second aM third terms 

is found to be 48 cwt. qr. 2^ !bs. J and this being divided by 11, 
by compound division^ the quotient is 4 cwt. 1 qr. 13 lbs. nearly, 
the quantity required. 

Thus, also, if it be re^ b. b. £ s. d, 

quired to find the ^rice of As 12 .* 366::2 13 6 

366 bottles of wine, at 2 

£2-13-6 per dozeoi the 730 

work will stand as in the iQg^ q^^ ^ £1 
margin. Experience will 2«! 6d. = J of 10«. 
enable the student to judge Is, Od. ^^ of lOs. 
when this method may be * * 10 ' 12^976- 7-6 

employed with advantage, . ^qi " «r " oi 

and when the common Answ, £iil - < " %• 

inethod is preferable. 



d. c. 
8::7 


q. Ibst 
2 16 
6 


45 

1 



3 12 
2 U 
2 15| 


11)48 


2ft 



182 - 10 - 
45 - 12 - 6 
18- 6-0 
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As an ftpplication of this method to quantities of another kind, 
let it be required to find the sun's mean apparent motion in IQ 
days, 7 hours, 20 minutes, 
the mean space which he 
apparently describes each 
day in the ecliptic, being 
5W S"'S. Here, the daily 
space beingmultiplied by 10 
by compound multiplica- 
tion, the product, 9** ^1' 23", 
is the space described in 



h« m. 

6 0«}day 
1 0«|of6h. 
20»|(^lh. 

Answ. 



59' 


8"-3 




10 


9^ 61 


23 


14 


47-1 


2 


27-8 





49-3 



10 9 27-2 



8-14159265 



0" = | ofl80O 
-1 of 30*» 

=*| of e** 

=1 of 2*» 


*523o9877 


'10471976 


•03490658 


•01163668 


=^of40' 
JO «| of 4' 


•00116356 


■00014544 


3 -^of30" 


•00001454 



10 days. Then, for 6 hours* a fourth of the daily space is taken ; 
for one hour, a sixth of the result ; and for 20 minutes, a third oi 
this last result. The sum of all these partial results is 10^ 9' 27"'2 
nearly, the mean space required. 

The following is another example of the application of this 
principle. When the radiiis of a circle is 1, the half of the circum-^ 
ferenee is 3*14159265 $ hence, let it be required to find the length 
of a part of the circumference containing 38° 44' 33''. 

Here, htllf the circum- 
fference being ISO**, the rea- 30° 0' 
son of the process is obvious ; 6 
and the answer is true, ex- d t> 
cept the last figure, which 40 
should be 8, the difference 4 

being occasioned by the re^ 
jection of remainders in the 
divisions. Atisw, -67618416 

Various abbreviated mddeS of finding prices in particular eases 
are given in works on mercantile arithmetic. Several of these may 
be useful for the pupil who has had. considerable practice in arith- 
metical calculations^ and %'ho is well acquainted with the more 
common and general rules tot such purposes ; but they are not 
fitted iot the less experienced pupil, as, from their variety and want 
of connexion, the^ teftd to perplex and puzzle him, and to make him 
conceive the subject to be more difficult than it is. No abbrevia- 
tions, therefore, except such as are of a general and obvious nature, 
and such as are likely to be most frequently useful, have been intro- 
duced in the preceding part of this article. A few of a different 
kind are here presented, to which the attention of the pupil may be 
directed, or not> as the teachei^ may reckon best. 

To find the prise of afty number of articles^ ai 2d. each : Since 
2d. = £^f we divide by 120: then, since 2d,sa^., we take one 
sixth 01 the remainder, re- 
garded as shillings, for the 4532 at 2d, 
remaining part of the an- 
swer. This can all be done 



2d.^£^^ia£ls, ...£37-16-4 



in a single line, the division by 120 being performed by conceiving 
the last figure to be cutoff, and then dividing by 12. In like manner 
the price at 3d., 4d., or 6d., may be found. 

L 2 
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To find the price at 17s. 4c2. ; Find the price at 16«., by the 
method given in page 206 ; and for the price at Is. Ad. take a twelfth 
of the result : and to find the price at 14«. 8<^., 
from the price at 16^., take a twelfth of 3729 at Vis. id. 

itself. In like manner, to find the price at 8 

Ids. 2d.y to the price at 14s., add a twelfth 2983 4 for 16s. 0(f. 

of itself; and to find the price at 12s. lOrf., 248 12 Is. Ad. 

from the price at 1 4s., take a twelfth of itself : £3231 16 

and, lastly, to find the price at 198. 6d., to 

the price at 18s., add a twelfth of itself; and to find the price at 

16s. 6d.j from the price at 18s., take a twelfth of itself. 

The price at ds. 7^^. taiy be found by adding to the price at 5s. 
an eighth of itself; the price at 3s. 1 J<i., by adding to the jttide at 
2s. 6d. a fourth of itself; and the price at 2s. 9|(2., by adding to the 
price at 2s. 6d. an eighth of itself. We may find the prices at As. ikd.f 
Is. lO^d.f and 2s. ^dif by the same rules, only subtracting instead of 
fulding. 

To find the price at £6 - 15, to the price at £6, add tin eighth of 
itself ; and to find the price at 6s. 9d., to the price at ^.^ add one 
eighth of itself. In like manner, to find the price <w? £3 - 7 - 6, to 
the price at £Zi add an eighth of itself ; atid to find the price at 
£2" 12-6, take an eighth of itself from the price at £3. 

The price of 24 articles may often be found yery readily by taking 
each penny it the price as 2*.j the price of 48, by taking each half- 
penny as 2s. ; and the price of 96 by taking each farthing as 2s. 
Hence, the price of 25 yards, at 3s. 6d.f is readily found to be 
£4 - 7 - 6 ; lor in 3s. 6^. there are 42 pence ; and^ by doubling the 
last figure of this, we have £A - 4, the price of 24 yards ; to which 
3s. 6d. being added, the sum, £4 - 7 - 6, is the required price. 

Because 112 farthings »= 2s. 4i., to find the price of 112 articles^ 
reduce the price of one to farthings ; and doubling the last figure foi^ 
shillings^ take the rest as pounds, and to the result add a sixth of 
itself. Thus^ since in 9|<2. there are 39 farthings, to find the price 
of 112, at 9M feach, by doubling the last figure of 39, we have 
jS3 - 18, to which a sixth of itself being added, we have £4-11, the 
price required. 

To find the price of 120, reckon every penny in the given rate 
10s. Thus, 120, at Ad. each^ amount to 40s., or £2 ; and at 5|<2. to 
55s., or £2 - 15. The same results would be obtained by taking 
the farthings in the given rate as pounds, and dividing by 8. 

Almost numb^rl^ss other abbreviations might be added. In 
addition to those given above, others will be found in the article on 
mental arithmetic* 
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TARE AND TRET. 

The whole weight of any commodity, together with 
the weight of the boz, barrel, <&c., which contains it, is 
called its gboss weight. 

The weight of the box, barrel, &c., which contains 
any commo<£ty, is called its tare. 

The SUTTLE WEIGHT is what remains afber the tare is 
dedncted. 

Tret is an allowance of 4 lbs. for each 104 lbs. of 
the snttle, in goods that are liable to waste. 

Cloff is an old-^hioned name for an allowance of 
2 lbs. which nsed to be made in every 3 cwt. of what 
remains afber the other deductions are made. This 
allowance was for the turning of the beam in weighing 
the goods. Nowadays balances are so good that no 
such allowance is needed. 

The BEAL or net weight is what remains afber all 
deductions are made. 

The arithmetical working of allowances and deduc- 
tions such as those described in Tare and Tret is so 
simple that neither roles nor examples are needed. 



COMPOUND PROPORTION. 

RaLE I. (1.) By the rale for simple proportion, 
find a fourth proporfcional to two given terms of the 
same kind with one another, and to the term which is 
of the same kind as the answer. (2.) To two other 
terms of the same 'kind, and to the proportional last 
obtained find a fourth proportional ; and thus proceed 
if there be more terms ; the fined result will be the 
answer. 

Rule IL (1.) Place the term which is of the same 
kind as the required term, in the last place. (2.) Com. 
paring the other given terms by pairs, place each as 
antecedent or consequent, according to the general rule 
for simple proporticm. (3.) Divide the continual pro- 
duct of all the consequents and the last term, by the 
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continnal product of all tlie antecedents ; the quotient 
will be the answer. 

As a contraction in the nse of this latter rule, 
divide an antecedent, and either the last term, or any 
consequent, by any number that will divide them with- 
out remainders, and employ the results instead of those 
terms : or, if an antecedent and any consequent, or an 
iantecedent and the last term be the same, reject them. 

Exam. 1. If 40 gallons of ale serve 17 persons 5 days, how 
many gallons will 9 persons use in a year, at the same rate ? 

I. As 5 days : 365 days : : 40 gallons : 2920 gallons. 

Ad 17 persons : 9 persons :: 292Q gallons : ld45jf gallons. 

In this operation, we first proceed as if the number of persons 
in both cases were 17, and on this supposition we find that 2920 
gallons would serve those persons for a year. But the number of 
persons being 9, instead of 17> we find by the second analogy, that 
if 17 persons would use 2920 gallons in a year, 9 persons would 
use only 1545^ gallons in the same time. 

In this method, that term is placed last which is of the same 
kind as the required term. Then were the number of persons the 
same, the answer would evidently be greater than 40 gallons ; and 
therefore we put 365 days in the second, and 5 days in the first 
place:, but were the number of days the same, the required term 
would be less than 40 gallons ; wherefore, we put 9 persons in the 
second place, and 17 in the first. We then multiply the product of 
the consequents by the common third term, 40, and divide the 
result by the product of. the antecedents, and the same answer is 
found as before. This operation is, in effect, the same as that in 
the first method ; for the result of the first single analogy, without 

the actual multiplication (md division, is , and, conse- 

5 

quenUy, the second analogy becomes 17:9:: ?2^Jii? : 9 x 365 ^ 40 ^ 

o 5 X 17 

whence it appears, that, in both methods, the same multiplications 
and divisions are in reality performed, and consequently the one is 
only a modification of the other. In this method 5 and 365, or 5 
and 40, might be divided by 5 as a contraction* 

One very considerable advantage belonging to the^ second rule 
is, that by it the operation is kept free from fractions till the con- 
elusion ; while, in the other mode, fractions often arise from the 
first analogy, and render the remaining part of the work more 
intricate and difficult. 

Exam. 2. If 15 men, working 12 hours daily, reap 60 acres in 
16 days, in what time would 20^ women, working 10 hours daily. 
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twp 9(1 acvBS, 7 men being able to reap as much as ^ immsti, in the 
'same time ? 

As 20 persons : 15 persons ' 

10 hours :i2hour8 I . .. is days : 26|l days. 
00 acres : 98 acres f • • *" "*J"' • *"55 ""J"* 

7 :8 

In this example, since the answer is to be in time, we place 16 
days as the common third term. Then, it is evident, that, were all 
things alike, except the number of workers, the time required would 
be less than 16 days, 20 persous requiring less time than 15 ; and 
therefore 15 is put as consequent, ai^ 20 as antecedent. As, how- 
ever, the women work only 10 hours daily, while the men work 12, 
the required time would be longer on this account ; therefore 12 is 
put in the second column, and 10 i;^ the first. The other terms are 
arranged on similar principles ; and the answer is found by dividing 
the continual product of 16 and the consequents, by the continual 
product of the antecedents. 

The work may be shortened, as in the maigin, by dividing 20 
and 15 by 5, and 10 and 12 by 2 ; 
then, by omi ttirg 7, and writing 14 (i) : ^ 

instead of 08, as 98 is equal to 14 5 : (6) 

times 7* For similar reasons, we 5(10)(60) ! 14 
omit 6, and write 10 instead of 60 : (8)(2) 

we omit also 4, and write 2 in place 

of 8 ; and, lastly, this 2 is omitted, and the antecedent 10 is changed 
into 5. We then divide 672, the continual product of 3, 14, and 16, 
by 25. the product of .5 and 5, aod we obtain the same answer, as 
before. 

This question might also have been wrought by means of four 
operations in simple proportion. All these, however, except one, 
would give origin to fractions, the neglecting of which would pre- 
vent the true answer from being found. In every respect, therefore, 
the second rule is greatly preferable. 

Exer. I. If the carriage of 59 cwt,, 19 miles, cost £2 - 16, how 
far may 43 cwt. be carried, at the same rate, for :^2 - 4 ? jnaw, 
20§2i miles. 

2. If the carriage of 13 cwt., 65 miles, cost £2 - 5, how many 
hundreds may be carried 40 miles, at the same rate, for £3 • 15 ? 
Anao, 35^ cwt 

3. If 12 horses plough 11 acres in 5 days, how many horses 
would plough 33 acres in 18 days ? Answ. 10. 

4. If a man walking 12 hours each day, travel 250 miles in 9 
days, in how many days, walking 10 hours each, at the same rate, 
would he travel 400 miles? Answ. 17^ days. 

5. If the expenses of a &mily of 8 persons, amount to ;^42 in 
16 weeks, how long will £100 support a family of 6 persons, at the 
same rate t Answ, 50g| weeks. 

6. If 29 men, in 5 days of 12 hours each, reap 32 acres, in how 
many days of 13 hours each, will 20 men, workiiig equally, reap 
40 acres ? Answ, 8|§ days. 
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7. If £15 - 12 pay 16 labourers for 18 days, liow many labourers, 
at the same rate, will £S5 - 2 pay for 24 days ? Answ. 27. 

8. If 36 yards of cloth, 7 quarters wide, cost £25 - 4, what cost 
120 yards of thQ same quality, but only 5 quarters wide ? Answ. £60. 

9. If a tradesman earn 16 guineas in 108 days, how many sove- 
reigns would he earn, at the same rate, in 270 days ; 20 guineas 
being equivalent to 21 sovereigns ? Answ. 42. 

10. If the rent of a farm of 26 a. 2 r. 23 p. be £50 - 8 - 9, what 
would be the rent of €aiother, containing 17 a. 3 r. 2 p., if 6* acres of 
the latter be worth 7 of the former ? Answ. £39 - 4 - 7. 

11. If a puncheon of rum containing 85 gallons, cost £58 - 8 - 9, 
what would be the value of a hogshead containipg 63 gallons, and 
composed of four parts of the same rum, ^d one part of water ? 
Answ. £34 - 13 - 0. 

12. In what time would 23 men reap afield which 40 women 
would reap in 6 days, if 7 iben can reap as much as 9 women ? 
Answ. 8A days. 

13. If a person, walking 13 hours each day, travel 191 miles in 
7 days ; in how many days of 10 hours will he complete the r^ 
mainder of a journey of 500 miles, at the same rate each hour ? 
Answ. 14131?. 

. 14. If 68 fts. of tea co^t ^20 - 10 - 6, what cost 70 lbs. of a 
different quality, 9 lbs. of the former being equal in value to 10 lbs, 
of the latter ? Answ. £20 - 10 - 6.* 



INTEREST. 

Tlie snm to be paid by a person for tbe use of monej 
wliicb be owes, is called tbe interest of tbat money. 
Tbe money due is called tbe principal. 
Tbe snm of tbe principal apd interest is called tbe 

AMOUNT. 

Tbe RATE is tbe money allowed for tbe nse of one 
bnndred ponnds for q>ny givep time, bnt usually for a 
year. 

Wben interest is cbarged on tbe original principal 
only, it is termed simple interest. 

Wben interest is cbarged, not only on tbe original 
principal, but also on the vivt^est as it h^ovfies dtte, it is 
called COMPOUND interest. 

* Many of the qaestioiifl nsoally proposed nnder the head of oompoimd 
proportaon are quite ntisplaced, as some of them are merely anticipatioikB of 
what is afterwards delivered in interest^ and others belong to mefuurafion, or 
other sabjeots, with the principles ol which the pupil is supposed to be un- 
acquainted. Hence, the number and variety of exerdses here given, are pur- 
posely less than in several other works on arithmetic 



SIMPLE mXEREST. 225 

It is scarcely neeessaiy to remftrk that per ceni.t a contraction 
for per centum, means by the hundred ; and that per annwn means by 
the year. 
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Rule I. To find the interest of a given sum for a 
year, at a given rate per cent, per annum : Multiply the 
principal by the rate, and divide the product by lOO.t 

As £100 is to the rate per cent, per annum, so is 
the principal to its interest for one year. 

Exam. 1. Required the interest of £576 - 5 - 8J, for 1 year, at 
6 per cent, per annum. | 

* In interest five qnantities are concerned, the principal, the ratey the time^ the 
inierestf and the anuntnt ; and any three of these, except the principal, the inte- 
rest, and the amonni, being given, the rest can be found. Hence, computations 
in interest admit of several problems. The most nsefol, however, is that in which 
the principal, the time, and the rate are given, to find the interest or the amount. 
This problem may be resolved, in all cases, by means of the first or second rule : 
but the thhrd and fourth present modified, and, in many cases, shorter methods 
of eflectfaig the same. 

t The fallowing rule will be found useful : To divide moneif by 100, for the 
pounds of tiie quotient, take the pounds of the dividend, except tiie last two 
figures, which are to be divided by 5 for shillings : from the remainder, with half 
the shillings of the dividend annexed, reject a twenty- 
fifth part, and regard what remains as farthings. If there £ t. d, 
be pence, or an odd shilling, their effect in modifying the 100 )8947 18 8 
quotient may be estimated as nearly as possible. Thus, £g9 . 9 . 61 
let it be required to divide £8947 - 18 - 8 by 100. Here, s 
by cutting off two figures, we have £89 ; and one fifth of 47 is 9, the shillings 
required, and the remainder is 2. This remainder, with 7, the half of 14 shillings, 
annexed, becomes 37, from which 1, nearly its twenty-fifth part, being rejected, 
we hiive 26 farthings, or 6|d. We use 14 shillings in this example, because 13«. 8d. 

Is nearly 14*. 

The reason of this process will be understood from the rule given in page 190. 
' As another example, let it be required to divide £2658 - 16 - 10 by 100. Here, 
after cutting off two figures, we have £26, and the fifth of 
the remainder is 11 for shillings, with 3 remaining. This £2658 - 16 - 10 
remainder being prefixed to 8|, the half of 17<., to which £26 - 11 - 91 

16«. IQd, is nearly equal, we have 381, the twenty-fifth part 
of which is obviously about 1^ Then 38| being diminished by this quantity, the 
remainder is 37 farthings, or i)l<f., which completes the quotient. 

% The rate of interest has varied much at different periods, and in different 
countries, but it has bem generally observed to diminish as commerce extends. 
In Italy, about the beginning of the thirteenth century, it varied between 20 and 
80 per cent, per annum ; an^ in the Netherlands, it was fixed by Charles V. in 
1660 at 12 per cent. By an Act of the 87th year of Henry Yin., interest in 
Kigland W48 not to exceed 10 per cent. By the 21st of James I. it was reduced 
to 8 per cent. Soon after the Eestoration it was reduced ferther, to 6 per cent. ; 
and in the 12th of Anne, to 5 per cent. The legal rate of interest in Ireland was 
6 per cent. The Usury Laws imposinfif these restrictions were entirely repealed 
in 1854 by 17 & 18 Vic, c. 90. . 

l3 
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£676- 6- 


6 


£34|67 - 14 - 
20 


3 


11 54 

12 




6 51 
4 





Or thus, acoording to second note in page 225. 

£576- 6- 8J 

^ 

100)3457-14- 3 



2104 



^fuw. £34 - 11 - 6^ 

Here, by the first, or exact method, 
the answer is £34 - 11 - 6 J, with jfe 
or ^ of a farthing. 



The reason of the operation is quite evident, as it is nothing more 
than this : as the principal, £100, is to its interest, £6, so is the prin- 
cipal, £576 - 5 - 8|, to Its interest ; ai^d it is evident that, as often 
as the one principal oonfaitis its interest, so often will the other 
contain its interest : that is, by the nature of proportion, the inte- 
rest will be proportional to the principal. 

Exam. 2. Required the interest and the amount of £619 - 9 - 6, 
for 1 year, at 5 J per cent, per aimuili:' 

£619 - 9 - 6, at 5^ per cent. 

5J X^e division at full length 

3097- 7-6, for 5 per cent. is «» ^pUows : 

309-14- 9, for / ^ ' ' ' '' f 34|07 - 2 - 3 

100) 3407- 2-3 , for 5j -^ 

A^^/ 34- 1- 5 = interest ^If2 

^^^ 1619- 9-6 - principal Jl 

£653 -10-11= amount. ^1^^ 

In this operation the principal is multiplied by 5, for 5 per cent. ; 
and for h per cent, half the principal is added to the product. At 
the conclusion of the contracted division, ' it gives the result more 
nearly true to reject one^ than nothing, from 21, though less than 25, 
and more especially as there is Sd. in the dividend. In the examples 
that follow, the division at full length will be omitted ; it may be 
proper, however, for the pupil occa^oi^ally to work exercises both 
ways. *' ' ■ 

Exam. 3. What is the interest of. £1374 - 1 - 9, for 1 year, at 
5f per cent, per annum ? 

Since 5= ^ of 100, £^374 - 1 - 9, at 5| per cent, 

this example might be 5| 

wrought by taking a 6870- 8-9 
twentieth of the princi- | = Jof5 858-16- 1 

pal and increasi^ the 100)7729- 4-10 

result by an eighth of '-^=- --— - 

itself. • • ' -^ ■ 10, anew. 

Exercises. Find the interests of the following sums, for 1 year, 
at the given rates per cent, per annum : — 
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* 



Exermn. Jnawen. 

£ e, d. £ s, tL 

1. 774 11 3, at 6 38 14 6} 

2. 15 4i 13 6 

8. 39 12 6 5J 2 3 7 

4. 468 16 8 3^ 16 8 2^ 

6. 57 10 4i 2 11 9 

6. 876 12 6 5| 50 8 IJ 

7. 9 13 4 3f 7 3 

8. 376 12 8 4 15 1 3} 

9. 86 5 7| 6 15 10 

10. 637 11 5| 37 3 9} 

11. 17 7 8J 12 If 

12. 899 10 4 42 14 OJ 

13. 37 6 4i 1 13 65 

14. 534 4 7i 38 14 7 

15. 671 19 6 4t Mr..f.... 28 11 2 

16. 10 guineas 6 12 7| 

Bulb II. To find the interest of a given principal for 
any other time than a year: (1.) Find the interest for a 
year, by Rule I. (2.) As one year is to the given time, 
so is the interest for one year to the interest required. 

The work may fi*eqnently be abbreviated by finding 
the interest for months or other fractional parts of a 
year, by the method of aliquot parts. In using this 
method, the answer will often be found with more ease, 
or with a greater degree of correctness, by multiplying 
by the rate ; then multiplying, or taking aliquot parts 
for the time ; and, last of cJl, dividing by 100. 

Exam. 4. Bequired the interest of £^9 - 2 - 4, for 2} years, at 
4 per cent, per annxun. 

In this example, the in- £99 - 2 - 4 

terest for 1 year is first 4 

found, which is £3 - 1 9 - 8 J, 1 00)396- 9-4 

^^-^Z' v^ of 'li^^^"" T £3-19- 3i interest for 1 year, 

tiplied by 2f , the number 2} 

of years. It might have - — ^ * 

been done by multiplying \']q is 

by 3, and subtracting a i'lnin* 

fourth of £3 - 19 - Sj. <> " ^^ " ^^ 

The formal analogy would £10 - 18 - 0} 

have been, as 1 y. : 2| y.::£3 - 19 - 3J : £10 - 18 - Of. 

Exam. 5. Required the interest of £179 - 12 - 11, for 1 year and 
7 months, at 5 per cent, per annum* 
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The interest for 1 year is found, by tbe method already ex- 
plained, to be :£$ - 19 - 7|. The rest of the work, by aliquot parts^ 



IS as follows :^ 

6 months IB i year 

1 month "I of 6 months 

In the second method, 
the division by 100 is 
delayed till the end of 
the operation : every- 
thing else is as before. 
By this method, the err(»r 
that often arises from 
neglecting the remain^ 
ders in the divisiop by 

id 



£8 - 19 - 7J = interest for } year 

4 - 9 - 9J = 6 months 

0-14- llf = 1 month 

£14 - 4 - dz = interest required. 

Or thus : 

£179-12-11 
5 



6 months » | year 

1 month -| of 6 months 



898 T 4- 7 
449- 2- 34 



74-17- Q 



I 



100, is done away, anc 



100) 1422- 3-11 
£14- 



4-5^ 

the answer thus found is more nearly true, than that which, in many 
cases, would be obtained by the other method.* ^ 

Exerci^. Find the interests of the following principals, for the 
given times, and at the given rates per cent, per annum : — 

A.fUlW€T8, 
£ 8. d. 

9 7 



17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
2o. 
26. 
27. 
28. 



Exercises. 
£ 8. d, 
81 jo for 2 jr. 5 m. at 4|. 




3 
1 

19 
2 

13 



8 

Hi 

8i 
9 

H 

2i 
6 



24 ly. 4ni. at5i...... 113 

419 7 9 1 y. 10 m. at 4| ,... 33 \% 

493 16 8 1 y. 8 m. at 6 1... 49 7 

24 18 9 lOiji. at6 .,., 1 4 

427 ?| 8' ly. 6 m. at 5|..... ....,,,.•? 34 16 

92 12 q 1 y. 10 m. at 6i .! !.... 11 

25 6 ly. 9 m. atd 2 

651 7 m. at4i m- 17 

684 18 i ly. 9 m. at3| 31 

4 7 6 6 m. at 6 

60 guineas 1 y. 2 m. at 6 3 

Exam. 6. Required the interest of £342 - 11 - 8, for 86 days, at 
4 per cent, per annum. 

In this exercise, the interest for a year is found (by Rule I.) to 
be £13- 14 -OJ, nearly; and as 866 days : 86 days :: £13- 14 - 0| 
: £3 - 4 - 7, nearly, the interest required, 

* The interest c^ a turn for am number of monthSy cU 6 per cent, per annum, 
may be very easily found by multiplyiiig the sum by half the number of mcmths, 
and dividing the resolt by 100 : and hence the interest at other rates may be 
derived by means of aliqnot parts. Thus, to find tbe interest of £260 for 10 
months, at 4 per cent, per annum, we multiply £300 by 6 ; and dividing the pro- 
duct by 100, we find the interest at 6 per cent to be £12 - 10 - 0. We then take 
ffom. this a third of itself, and the remainder is £8 - 6 • 8, the interest required. 
The recuon of this is plain, since the number of pounds in the rate (£6) is half 
the number of months in the year. Other contractions in the computati(m of 
interest will be found in the article on mental arithmetic. 
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Exam. 7. Bequired the interest of £429 - 17 - 4, from June 29, 
1841, till Feb. 12, 1842, at 6 per cent, per annum. 

The number of days from the 29th of June, till the 12th of 

February following, is found, by the method shown in page 72, to 

be 228; and the interest of j6429 - 17 " 4 for a year, computed 

(by Rule I.) to be £21 - 9 - 10|. Then, as 365 days : 228 days 

: : £21 - 9 - ICjJ : £13 - 8 - 6J, the interest required. 

It will readily be seen, that this and all similar questions may be 
wirought by compound proportion. The terms will be arranged 
thus : — 

VZb I #8 dayj "=««9 - 17 - 4 : :fil3 - 8 - 6J, answ. 

Exercises. FiQd the interests of the following sums, for the pro- 
posed times, and at the assigned rates per cent, per annum : — 

Exercises. Answers. 

£ s. d. days. £ s, d. 

89. 466 IQ ((f9r31,at5 118 9i 

30.1000 0— 1,-6 3 3|| 

31. 700 0—89,-5. 8 10 8i 

32. 381 1 8-264,-6. 16 10 9 

33. 447 12 a from July 8, till Dec. 26, at 5| 12 1 2 

34. 61 Ap. 21, — Sept. 4, — 5J 15 

36. 43 3 June20, — Nov. 8,-6 10 

36. 943 1 8 May 1, — Oct. 21, — 6J 23 9 4 

37. 40 10 ^:— Aug. 24, — Jan. 1,-6 17 3| 

38. Required the interedt of 16 guineas from March 

17» 1840, till January 26, 1842, at 6 per cent. 

per annum 1 16 2]^ 

39. What is the interest of £63 - 6 - 8, from June 14, 

1841, till Sept 22, 1843, at 4j per cent, per 

annum 6 9 1| 

RcJLB III. To find the interest of a given sum for any 
tmmber of days : Multiply the principal by twice the 
rate, and the product by the dayis, and divide the result 
by 73,000. 

The division hy 73,000 may be performed by the following rule : — 
Below the dividend write one third of itself, one tenth of that third, 
and one tenth of that tenth, rejecting shillings and remainders : 
then add the four lines together^ divide the sum by 100,000 (or cut 
off five figures), and reject a farthing for each £10 in the result.* 

•The exact correction is a farthing for £10 7 8 - 4i. The reason of this pro- 

oesB will appear from performing the operation indicated In it on 73,000, the result 
being 100,010. Now 10, the excess of this above 100,000, is contained in it 

10,001 times, and 10,001 farthings are £10 -8-41 
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The tenths will be obtained by setting the figures one place to the 
right hand, and rejecting the last of them. 

'Exam, 8. What is the interest of £372 - 10 - 10, from Febmaiy 
12, till December 17, 1840, at 4 J per cent, per annum? 

1840 being a leap year, the 
number of days is found to be £372 - 10 - 10 

309 ; and the product of this, 9 

of the given principal, and of >5^73 — 7^ — ^ 

9 (twice 4J), being found, as ||^^^ " ^ " n' ""' i 

in the mi^n, is £1036077, ^^l^l' ^' ^ "^^^ 

which being divided by 73,000, •— ^ 

the quotient is £14 - 3 - 10^, ,a??^'' 

the interest required. The di- l??59_ 

vision by 73,000, by the second 73000) 1036077 
mode, will stand as in the mar- £14-3-10^, answ. 

gin, below the answer as found 
by the first method. After cut- 
ting off five figures, we have 1036077 

£14 remaining to the left. Then, 4 345359 

according to the method shown ^ ...-. 34536 

in page 225, we divide the num- ^ 3463 

ber expressed by the next two lTl942j 

figures by 6, and obtain for ^ ia q if\ i 

quotient 3 shiUings, with the ^ Ai4-tf-ii» 
remainder 4. Prefixing this to ^^^- • • ^ 

the next figure, we have 44; £irt-3-10J,a»M|o. 

and rejecting 2, for a twenty-fifth of 44, we have remaining 42 far- 
things, or l^d. We then correct the result by rq'ecting one far- 
thing, and we find the same result as before. 

I%e reason of the rule will be evident from the operation by com- 

Sound proportion, if, instead of £100 and the rate per cent., their 
oubles be employed. Thus, we should have, in this exercise : — 

m%^ :1o9 days} ■'^''^ - 10 - 10 : £14 - 3 - lOi ; 

and, in working this by the rule for compound proportion, we 
should multiply together the principal, the days, and twice the rate, 
and divide the pro£ict by 365 x 200, or 73000. 

When the rate is 5 per cent., since the double of 5 is 10, we 
merely divide the product of the principal and the days by 7300. 

Exercises. Answers. 

£ s. d. £ s. d, 

40. 648 16 6 from June 2, till Nov. 25, at 6 16 12 10 

41. 14 Mar. 23,— Nov. 2,-6 10 3| 

42. 688 18 4 Mar. 10, —Aug. 26, — 6 19 6 

43. 884 8 8 Mar. 3, — Oct. 28, — 6 28 19 1| 

44.4868 16 June 8, — Nov. 1, — 6j 126 11 9 

45. 66 8 May 6, — Aug. 21, — 6| 116 

46. Kequired the interest of £14 for 3 years and 122 

days, at 6 per cent, per annum 2 16 
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The following rale will be fonnd eai^ and useful in interest and 
discount : — 

Rule IV.* To find the interest of a given principal 
for any number of days, at 4 per cent, per amium: (1.) 
Mxdtiply the principal by the d^ys : (2.) to the product 
add one tenth of itself: (3.) from the Bnm take four 
times the same product, wanting the last three figures : 
(4.) divide what remains by 10,000 (or cut off four 
figures); the quotient will be the ^nswer nearly. (5.) 
When the interest is large, reject a farthing for each 
£10 contained in it. ' ' 

For other rates than 4 per cent, increase or diminish 
the product of the principal and days, by the method 
of aliquot parts, and then proceed by the rule. 

Exam. 9. Eequired the interest of £8985 - 14, for 12 days, at 
4 per cent, per annum. 

Here the product of the principal and days 
is £107828 nearly, and the' 'tenth of this 
(found by setting each figure one place nearer 
the right-hand side, and increasing the unit 
^gure by 1, because 28 is nearly 30) being 
added to it, the sum is 118611. After this, 
we multiply 107 by 4, and increase the pro- 
duct by 3 (carried for 4 tinies 8, the first 
of the figures cut off). The result, 431, is then 
subtracted, and the remainder, 118,180, di- 
Tided by 10,000, in the >Fay pointed out in the 
last example. The quotient is £11 - 16 - 4J ; £11 - 16 - 4, answ. 
from which, because it is nearly £10, a far- 
thing is subtracted, and the remainder, £11 - 16 - 4, is the interest 
required. Had the rate been 5 per cent, we must have increased 
£107828 - 8, by one fourth of itself, and then have added to the 
result one tenth of itself, &c. 

With respect to the reason of this easy and expeditious rule, the 
reader who has studied decimal fractions will find, by the last rule, 
that the interest of £1, for 1 day, at 4 per cent, per annum, is 
£8 -^ 73000, or £0001096, nearly, or £0001 1 - £0000004, nearly: 
and it will appear, on a little consideration, that the operation by 
the rule is nothing else than multiplying by '0001 1 and '0000004, 

*Thd following method at finding interest for days at 6 per cent, per annum 
may be fonnd na^l, when the interest to be found is not very lai^ :— Divide 
the product of the principal and dajrs by 100 ; take one third of the quotient for 
ghiUinga, and one rixth of the remidnder for farthings ; and from the sum thus 
obtained reject a penny for each six shillings contained in it ; the remainder will 
be the interest required, nearly. Another correction may sometimes be made, 
by adding to the r«nilt obtained by the preceding part of the rule, a penny tot 
each six shiUingB contained in the first correction ; or a penny for each £S0 in 
the entire interest will give nearly the same correction. 



£8985 • 


• 14 
12 


107828 - 
10783 


' 8 


118611 
431 


11,8180 


£11-16- 


, ... • t 
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and taking; the difierence of the results. The correction is necessary, 
because the decimal £'0001096 is not the exact interest of one 
pound for a day. 

Exercises, Answers. 

£ s, d. ^ £ s» d. 

47. 70 6 from June 9, till Dec. 6, at 4 ......... 1 7 8| 

48. 693 12 6 May 12, — Oct. 29, — 4 11 1 2J 

49.374 6 April 1, — Dec. 29, — 4 11 3 IJ 

60.247 Mar. 14, —June 8, — 6 3 9 10 

61. 30 2 May 13, — Sept. 29, — 6 13 9 

52.176 11 4 Mar.l7, — Aug.26, — 6J 4 6 8 



The computation of interest, on accounts cwrrent^ affords a useful 
application of the preceding principles. An account cusrent con- 
tains a statement of the mercantile transactions of one person with 
another, when immediate payments are not made. It is usually 
written on two pages, marked Dr. and Gr. (Debtor and Creditor), in 
the manner of a Ledger account, the left-hand page containing the 
payments made by the merchant who furnishes the account, and the 
other what is paid to him. At the foot of this page and the next^ 
there is a specimen of this kind of account ; and the following is the 
method of computing the interest pn it, at 4 per cent, per annum : — 



£ 

Feb. 10. To 186 
26. To 214 
June 20. To 416 
March 24. By 166 
April 6. By 347 
Sept. 26. By 200 



«. d, days 

7 6x303 
10 X 288 
4x173 . 



8 
13 
18 





Dr. 
66472 
61776 
71867 



Cr. 



4x261 43600 

0x248 86279 

Ox ib 16000 



190116 
144779 

46336 

A 4534 

49870 
45x4+1 181 

4,9689 



144779 



£4-19-4}, interests 
Exer. 63. Br. Mr. John Jardinb, Newry, in Account. 



1842 

Feb. 10 

26 

June 20 

Dec. 10 



To balance by account furnished 

To amount of sugar 

To amoi;pt of rum and sugar 

To intet^ ^ on this account .. 
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For riffhtly understanding thia compntation, it is necessary to 
consider, that the account is made up till the 10th of December, and 
the interest calculated on it till that date. We place in a column, 
as above, all the sums on the debit side, and then all those on the 
credit side, prefixing to both their dates. To the former, also, we 
prefix the word to^ and to the latter bp, for the sake of distinction. 
We next find, successively, the number of days between Feb. 10 and 
Dec. 10, between Feb. 25 and Dec. 10, &c., and place them in the 
next column. A debit column and a credit one (marked Dr. and 
Cr.), are then formed, and all the sums on the debit side are multi- 
pli^ by the corresponding number of days, and the products are 
placed m the debit column. In like manner, the products of the 
sums on the credit side, by the days which follow them, are placed 
in the credit column. The sums of the two columns are then taken, 
^nd the debit side is found, by subtraction, to exceed the other side 
by 45386 ; which, by means of Eule IV. (or of Eule III.), gives 
£4 - 19 - 4J, the interest due on the entire account. This is placed 
on the debit side of the account ; and then the sum of all on the 
credit side is taken from the sum of all on the debit side, and the 
Ten^ainder £106 - 13 - 10|, is placed on the credit side, as the sum 
due by the person to whom the account is furnished. It is scarcely 
necessary to say, that the last two lines, in Italics, form the answer 
of the account. 

The pupil ought not only to perform the computation of the 
interest on the following accounts current, but also to write the 
accounts out, in proper form, on a sheet of paper, after the manner 
of the specimen given at the foot of this page and the preceding. 
The answers are in the lines which are printed in Italics, 

Exer. ^4, 55^ 56. BjBquired the principal and interest due on 
each of the following accounts currept, till the date at the end of 
etich, the ^st at 6, tl^e secoi^d at 5, and the third at 6 per cent, per 
annum. 



Dr. Mr. J. Fox, in Account Current with S. Bbll. Cr, 



1842 I 4 s. d. 

May 19 To goods ,.,,„ 512 12 6 

Aug.23Totea 273 8 

Oct. 4.To goods 186 10 

Nov. 18 To sugar 272 5 



1843 
Jan. }8 



To balance \ 
of interest i'" 







10 4 11 



£1255 5 



1842 
June 13 
Nov. 8 
Dec. 1 

1843 
Jan. 18 



£ s. 

By cash 400 18 

By wheat 680 

By bill 73 5 

By balance to-\^^^^ 
new account j 





8 

9 



£1255 5 



Current with Ohabilbs Caulfi^ij), Belfast. 



1842 
Mar. 24 
April 6 
Sept. 26 
Pec. jiO 



By amouiit of flour 

By cash 

By bill on Cavan & Co., Dublin 

By balance to your debit in a new account 
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Ih, Mr. C. Johns, London, in Account Onnent with 6K 

Thoxas Linn & Co., Dublin. 



1841 
Sept. 3 
Dec. 21 

1842 
Jan. 27 
Mar. 26 
June 26 



To balance 
To linen.... 


£ 8. d. 
...1280 3 11 
... 793 18 


To goods 
To linen , 
To bcUance 
o/intere» 


...1040 6 
.. 838 14 2 

A 25 9 10| 




^£3978 10 llj 



1841 
Sept. 19 

1842 
Mar. 20 
May 26 
June 26 



£ 8. eL 

By sugar ... 1510 10 

By goods ... 1248 8 

By bill 912 16 8 

By balance \ ^^^ ^ 3| 



4^3978 10 11| 



Dr. Mr. T. Hart, in Account Current with H. Obb. Or. 



1840 
Feb. 9 
May 7 
July 8 
Aug. 18 
Oct. 29 



£ s. d.\ 1840 

To linen 768 8 9 1 April 1 

To lawn 436 17 6l 

To goods 948 5 10 June 27 

To linen 673 11 Sept. 11 

To balance \ 34 lo IQ 
oftniereatj / 



^62861 13 11 



Oct. 29 



£ 8. eL 



'''^1') «« * « 



By sugar 
B^r bUl on"! 

Ash&Co., 

London 
By balance 
I tanewacct.j 



500 
I 1533 12 6 



408 16 9 
£2861 13 11 



The following rules serve for the resolution of the remaining 
cases of interest. As these cases are of minor importance, the rules 
are given without proof, and without illustration by examples. 
They are easily proved, however, by the principles of proportion ; 
and the pupil will find it easy to apply them in the resolution of the 
subjoined exercises. 

BuLE y. To find what principal^ in a given time, would produce 
a given interest, at a given rate per cent, per annum : 

As the rate : ;^100 1 .. -u • i. *. . 4.1. -: • i 
The given time : 1 year) " *^'> '"**'"«* ' *« P™>«P»1- 

Ezer. 57. How much money must be lent on the 2nd of April, at 
6 per cent, per annum, to bring in for interest £24, on the 18th of 
November following? Anew. £634 - 15 - 7J. 

58. What principal, at 5 per cent, per annum, will bring a yearly 
income of £341 - 5 ? Anew. £6825. 

BxTLB VI. To find what principal, in a given time, would increase 
to a given amount, aJt a avven rate per cent, per annum : (1.) To the 
product of the time and rate, add the product of £100 and 1 year, 
m the same name as the given time : (2.) Then, as the sum is to 
the above-mentioned product of £100 aiid 1 year, so is the amount 
to the principal. 
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Exer. 59. What principal lent on the Ist of Jannaiy, 1840, at 5| 
per cent, per annum, would amount to ill 000, on the 29th of Sept. 
m the same year ?• Anatp, j£960 - 12 > 6^. 

60. What sum must be lent, at simple interest, at 4 per cent, 
per annum, that the amount, at the end of 2 years, 10 months, may 
be £627 - 18 - 6 ? Answ. £564 - - 1. 

BxTLE VH. To find the time in which, at a given rate per cent, per 
nnnum, a given principal would produce a given interest : 

Ezer. 61. In what time will £460 amount to £500, at 4J per 
cent, per annum ? Answ, 1 year, 34p days. 

62. How long must £2000 be lent, at simple interest, at 3| per 
cent, per annum, to amount to £2280 ? Answ. 4 years. 

63. How long must £887 - 5 - be lent, at 5J per cent, per 
annum, simple interest, to gain £120? Answ. 2 years, 210 days. 

BmA YIII. To fmd at what rate a givm prinoipal would gain a 
given interest in a given time : 

"^ S: f^' ': if^} '-•' *e inte-t : the rate. 

Exer, 64. If a merchant, with a capital of £5000, gain £2000 in 
2f years, at what rate per cent, per annum, simple interest, has he 
gained? Answ. £14- 10- 11, nearly. 

65. If £l amount to £l - 2 - 9 in 3j years, at simple interest, at 
what rate per cent, per annum must it have been lent? Answ. 
^4-4-7*. 

It may be proper here to insert a few questions which are of a 
useful kind, and which are of the same nature as those regarding the 
interest of money. 

Exam. 10. The population of Glasgow was 77,385 in the year 
1801, and 100,749 in 1811. Required the rate per cent, of the 
increase during the interval. 

By taking the difference of these we find 23,364, the increase of 
the population. Then, as 77,385 : 23,364:: 100 : 3019, the rate 
required. 

Sxam. 11. Between 1801 and 1811, the population of Edin- 
burgh increased by 24| per cent., and in the latter year it was 
102,987. What was it m 1801 ? 

As 124J : 100 : : 102,987 : S2M5, nearly. 

Exer. 66. The population of Glasgow was 147,043, in 1821 ; 
202,426, in 1831 ; and 282,134, in 1841. Required the rates yet 
cent, of increase during each interval of 10 years, between 1811 and 
1841. (See Example 10.) Answ. 45*95 nearly, 37*664, and 39*376. 
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67. The population of Edinburgh was 138,235, in 1821 ; 162,403 
in 1831 ; ana 164,363, in 1841. Beqoired, as in the last exercisa 
(See Example 11.) Answ. 34*226 nearly, 17*483, and 1*207 nearly. 

68. The population of Great Britain was 14,391,631, in 1821 ; 
16,262,301, in 1831 ; and 18,526,567, in 1841. Bequired the rates 
per cent, of the increases between 1821 and 1831, and between 1831 
and 1841. Amw. 12998, and 13*923. 

. 69. Thepopulationof Ireland was 6,801,827, in 1821; 7,767,401, 
in 1831 ; and 8,205,382, in 1841. Eequired, as in the last exercise. 
An9w, 14*196| nearly ; and 5*639, nearly. 



DISCOUNT, 

Discount is an abatement made for advancing 
money, before it becomes dne. 

The money which is received as the ftdl payment of 
a debt or bill, due some time afber, is called its present 

WORTH. 

Rule I. To find tJie present worth of a hill or debt : 
(1.) Find the interest of the debt, at the given rate, and 
for the given time : (2.) Consider this interest as dis- 
count, and subtract it from the debt to find the present 
worth. 

Exam. 1. Bequired the present worth of a bill of £170, due at 
the end of 3 months, at 5 per cent, per annum. 

Here, by the method already explained in interest, the discount 
is readily found to be £2 - 2 - 6 ; and this being taken from £170, 
the remainder, £167 - 17 - 6, is the present worth. 

Exam. 2. What is the present worth of a bill of £39 - 5, due on 
jthe 1st September, but paid on the 3rd July preceding, discount 
being allowed at 5 per cent, per annum ? 

The time here is 60 days, for which the interest of £39 - 5 is 
found to be 6s, 5|<2. ; and, by subtracting this from £39 - 5, we have 
remaining £38 - 18 - 6|, the present worth. 

In Great Britain and Ireland three days, called days of grack, 
are allowed after the time a hill is nominaUy due, before it is legally 
due. Thus, suppose a bill were drawn on the 8th of April, at 4 
months, it would be due not on the 8th, but on the 11th, of August. 

It may be remarked, that if, without the days of grace, a bill 
should appear to be due on the thirty-first of a month which con- 
tains only thirty days, the last day of that month is to be taken, 
and not the first of tiie next ; and, consequently, the third of the 
next month will be the day on which, by the addition of the days of 
grace, the bill will be really due. Thus, a bill drawn on the thirty- 
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first of Angiiit, ftt three months, would be due on the third of 
December. In like manner, a biU which, without the addition of 
the days of grace, would be due on the twenty-ninth, thirtieth, or 
thirty-first of February, if that month contained so many days, 
would be really due on the third of March. It may be farther 
remarked, that bills which fall due on Sunday are paid, in Great 
Britain and Ireland, on Saturday. 

Exam. 3. Requilfed the present Worth of a bill of £77, drawn 
8th March, at 6 months, and discounted 3rd June, at 5 per cent, per 
annum. 

By counting forward 6 months and 3 days from the 8th of March, 
we find this bill to be due on the 11th September. The number of 
days, from the 3rd of June till this date, is 100 ; and the interest of 
£77, for 100 days, at 5 per cent, per annum, is found, by any of th6 
methods formerly explained^ to be £l •> 1 - 1^, and, consequently, the 
present worth is £75 - 18 - 1 Of. 

Exercises. Required the present worths of the following bills, at 
the given rates per cent, per annum : — 

Bxercis^. Answers. 

t s. d. Drawn. Discounted. £ s. d. 

1. 416 3 4, Mar. 1, at 7 months June 9, at 4 ... 410 16 'i\ 

2. 66 0,Sept. 5,— 5 Nov. 12, — 4^... 65 7 lOj 

3. 218 11 8,Aug. 14,— - 4 Oct. 3,-4 .*. 216 16 8| 

4. 607 3 4, May 22,— 6 July 10, — 6i... 697 7 6^ 

6. 895 12 0,Jan: 6,-11 May 9,-6 ... 869 9 4j 

6. 16 10 0, Sept. 26,— 6 Nov.30, — 6j... l6 4 11 

7. 688 12 8, Mar. 6»— 6 ; — June 11, — 6 ... 679 18 6 

8. 486 18 8,Mar.26, — 10 June 19. — 6 ... 472 1 2 

9. 876 5 8, Feb. 25,— 7 June 4,-6 ... 861 7 6 

10. 388 2 6,Dec. 8,— 6 Mar.26, — 6 ... 368 2 11| 

11.1000 0,Feb. 16, — 11 Sept.l2, — 6J... 980 11 2| 

12. 668 12 9, Apr. 27,— 7 June 3,-6. ... 664 12 4 

13. 447 12 6, June 23,— 6 —July 8, — 6f».. 435 11 4 

14. 22 10 0, Mar. 31,— 7 -May 8, — 6^... 21 16 8 

16. 649 13 4, Nov. 9,— 9 Apr. 19, — 6J... 688 8 % 

]G)xer. 16. Bequired the discount on £24 - 16 - 0, for one year, at 
5^ per cent, per annum. Ansiw. £1 - 7 - ^\. 

17. What is the discount on £549, for 32 days, at 6 per cent, per 
annum ? Jngw>, £2-8-1^. 

18. What is the present worth of £970 - 18 - 4, due at the end 
of 19 months, at 4J per cent, per annum? Answ. £897 - 17 - 11. 
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The rule which has been given above for the caloulatioD of dis- 
count, is that which is always employed ia actual practice. It is 
founded, however, on a principle radically fiBklse ; and always gives 
the discount too large^ amd consequently the present worth too emaU, hy 
the interest of the true discount. This will appear manifest if we 
consider, that the true present worth of any debt is such a sum as would, 
tf lent at interest at the assigned rate, amount to that debt at the time 
at which it would have been due : and, consequently, the discount, or 
the difference between the present worth and the debt should be, 
not the interest of the debt, but the intejfest of the present worth ; 
and, therefore, the interest of the debt will exceed the true discount, 
that is, the interest of the present worthy by the interest of that 
discount. The true present worth will be found by the following 
analogy : — 

BuLE n. As the amount of £100, for the given time, and at the 
proposed rate, is to £100, so is the d^t to its true present worth ; and 
the present worth being subtracted from the debt, the remainder is 
the discount. 

The reason of the rule will be evident from the consideration, that 
£100 is the present worth of its amount regarded as a debt ; and, 
consequently, the analogy given above will become simply this i—as 
the amount of £100, considered as a debt, is to £100, the present 
worth of that debt, so is any other debt to its present worth. It is 
obvious also, that, for the first two terms of the analogy, we might 
use the amount of any sum whatever, and that sum itself; but it is 
generally more simple and easy to employ £100 and its amount. 

To exemplify this rule, let it be required to find the true present 
worth of £200 due at the end of a year, at 6 per cent, per annum. 
In this case the amount of £100 being £105, we have, by the rule, 
this analogy: as £105 : £100:: £200 : £190 - 9 - 6^, the present 
worth required. By the common rule, the result would have been 
£190, with an error, therefore, of 9s. 6id, 

Again, let it be required to find the true present worth of £463, 

for 7 months, at '5 per cent, per annum. Here the amount of £100 

is £102-18-4; and> therefore, as £102 - 18 - 4 : £100:: £463 

: £449 - 17 - 6f, nearly. By the common method, the residt would 

be £449 - 9 * 11, and the error 7s. I^d. 

This question, and all similar ones, may be very easily wrought 
by the following txde : — 

Bulb III. Multiply the number of months by the rate, and add 
the product to 1200 ; then as the sum is to 1200, so is the debt to 
its true present worth. 

Thus, in the preceding example. We should have this analogy : as 
1235 : 1200:: £493 : £449 - 17 - 6|. The reason of this rule may 
be thus shown: as 12 months : 7 months :: £5 : £fi, the interest of 
£100 for 7 months. Then as £l00f| : £100, or by reduction of 
both to twelfths, as 1236 : 1200::&c. 

As another example, let it be requii ad to find the true present 
worth of £612, due on the 19th of September, but paid on the 8th of 
May preceding. 
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\EeTe^ the number of days beiog 134, we have this analogy: as 
365 days : 134days::£5 : £l - 16 > 8^ the interest of £100 for 134 
days ; and then, as £101 - 16 - 8^ : £100:: £512 : £502 - 15 - 5}, 
anstver. 

This question, and all others in which it is required to find the 
true present worth of a sum for a given number of days, may be 
wrought more easily and more accurately by the following rule : — 

RuLB IV. Multiply the days by the rate, and add the product to 
36,500 ( = 365 X 100) ; then, as this sum is to 36,500, so is the debt 
to its true present woorth. 

Thus, in the present example, 134x5 = 670, and 36,500 + 670 
= 37,170: then as 37,170 : 36,500::£512 : £502 - 15 - 5, the pre- 
sent worth. 

This rule depends on the same principle as the last ; and the 
reason of it may be thus illustrated. As 365 days : 134 days : : £5 
: £|||, the interest of £100 for 134 days, at 5 per cent, per annum. 
Then, as £lOO§^f : £100 ; or by reduction to three-hundred-and- 
sixty-fifths, as 37,160 is to 36,500, so is the debt to its present 
worth, Both these rules are, in reality, the same as Eule VI. in 
Interest.* 

The following considerations will be useful in showing the falsity 
of the common method of discount. 

If a person have a bill for £100, payable at the end of a year, at 
5 per cent., he will receive, according to the common method of dis- 
count, only £95 for it ; and were he to lend this sum for a year, at 
the same rate, instead of £100, to which it obviously should amount, 
he would receive only £99 - 15. The true present worth' is 
£95 - 4 - 9J, and, consequently, the error is. 9^. Again, had the 
same bill been payable at the end of two years, the present worth, 
by the Common method, would have been £90, while it should be 
£90 - 18 - 2^. The error is consequently IBs. 2^., and £90, in- 
stead of amounting to £100 at the end of two years, would amount 
to no more than £99. Had the time been four years, the present 
norths would have been £80, and £83 - 6 - 8, and the error £3-6-8. 
The amount also of the present worth, £80, would be £96, and, con- 
sequently, £4 less than it should be. If the time had been 10 years, 



* XJnlegs the time be grreat, the tme present worth maj be readily derived by 
approximation from that f oond by the oommoxi method, by finding the interest of 
the interest first fomid, and addimg it to the present worth found by the common 
method ; then, by finding the interest of this last interest, and subtracting it from 
the approximate present worth ; ap<? so on, by adding and subtracting alternately 
the interest of the last interest, till tne correction becomes so small, that it would 
be unnecessary to carry the operation farther. When the time is very short, the 
true result will often be obtained as easily in this way, as by the prindLpIes above 
explained. 

As an example, let it be required to find the present worth (rf a bill of £140, 
due at the end of 6 months, at 4 per cent, per annum. 

Here the interest of £140 is £2 - 16 ; that of £2 - 16 is Is, IM ; and that of 

It. \^. is a farthing. Then, by subtracting £2-16 from £140 ; by adding Is. 1|<| 

to the remainder ; and, lastly, y^ subtracting a farthing from that result, we mid 

the present worth to be £1S7 - 5 - 1}, which is correct. 
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the present worths would have been £50, and €66 - 13 - 4, where 
the error is £16 - 13 - 4 ; and the amount of the present worth, £50, 
would be £75, instead of £100. Finally, were the time 20 years, 
the present worth, according to the common method, woidd be 
nothing J while it shoidd be £50 ; and were the time greater than 20 
years, the present worth would be unassignable, as it would appear 
to be less uian nothing ; or, if any meaning could be attached to the 
result of the operation, it would be, that the person who held the 
bill, instead of receiving anything for it, would be required, to pay 
something to get it off his hands. 

From these examples, it will appear how very erroneous the 
common method of computing discount is, when the time is long * 
In every case the discounter of the bill has a greater ftite of interest 
for his money than the nominal one ; and the longer the time, the 
greater is this rate. Thus, to recur to the last series of examples, 
since, by paying £95 at present, the discounter Will be entitled to 
£100 at the end of a year, he obviously gains £5 on £95 ; and, 
therefore, £95 : £5 : : £100 : £5 - 5 - 3^, his gain per cent. In like 
manner, if the time Were two years, the gain per cent, would be 
found to be £5 - 11 - ij ; if four years, £6 - 5 ; if 10 years, 10 per 
cent. ; and if 19 years, cent, per cent. 

It is true, indeed, that when the time is short, as it generally is 
in real business, the results found by the two methods are pretty 
nearly the same ; and, therefore, the common method, the computa- 
tion for which is so easy, may be employed without much etror. 
Still, however, the principle is false, as it gives profitiS to the dis- 
counter which are not proportional to the times. It may be said, 
that those who keep money for the purpose of discounting are en- 
titled to more than the simple common rate. This may be true ; but, 
if the discounter is to have a greater rate, it should be a fixed one, 
not depending on the time the bill has to run. 

Should the leaifner wish to work discount in the correct method, 
the exercises at the beginning of this article will serve his purpose 
as well as any others ; and the following are their answers by that 
method ; — 



* It might be shown algebraically, that the error in the cpmmaii method of 
oalcolatlDg the diacomit or present worth of a given debt, at a given rate, is nearly 
proportional to the square of the time, when the time is small, or, more properly, 
when the diBcomit is small comparedt with the debt Thus, at 6 per ceiit. per 
annum, the error on a bill of £1000, for 2 months, is nearly 1«. 4j<f., while, for 4 
months, it is nearly 6$, s|<{., or very nearly 4 times li. i\d. 

It might also be shown, that the error in the smns to which the present worth 
of a given sumi found by the common method, would amount at the given rate, 
would be exactly proportional to the square of the times. Thus, ih the examples 
in the text, in last page, it appeared that in case of a bfll of £100, payable in a 
year, at 5 per cent per aimum, the amount would be £99 - 16, while, if it were 
payaJble in two years, the amount would be only £99i the emnr being in the one 
ease 5«., and in the other £1, or 4 times 6«« 
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£ 8, d. 

Exer. 1. 410 17 llj 

2. 55 7 11 J 

3. 216 16 Oj 

4. 697 10 7| 
6. 870 4 2j 
6. 16 5 



True Ansufers, 

£ 8. d, £ 8. d, 

Exep. 7. 580 1 0| Exer. 13. 435 17 8 



8. 472 9 llf 

9. 861 11 lOj 

10. 388 4 2f 

11. 980 18 7| 

12. 554 19 1 



14. 21 16 IJ 
16. 638 12 

16. 1 6 10^ 

17. 2 7 11 

18. 903 0| 



COMMISSION, INSURANCE, &c. 

Commission is tlie sum whicli a mercliant charges 
for buying or selling goods for another. 

Brokerage is a smaller allowance of the same nature, 
paid usually for negotiating bills, or transacting other 
money concerns. 

IxsuRANCS, or Assurance, is a contract by which one 
party, on being paid a certain sum, or premidm, by 
another, on account of property that is exposed to risk, 
engages, in case of loss, to pay to the owner of the 
property the amount of loss, if it do not exceed the sum 
insured on the property. 

Rule I. To compute the commission, hroJcerage, insu- 
rance, or any other allowance on a given sufm, at a given 
rate per cent, : Multiply the sum by the rate per cent., 
and diride the product by 100 ; or, as s^lOO is to the 
rate per cent., so is the given sum to the required 
allowance. 

The work is performed as in the case of simple 
interest for a year at a given rate per cent. 

Rule II. To find how much mMst he insured on pro- 
perty worth a given sum, so that, in case of loss, both the 
value of the property and the premium may be repaid: 
(1.) Subtract the rate from ^100. (2.) As the remain- 
der is to j^IOO, so is the value of the property to thie 
sum to be insured. 

The work is performed by the rules of Simple Pro- 
portion. 
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PROFIT AND LOSS. 

Tliat brancli of arithmetic whicli treats of the gains 
or losses on mercantile transactions, is called profit and 

LOSS. 

The work is performed by Simple Proportions, 
stated according to the following rales : — 

Rule I. From the prime cost and the selling price, to 
find the gain or loss per cent. • As the prime cost is to 
the gain or loss on that cost, so is £100 to the gain or 
loss per cent. 

Rule II. To find how a commodity must he sold td 
gain or Use a certain rate per cent, : As £100 is to the 
gain or loss per cent., so is the prime cost to the gain 
or loss oh that cost ; and from this and the prime cost, 
the selling price will be found bj addition or snb- 
traction. 

It should be particularly remarked, that, hp the gain at loss per 
cent, is to be understood the sum that would be gained or lost at the 
given prices^ not on a hundred pounds' worth soid, but on a hundred 
pounds laid out in prime costy and in chargeSy if there be any. 

Rule III. From the gain per cent., and the selling 
price, to find the first cost : As £100, together with the 
gain per cent., or diminished by the loss per cent., is 
to £100, 80 is the selling price to the prime cost. 



EXCHANGE. 

The object of bxchanqe is to find how much of the 
money of one conntry is equivalent to a given sum of 
the money of another. 

This amount depends partly on the mint regulations 
in the two countries, and partly on the course of trade. 
So fsbT as the exchange depends on the mint regulations, 
it generally continues the same for a number of years, 
whilst so far as it depends on the course of trade, it 
fluctuates from day to day. The first, or comparatively 
constant part of the exchange, is called the par of 
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EXCHANGE, whilst the whole ever- varying amotuit is 
called the course of exchange. 

The PAB OP EXCHANGE between two countries is the 
number of standard coins of one country which is equal 
in valne to one of the standard coins of the other coun- 
try, if the values of gold and silver are in an assumed 
constant proportion, and if the value of each metal be 
the same in both countries. 

In some countries gold coins are the standard of value, as in 
British currency since 1816, in Germany and the Scandinavian 
States since 1870, while in some, as in British India, silver coins 
are the standard. The weight of these coins is fixed by the mint 
regulations of the respective countries, as also their fineness, or 
proportion of pure gold or ailver to alloy in them. Between two 
countries which both have a gold standard, as Great Britain and 
Germany, on the assumption that gold is of the same value in 
both countries, it is easy, by compound proportion, to ascertain 
how much c^ the standard coin of account of one country is equal 
to one of the standard of the coin of account of the other country. 
As, for instance, how many marks (reichsmarks) and pfennige are 
equal to £l or British sovereign ? The amount so ascertained is 
the par of exchange between the countries. 

If the par of exchange has to be calculated between two ox>untries 
where one has a gold standard, like Great Britain, and the other, 
like India, has a silver standard, it is necessary to take into 
account, besides the weight and fineness of the respective coins which 
form the stitndard of account, the proportion between the values of 
equal weights of gold and silver. This proportion, though varying 
considerably after the continuous discovery of very fertile mines, 
and varying slightly from day to day, is for long periods usually 
very constant. In the mints of various countries some proportion 
is generally assumed as a guide for the mint arrangements. The 
published par of exchange is sometimes calculated at the proportion 
so assumed, and sometimes at the current price of silver in the 
market where a gold standard is used. The information as to mint 
regulations necessary to calculate the par of exchange is published 
in books on coins and exchanges called Cantbista. As the same 
books usually give the par of exchange for some stated proportions 
of the precious metals, merchants may do a great deal of business 
with foreign countries without having to perform the calculation of 
the par of exchange. 

If the value of either of the precious metals should undergo a tem- 
porary change, so as to alter the proportion on which the usual par is 
calculated, it is easy for bullion dealers and others interested to com- 
pute the par at the altered proportion, for the new par is to the par 
in books in the exact proportion of the observed ratio between the 
values of equal weights of gold and silver to the ratio assumed 
in the par in books. For the more advanced student the method 
of calculatirig the par of exchange is given immediately after the 

M 2 
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ejcplanaiion of the chain rule in the Arbitration of Exchanges, 
page 248. 

The value of silver has fallen so rapidly since 1872, and the 
laws of currency in different countries are in so unsettled a condition 
with a number of States adopting a double standard of both gold 
and silver, like France and the other States in the Latin Monetary 
Union, and others, like Russia and Austria, having unconvertible 
paper currency, that, instead of the table of pars of exchange in 
previous editions, students are referred to the tables of foreign 
money in " BradshaVs Continental Railway Guide," and " Browne's 
Merchant's Handbook," and the following rule for calculating at any 
time the proportion in value of equal weights of fine silveir and 
fine gold. 

Pbopobtiok IK Valub on Equal Wbiohts of VtxrR Silybb akd 

FiKH Gold. 

It appears from incKi^itiftions at Kamac that in B.C. 1600 the 
proportion of the value of eqtial weights of gold and silver was as 
13*33 to 1. In B.C. 400 it Was, according to Xenophon, the same in 
Asia. In B.O. 826 it was 11*60 in Greece. In Rome the proportion 
was exceptionally high in B.C. 218 (17*14), and exceptionally low 
when gold dame from Aquileia in B.C. 100 (8*00). At the Christian 
era it was in Rome 12*0. In a.d. 864 in Ft^ince it was 12. In 
1260 in Italy it was 10*5. In 1403 in Gelroany it was 12*8, and in 
1600 it inras 10*5. In England in 1604 it was 12*l0 ; in 1619, 13*35; 
and in 1670, 14*50: in 1851, 15*46; in 1869y l5*21 ; in 1874, 1615; 
and in 1880, l7*98f. 

The moAe in ^icib this J)toportion is iSalculfited froto the price 
of stAndlLtd silvet in bftrs in the London inarket^ Ab quoted in the 
newspapel-s, in as fblloH^s : — As British standlird for gold coins 
has 11 parts of ^e gold to 1 paft of alloy, under sitatnte 56 
Geo. m. c. 68, continued by 33 vie. c* 10, the ralue of an ounce 
of fine gold is ^f times the vfilue of ttd otince of standard gold, 
i.e.s" 1019*46 pence. As British standard silter has 37 parts of 
fine silver to thi'ee of alloy, an Ounce €if iine silver is worth 

1^ times, or 1*081 times, an ounce of standard silVel*. If the 
quoted value in pence of an ounce of standard silver be tnultiplied 
by this numeric, the result gives very nearly the value of an ounce 
of fine silver. If the above statutably fixed value of an ounce of 
fine gold — 1019*46 pence— be divided by the tariable value of 
an ounce of standard silver, viz. (quoted price of at ounce in 
pence, which we will call) or, multiplied by the above numeric—' 
1*081— we get the ratio of gold to silver ~f very nearly.* 

Exer. 1. Required the proportion of value of silver to gold if the 
price of bar silver in the newspapers be quoted for the Loxidon 
market at 62^ pence. Answ. 17*98, nearly. 

In countries that have a double standard of value for both gold 

' - ' 

• Report on Depreciation of Silver^ Par. pap. 1876, No. 338, Appendix, 
page 33. 
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and silver, a certain proportion has to be fixed by law. In France, 
Belgium, Switzerland, and Greece (the countries in the Latin Mone* 
tary Union) this was, up to 1876, if not subsequently, fixed at Id^. 

Exer. 2. What is the price per ounce troy of standard silver 
in the London market, which corresponds to the above Latin Mone- 
tary Union proportion of value of silver to gold of 15|? Answ. 
60| pence, nearly. 

K silver falls in value below the proportion fixed in countries 
with a double standiird, the tendency is to make all payments in 
silver and to export gold coins. To obviate this, in the countries in 
the Latin Union, the amount of silver that can be coined in each 
State in the Union is limited, and so an artificial value given to the 
silver coins by limitation in supply. 

In the British currency silver coins are not legal tender above 
40 shillings, and are only tokens. A pound troy weight is coined 
into 66 shillings, so that silver coins are issued at the mint at 5 
shillings and 6 pence an ounce ; if the price of bar or standard silver 
should rise above this, there would be a profit in melting silver coins; 

Exer. 3. What proportion between the value of silver and gold 
does the mint rate at which British silver coins are issued represent, 
viz. 5 shillings and 6 pence per ounce? Answ. 14*29, nearly. 



COURSE OF EXCHANGE. 

The CODBSE OF EXCHANGE at any particiilar time is the 
Bnm of the money of one country, which at that time is 
given for a fixed sum of the money of another. This is 
seldom at par, l:?ut Jgf coi^tinually varying according to 
the circumstances of trade and the market for loans in 
different countries.* ^hen the student has learned the 



* The TariatioDS in tlie (SQorSfe of exchange depend on several circnmstanoes, 
which, as well as several other qnestions connected with exchanges, it does not 
accord with the plan of thi9 publication to explain, such discussions belonging 
properly to political econqiqy. Suffice it to say that these variations are of two 
kinds, the first, arising from the state of trade aiid the market for loans, called 
the real exchange ; the second, arising from the currency of either oountiy not 
being according to the mint regrolations upon which the par in use was calculated, 
Is called the nominal exchange. Whenever, in consequence of a deficient crop in 
any country, such quantities of com and other provisions have to be imported as 
will exceed the value of the exports to the places from which these articles were 
brought ; or when, in consequence of war, subsidies have to be paid to foreign 
powers, or remittances have to be made abroad for the payment of force&on foreign 
sovice ; or, in a word, when any cause makes the imports from a country greater 
than the exports to it : in all tJiese cases the bills of the foreign State must in- 
crease in value, as more of them will be required to be sent abroad to pay the 
balance ; and thus the money of that countary will increase in value, and will 
oontinne above par till coin or bullion is remitted to make up the deficiency ; or 
till, by a greater exportation, or a smaller importation, or both, on the part of 
the debtor country, the eauUibrium of trade is restored. It is of consequence to 
observe that the course of real exchange can never differ very much from the par. 
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general principles of exchange and methods of calcu- 
lation, in applying them to actnal business he should 
recollect that the mint regulations and laws of different 
countries are liable to alteration, and he should there- 
fore always consult the latest edition of Tait's '' Modem 
Cambist,'* or some similar work of authority for the 
existing pars of exchange, for any given price of silver, 
or for the information necessary to calculate the par at 
any other rate. 

In foreign exchanges one place always gives another 
& fixed »mn of money for a variable sum* The former is 
called the certain amount; the latter the VABiABLfi 

AMOUNT. 

To understand the quotations of the course of ex- 
change given from day to day in the newspapers, it is 
necessary to bear in mind that two quite distinct 
methods of expressing the course of exchange have 
grown up. 

I. With some countries, usually those where ex- 
ports exceed imports, and bills for balance drawn in 
british money, the variable amount of foreign currency 
at the moment exchangeable for the British unit of 
currency is quoted. Thus, with Germany, 20 marks, 43 
pfennige for £1 ; with France, 25 francs, 22^ centimes 
for £\ ; and with Holland, 12 florins and 2 stivers for £\. 

as coin or bnllion will be rei^ltted instead, of bills whenever ihe course of ex- 
change is snch that the value of coin or 'bullion, and the expense of remitting 
and insuring it, would be leas than the coet of bills. Resides* when the conrso 
of real exchange is against a country, it affords an inducement to merchants to 
export to tbe other country, as the bills which they will gei in retom will be 
mcne valuable, in consequence of the money of the foreign country being above 
par ; and thus they can procure a better and surer market for their commodities, 
as they will be enabled to sell then\ at a lower price. The nominal exchange 
may differ to any extent from the par of exchange. It has no tendency to cor- 
rect itself, and can only be corrected by a reformation of the defective currency, 
or the adoption of the true par according to the last mint regulations as to par 
in use. 

Illustrations of the nominal exchange will be found in the countries stated 
in Bradthaw'* Continental RaUway Guide to have a paper cmrency, as in 1880 
Austria, Italy, and Russia. 

The course of exchange with Vienna was recently 12 florins, 20 cents for £1, 
whilst the par is stated at 10 florins, 21 creutzers, or cents. This nominal 
exchange arises from paper money being a legal tender, and issued to excess. So 
bi Bus^ whUe a edlver rouble should be worth 38 pence, a paper rouble is worth 
only 29 pence. The same cause produced a depreciation of the British and Irish 
currency between 1793 and 1819, amounting at one time to 25 per cent. A large 
part of the high prices which prevailed during the French war, commonly 
called war prices, were really depreciated currency prices. The termination di 
the depreciation of the British currency, and of the nominal exchange agatnsi 
Bngland, was Sir Robert Feel's celebrated Act for the restoration of cash pay- 
ments in 1819. 
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II. With other cotintries, usually those where im- 
ports exceed exports, and bills for balance drawn in 
foreign money, the variable amount of British currency 
for the moment exchangeable for the unit of foreign cur- 
rency is quoted. Thus with British India, Is. S^d, for 
1 rupee ; with the British colony of Hong Kong, 
3s. lO^d. for 1 dollar; with the Empire of China, 
6s. S^d. for 1 tael or leang ; with Portugal, 53 pence for 
1 milree; with Spain, 47^ pence for 1 peso (5 pesetas)^ 

All the calculations in exchange may be performed 
by the rule of proportion ; and the operation may pffcen 
be abbreviated by the method of aliquot parts. 

General Rule. (1.) Place, as the second term in 
the analogy, that sum whose value is to be found in the 
money of another country : (2.) Make that term of the 
rat e which is of the same kind with the second term, 
the first term of the analogy, and the remaining term 
of the rate the third t^rm : (3.) Then work the analogy 
in the usual way. 

• ARBITRATION OF EXCHANGES. 

When the courses of exchange between the first and 
second, the second and third, the third and fourth, &c., 
of any number of places, are given ; the method of 
finding the course of exchange between the first place 
and the l^t, corresponding to these courses, or of valu- 
ing any sum of thQ money of the first place in that oi 
the last, through the medium of the others, is called 

AEBIl'RATION OF EXCHANGES. 

As the actual course of exchange betiKreen the first place and the 
last, is almost always, from various circumstances, diiferent from 
the arbitrated course, this method is of use in enabling a merchant, 
in one place, to discover whether he should draw and remit directly 
between his own place and another, or circuitoasly through other 
places. 

All the operations may be performed by one or more 
analogies iu the rule of proportion. 

The method by the rule of proportion is easy and intelligible, 
when there are only three places concerned, or in what has been 
termed simple ABsrrBATiON. But when more than three places are 
concerned, or in what has been called compound abbitration, the 
following rule, commonly called the chain bulb, is generally pre- 
ferable. This rule is also applicable in simple arbitration. 
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CHAIN RULE. 

BxTLE. (1.) Let all the quantities of the same kind 
be redaced to the same denomination, if they be not so 
already. (2.) Let a blank* be left for the required 
quantity, and, to the right of it, place, as comequent, 
the term to which it is to be equivalent : then, below 
the blank, place, as antecederUy the other given term 
which is of the same kind as the last consequent, and to 
the right of it, as consequent, the term which is equi- 
valent to it. (3.) Proceed thus, till all the terms are 
arranged in two columns, then divide the continual pro- 
duct of the consequents by that of the antecedents, and 
the quotient will be the result required. 

The operation may often be abridged by striking 
out any antecedent and consequent that are equal, or by 
dividing an antecedent and consequent by a common 
measure, j" 

This rule also shows that it is nothing else than 
simple or compound proportion, exhibited ill a conve- 
nient form for its purpose. It will be seen, that, in the 
use of the chain rule, the first antecedent and the last 
consequent are always of the same kind. 

Exam. 1 . When exchange between England and America is at 
£108 for 444 dollars, 44 cents, and between England and Amster- 
dam at 10 florins, 90 cents, for £l, what is the arbitrated course of 
exchange between America and Amsterdam ? 

hnt?«'5l!fh^?^*'^i^ I>"t«h ? -Idol. American 

^^™ h. Zj^'iZl American 444 d. 44 c. = ;ei08 EngUsh 
turn the cents mto x^ o- v ^o, ,«^ fM\ T\_i. i. 

dollars, and the centimes English £1 - 10 fl. 90 c. Dutch 

into florins ; then we have 

108x1090 ^ 27x1090 ,, fl,^ 
44444 11111 * 

which is the arbitrated course of exchange for 1 dollar United States. 
This can be converted into itis equivalent 37f cents United States for 
1 florin Butch, as the exchange is often stated. 



* The interrogative mark (?) may properly be placed in the blank. 

This rule is expressed in general terms, so as to serte not only for the pnr- 
poses of exchange, but for the compaiiaon of weights and measures, and for any 
other uses to which it can be applied. 

t The application of logarithms greatly facilitates, in many cases, the opera- 
tions by the chain mie. In using them in this way, the contraction iU>ove 
mentioned is genemlly of little use, unless when' terms can- be rejected. . 
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Exam. 2. K a merchant in England owe a merchant in Portugal 
£572, whether is it better for the Portuguese merchant tq have a 
direct remittance from London to Lisbon at 6Sd. per milree, or 
a circuitous one through Amsterdam and Paris, exchange between 
London and Amsterdam being at 11 fl. 17| cents Dutch per pound 
sterling; between Amsterdam and Paris at 140 florins for 300 
francs ; and between Paris and Lisbon at 460 rees for 3 francs, an 
expense of 1| per cent, being incurred in the circuitous course ? 

Portuguese ? = £57? English 

English ^1 = 11 fl. 1 7J cents Butch 

Dutch 140 fl. = 3QQ fr. French 

French * 3 fr. = 460 rpes Portuguese 

Portuguese lOQ i;ee8 » 98| rees, expenses deducted 

572 X 2235 x 3()0 x 460 x 197 ^ 572 x 2235 x 46 x 197 
28000 X 3 X 209 28 X 200 

» ^^3x447x23x197 ^ 206^767 rees = 2068 milrees, 757 rees, 
7x20 

the sum Portuguese by the circuitous course. Again, as SSd. 
: £572 : : 1 milree : 2OI0 milrees, 824 rees, the sum Portuguese by 
direct remittance. Hence the circuitous course will be more advan- 
tageoos to the Portuguese merchant, as hj it he will receive 49 
milrees, 933 rees more than by the direct. 

Below the colui^ns we place 100 and 98i, and multiply by them, 
to modify the result '^ccprging to the josj^ per cent. ; 98| being equal 
tolOO-lJ. " * ' 

Exer. 4. If a me^ch^pt in Russia ewe a merchant in London 
12,000 roubles ; and if the course of exchange between London and 
St. Petersburg be 36|<2. periouble ; how much more or less profitable 
is it for the London mercnant to draw directly on St. Petersburg, 
or to draw through Paris, Amsterdam, Hamburg, and Vienna, the 
course of exchange between London and Paris being at 24 f. 55 c. 
per pound sterling; between Paris and Amsterdam at 1371 florins 
Dutch for 30Q ^^ncs ; between Amsterdam and Hamburg at 
38 florins for 40, marks Hambro* ; between Hambiirg and Vienna 
at 100 marks B!ambro' for 89 florins 70 creutzers of Vienna ; and 
between Vienna and St. Petersburg at 185 creutzers per rouble? 
Answ. The direct remittance is better by £10 - 7 - II3. 



PAR OF EXCHANGE. 

From' the definition of Par of Exchange (see page 243), 
it appears that to calcnlate the par between two places 
having the same metal as standard of cnrrency, is only 
to ascertain the proportion between the weight of the 
precious metal in the standard coin of the one country, 
BJid the weight of the same metal in the standard coin 

M 3 
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of the other country. This is done by the Chain Rule, 

as in the following example : — 

Exam. 3. What is the par of exchange in gold dollars for £1 
between the United States and Lojadon; 40 lbs. troy of British 
standard gold being coined into 1869 sovereigns ; British standard 
being 22 out of 24 pa^ts pure ; United States standard being 9 oat 
of 10 parts pure, and 10 United States dollars weighing 10 dwt. 18 
grains troy ? 

United States dollars ?^£l 

1869 sovereigns ' "= 40 lbs. troy, British standard gold 

1 tb. troy British standard »576Q grains British standard 

24 grains British standard = ^ grains pure gold 

9 grains pure gold » 10 grains United States standard 

258 grains U.S. stands^r^ » lO dollars 

40 X 5760 X 22 X 10 X 10 ^ 320 x 11 x 100 0^ 5320000 

1869x24x9x258 1869x3x129 723303 

s: 4 dollars 86 cents. 

Exer. 5. When 6400 Portuguese rees contained 203 grains of 
fine gold, what was the par pf exchange between London and 
Lisbon? Answ. 67*36 pence per milree. 

If the par of exchange is to be calculated between 
two places where one has a gold standard and the other 
a silver standard, thq weight pf silver which is assumed 
equivalent to a given weight of gold, is an additional 
term in the question ; this is usually expressed in the 
price of a giv^n weight of silver in the gold standard 
currency, as an ounce of British standard silver — worth 
50 pence. 

Exam. 4. What is thp par of exchange between London and 
British India in pence for 1 itipee, British standard silver being in 
the London market quoted at 50 penbe an ounce troy, a rupee 
weighing 180 grains troy, 11 out of 12 parts fine silver ? 

pence ? = 1 rupee 

1 rupee =180 grains Indian standard 

180 grains Indian standard =165 grains fine silver 

222 grains fine silver = 240 grains British standard 

240 grains troy weight ' »| an ounce 

1 ounce British st:andard silver = 50 pepce 

1 X 180 X 165 X 240 X I X 50 ^ 165 x 25 ^ ^^ ^^^^ 
Ixl80x222x240kl 222 ^ 

Exer. 6. If the Cologne mark of fine silver be equivalent to 
27| marks banco, and 60 marks Cologne weight equal to 451 ounces 
troy, what is the par between London and Hamburgh banco in 
silver at 6 shillings and 2 pence an ounce? Answ, 13 marks 3| 
schillings,* nearly, for £l. 



* 1 marks 16 schillings. 
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DIVISION INTO PROPORTIONAL PARTS. 

Rule. To divide a given quantity into parts which 
shall he proportional to given numbers : As the sum of tlie 
given numbers is to any one of them, so is the entire 
quantity to be divided, to the part corresponding to the 
number used as the second term of the analogy. 

The operation is proved by adding the several results together : 
if the snm be equal to the quantity t6 be divided, the work is right. 

When all the parts, except one, have been determined, that one 
may be found by adding the rest together, and taking the sum from 
the number to be divided. It is better, however, to find them all 
by proportion, as the operation can then be proved by adding them 
together. 



FELLOWSHIP. 

Fellowship is the method of determining the re- 
spective gains or losses of the partners in Si, mercantile 
company. 

Fellowship is usually distinguished into two kinds, 
simple and compound, or single and double. 

In SIMPLE or SINGLE FELLOWSHIP, the stoqks or sums 
contributed by the ^veral partners, all continue in 
trade for the samQ time. 

In COMPOUND or double fellowship, the stocks con- 
tinue in trade for different periods. 

SniPLE FSLLQWSHTP, AND ^AN^UPTCY. 

Rule. As the whole stock is to the Tfhole gain or 
loss, so Is the stock of aiiy partner to his gain ox loss. 

In the same way, the( estate of a bankrupt may be 
divided among his creditors by this analogy : — As the 
sum of all the claims on the estate is to its value, so is 
the claim of any creditor, to his dividend, or share of 
the estate. 

This rule is merely a particular application of the general rule 
for division into proportional parts, given in the last article. 

It is usual to calculate the percentage of profit and 
loss in the first place, and then multiply each person's 
share by it, and divide by 100 to find his dividend of 
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profit or share of loss. In some xBases, particularly in 
bankruptcy, it is nsnal to reckon first the sMUings and 
pence per £1 that can be paid to each creditor, and then 
find the share of each by multiplication. 



COMPOUND FELLOWSHIP. 

Rule. (1.) Let all the times be of the same denomi- 
nation, and multiply each stock by the time of its 
continuance in trade : (2.) Then, using the products as 
stocks, proceed according to the rule for simple fellow- 
ship. 

Exam. A and B enter into partnership : A contributes £600 
for 13 months, and B £800 for 10 months. Required the share of 
each in a gain of £650. 

Here the products are £7800 and £8000, the sum of vhich 
is £15800. Then, as £15800 : £650, 

or, by contracting, as £316 : £13 £600 x 13 -£7800 
: :£7800 : £320 - 17 - 8|, A's share, 800 x 10= 8000 

and as £316 : £13 :: £8000 Sum « 15800 

: £329 - 2 - 3}, B's share. The sum 
of these is £650, which proves the correctness of the operation. 

The same result may bo obtained by working otherwise, thus : — 
we divide 650 with ciphers annexed, by 15800, or 13 with ciphers 
annexed, by 316, and we find for quotient '04113924 ; and multiplying 
this successively by 7800 and 8000, and cutting eight figures 
from the products, we obtain £320 886072 and £329'11392» or 
£320 - 1 7 - 8| and £329 - 2 - 3^, the same as before. 

The reason for this plan will be evident from, the consideration, 
that a stock of £600 for 13 months, would be equivalent to 13 times 
£600 for 1 month ; and one of £800 for 10 months, to 10 times 
£800 for 1 month. Hence, if these increased stocks be em^Joyed, 
it is evident, that since the times are then to be regarded as equal, 
the work will proceed in the same manner as in Simple Fellowship. 

Exer. 1. A's stock £280 for 5 months, Fs £266 - 13 - 4 for 6 
months: whole gain £331 • 12-6. Answ. A*8 gain £154-15-2, 
B's £176 -17 -4. 

2. A's stock £170 for 8 months, B's £280 for 6 months : whole 
gain £250. Answ. A's gain £111 - 16 - lOJ, B's £138 - 3 - If. 

3. A's stock £248 - 12 - 6 for 10 months, B's £670 for 3 months, 
Cs £512 - 7 - 6 for 6 months : whole gain £439 - 18 - 8. Anew, 
A's gain £144 - 9 - 7i, B's £116 - 16 - 1, Cs £178 - 12 - llf. 

4. Cs stock £178 - 6 - 8 for 18 months, D's £237 - 17 - 6 for 
12 months, E's £536 - 5 for 10 months: whole gain £370. Answ, 
Cs gain £103 - 18 - 9}, D's £92 - 8 - 6J, E's £173 - 12 - 8i. 

5. A's stock £485 - 18 - 4 for one year, B's £279 - 10 for 9 
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months, Qb £676 -11-8 for 8 months: whole gain £ZS6 - 15. 
Jmw, A's gain £163- 19-11, B's £70 - 14 - 11 J, C's £152 - - IJ. 

6. A*8 stock £576 - 15 for 11 months, B*s £365 - 4 - lOj for 15 
months, (Js £582 - 6 - 8 for 9 months : whole gain £568 - 15. Attsw. 
A's gain £211 - 9 - 1|, B's £182 - 12 - If, Cs £174 - 13 - 8^. 

7. ISTs stock £1038 - 13 - 9 for 5 months, N's £692 - 9 - 2 for 9 
months, 0*s £1384 - 18 - 4 for 6 months : whole gain £686 - 1 - 2. 
Answ. Ws gain £180 - 10 - 10, N's £216 - 13, O's £288 - 17 - 4. ' 



INVOLUTION. 

A POWER of any number is the product obtained by 
the continual multiplication of that* number, taken a 
certain number of times as factor. 

A ntimber, in relation to any power of it, is called 
the BOOT of that power. 

When the proposed number is used twice as factor, 
the product is called the second power, or the square,* 
of that number ; when three times, the third power or 
CUBE ; when four times, the fourth power ; when five 
times, the FirrH power, &c. 

Powers are often denoted by writing after the pro- 
posed number, and a little higher, the number which 
shows how often the proposed number is repeated as 
factor. This number is called the index, or the expo- 
Kent, of the power. 

Thus, 5 X 5, or 25, is the second power, or the square, of o, and 
may be written 5", where 2 is the index ; while 7 >< 7 x 7 x 7, or 
2401, is the fourth power of 7, and may be written 7*, where 4 is 
the index, &c. Also 5 is the second or square root of 25, and 7 is 
the fourth root of 2401. 

The method of finding any assigned power of a 
given number, or, as it is also expressed, the method of 

* The second power of a number is very improperly called the square of the 
number. The square of a line^ is a geometrical figure having four sides, eaoh 
equal to the proposed line, and having its adjacent sides perpendicular to each 
other ; but this is evidently by no means applicable to an abstract number. 
The mistake has arisen from the droumstanoe, that the area of a square is found 
numerieailv by multiplying the number expressing the length of the side by 
itself, which is the same as the process by which the second power of that num- 
ber is determined. It might be shown in a similar manner, that the third 
power of a number is with equal impropriety called the cube of that numb«r, 
the cube being, not a power of a number, but a solid body. The terms square 
and Gubet however, as well as square root and cube root, have been so long and so 
generally used in this improper sense, that it would perhaps be vain to attempt 
to correct the error any farther than by firequently using the legitimate ex- 
prearions, second power ^ second root, 4(o., of any of them. 
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raising a nmnbeF to anj proposed power, is called 

INVOLUTION. 

From the preceding definition of a power, we have the following 
rule for involution. 

BfULE. To find any assigned power of a given nuinber ; 
or to raise a given number to amj proposed power : Find 
the continual product of the given number repeated as 
factor, as often as there are units in the index of the 
proposed pewer. 

The process may often be abbreviated by multiply- 
ing together powers already found. In this case, the 
index of the power thus found is equal to thq swm of the 
indices of the powers multiplied together. 

When the given number is either wholly or partly 
a decimal, the operation may often be much abbreviated, 
by the rule for contracting the multiplication of deci- 
mals given in pages 194, 195. 

Exam. 1. Kequired the fifth power of 23. 

Here, by multiplying 1?3 Multiply f 28 « 1st power. 

by itself, we find 529 for the Vj£l 

second power of 23. By Multiply I^no"^ 

multiplying this by 23, we I 23 

get 12167 for the third Ttr„u:^w / 12167 = 3d 

power. By proceeding in J^iuitipiy ... ^^ 23 



like manner, we find the f 279841 = 4th 

fourth power to be 279841, Multiply ^ 23 

and the fifth to be 6436343. ^^^ 6436343 = 5th 

The answer might also have l>een found by multiplying the 
second power, 529, by itself, and the product 279841, which is the 
fourth power, by 23. The same result woul^ also be obtained by 
multiplying the third power by the second. 

In like manner, to find the twelfth power of a number, we should 
multiply the number by itself to find the second power ; the second 
power by itself to find the fourth power ; the fourth by itself to 
find the eighth ; and lastly, the eighth by the fourth to find the 
twelfth. 

Exam. 2. Eequired the fifth power of |. 

The fifth power of 3 is 243, while that of 8 is 32768 : the 
answer therefore is gfyf^. The reason of this is evident from the 
method of multiplying mictions. 

Exam. 3. What is the third power of 1 J ? 

This, by reduction to an improper fraction, becomes | ; and by 
involving the numerator and denominator each to the third power, 
we find for answer ^, ot IfJ. Each of the last examples might 
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have been wrought by reducing U^e fiactions to decimals, and then 
working by the general rule. 

£xam. 4. Bequired the sixth power 1*12, true to five places of 
decimals. 

1-404928 = 3rd power. 
8294041 

1404928 

561971 

5620 

1264 

28 

11 



By raising this to the third power, in 
the way already shown, we find 1'49>4928, 
and this being multiplied by itself, aa in 
the margin, we find for the sixth power 
1-978822. 



1-973822 « 6th 



Exercises. Involve the following ntunbers to the powers denoted 
by their respective indices :^ 



Exer. Answ. 

1. 678' 459684 

2. 119» „„.. 1685159 

3. 75* 31640625 

4. 86* 4704270176 

5. 9» 8^7420489 

6. (ir f-h 

7. (21)'^ 157^'a 

8. (3*)* , il6i|§! 



Exer, Answ. 

9. 4-367* 363-691179 

10. I-03^'' 1-652848 

11. 1035" 1-857489 

12. 104"t 1-800943 

13. 1-Q475?** 3045767 

14. 1-053^ 4-638039 

15. l-055*« 40231290 

16. l-07»* 8-7152708 



EVOLUTIOHT, (XBf T^LE EXTRACTION OF 

ROOTS. 

Evolution is the method of finding, or, as it is 
nsnally termed, extracting^ an assigned root of a given 
nnmber.J 

The Index of a root is a fraction whose denominator 



* The brackete enclosing this fraction, which In this use of them constitute 
the algebraic vinculum in one of its forms, denote that the entire fraction, and 
not its nmnerator alone, is to be involved to the sixth power. The object in the 
next exercise, in like maimer, is to find the fifth power of 2|. 

t Perhaps the easiest mode of working this exercise will be to find the six- 
teenth power, and divide it by 1*04. In like manner, in the 14th exercise, the 
thirty-second power may be divided by 1*05. 

It is mmecessary to inform the mathematical student that involution, when 
much accuracy is not required, is greatly facilitated by the use of Ic^^thms ; 
and the same is true regarding evolution. 

% Evolution may also be defined to be the method of finding a numb^, the 
continual product of which, taken a given number of times as factor, will 
amount tea given number. 
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denotes the order of tlie root, and whose numerator & 
unity. 

The root of a number is also expressed by prefixing 
to the number the sign, %/ ,* with the number above it 
which denotes the order of the root. In case of the 
square of second root, however, the number 2 is omitted. 

Thus the fourth root of 10 is denoted by 10*, or y 10, and 
means a number whose fourth power is 10; and the second, or 

square root of 7 is written 72, or -x/ 7, and means a number, such, 
that if it be multiplied by itself, the product will be 7. 

To facilitate the extraction of the square and cube roots, it may 
be proper for the pupil to be familiar with the following tables : — 

Table I. The square of 1 = 1; of 2 = 4; of 3 = 9; of 4 = 16; 
of 5 = 25; of 6 = 36; of 7 = 49; of 8 = 64; of 9 = 81. 

Table II. The cube of 1 = 1; of 2 = 8; of 3 = 27; of 4 = 64; 
of 5 = 125; of 6 = 216; of 7 = 343; of 8 = 512; of 9 = 729. 



EXTRACTION OF THE SECOND, OR SQUARE ROOT. 

Rule I. To extract the second, or sqiiare root of a given 
number : (1.) Commencing at the unit figure, cut off, as 
often as possible, periods of two figures each.t (2.) The 
first figure of the required root will be the square root of 
the left-hand period, or of the greatest square contained 
in it, if the period be not a square itself. (3.) Sub- 
tract the square of this figure from the first period ; to 
the remainder annex the next period for a dividend ; 
and, for part of a divisor, double the part of the root 
already obtained. (4.) Try how often this part of the 
divisor is contained in the dividend wanting the last 
figure, and annex the figure thus found to the parts of 
the root, and of the divisor, already determined. (5.) 
Then multiply and subtract, as in division ; to the 
remainder briig down the neit period, and. adding to 

~~ - I I -■■ ■ ■-■ I ■■■-■■■III ■■■■■■II. ^— — I II — ^— M^ 

* This sign is the letter r, the initial of the Latin word radix^ a root, changed, 
in form by rapidity in writing It, and by its appropriation to a particular use. 

t In dividing a decimal, or a number consisting of a whole number with a 
decimal, iuto periods^ the division must also commence at the unit figure, or the 
decimal point, and must be continued both ways, if there be a whole number ; 
and if there be an odd figure at the end of the decimal, a cipher, or if it be a 
periodical decimal, the figure that would next arise from its continuation, must 
be annexed. For example, 417*245 will be divided thus, 4'17'-24'50 : 41*33333, &c., 
thus, 41'*33'33'33, &c. ; and 567 thus, 56'70, &c. 
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the divisor tlie fignre of the root last found, proceed as 
before. (6.) Continue the process till all the figures in 
the given number have been used ; and if anything 
remain, proceed in the same manner to find decimals, 
adding, to find each figure, two ciphers, or if the given 
number end in an interminate decimal, the two figures 
that would next arise from its continuation. 

Exam. 1. Bequired the square root of 365. 
Here, by placing a separating mark 3'66(19*1049 

between 3 and 6, the given number is 1 

divided into the two periods, 3 and 66. 29)265 

i, the root of the greatest integral square g 261 

contaiaed in 3, is then put in the quo- '^ui\ "Zoo 

tient, and its square taken from the first 1 381 f 

period. To the remainder the next 7:?^^A\~r^i^^nn 
period is brought down, which gives for 38204) 190000 
dividend 265. The first part of the ^ ^^^^^^ 

divisor is found by doubling 1, the first 382089) 3718400 

part of the quotient. In fiudipg, in the 9 . 3438801 

next place, what figure must be annexed 382098) 279599 
to the part of the root ahready found, 

though 2 would be contained 13 times in 26, yet we try 9, as wo 
know the next figure cannot be greater than 9. We annex 9, 
therefore, to the parts of the root and of the divisor already found ; 
and multiplying 29 by 9, and subtracting, we have 4 remaining. 
Hence, wo have for root 19, and for remainder 4. Now, to find 
decimal figures, a point is pat after 19 ; two ciphers are annexed 
to the remainder ; and 9, the figure last found, is added to 29, the 
former divisor. "We have then for dividend 400, and for part of a. 
divisor 38. This part of the divisor is contained once in 40 ; and 
therefore the first fignre of the decimal is 1, which is also annexed 
to 28. In working for the next figure, we have the divisor 382, 
which, not being contained in 190, a cipher is annexed to the parts 
of the root and the divisor previously found ; and two ciphers are 
annexed to the dividend to find another figure. The rest of the 
work proceeds in the same manner, and the root, true to four 
places of decimals, is found to be 19*1049. The truth of this 
result is proved by multiplying 19*1049 by itself, and adding the 
remainder to the product, as the result is exactly '36. 

In this, as welt as in every other case in extracting roots, in 
which there is a remainder after all the significant fi^vres have been 
used, the fractional part of the root would be an interminate decimal, 
differing from the interminate decimals which we have thus far 
seen, in its not repeating or circulating, and thus presenting no 
law by which it can be continued.* In this case, in any practical 

« Continued fractions, as will ^pear bereaft«r, show the law of oontinnation 
of gqufire i oots. With regard to other roots, however, there is no method known 
which shows the law of their contlnnation. 
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application, the extraction is to be carried on, till as many decimal 
figures are obtained as the degree of accuracy necessary in the 
result may require. 

The principle on which the preceding rule depends, is, that the 
square of the sum of two nuwhers is equal to the sum of the squares of 
themimbers added to twice their product. Thus, 34 being s 30 + 4, its 
square is equal to the squares of 30 and of 4, with twice the pro- 
duct of 30 and 4 ; that is, to 900 + 2 >c 30 x 4 + 16 «> 1 156. Hence, 
in extracting the second root of 1156, we separate it into two parts, 
1100 and 56. Thea 1100 contains 900, the square of 30, with the 
• remainder 200 : the first part of the root therefore is 30, and the 
remainder is 200 + 56, or 256. Now, according to the principle 
above mentioned, this remainder must be twice the product of 30 
and the part of the root still to be found, together with the square 
of that ^art. Dividing then 256 by 60, the double of 30, we find 
for quotient 4, which being added to 60 the sum is 64 ; and this 
being multiplied by 4, the product, 256, is evidently twice the pro- 
duct of 30 and 4, together with the square of 4. In the same 
manner the operation may be illustrated in every case. The rule, 
however, is best demonstrated by algebra. 

E>ULE II. When the root is to he extracted to ma'm^ 
figures, the process may he much contracted hy thefollowvn^ 
rule : Find, by Rule I., half, or one more, than iialf, th^ 
number of figures required : then to the remainder 
annex one figure instead of two, and having found tha 
divisor in the usual way, proceed according to the con- 
tracted method of dividing decimals. 

Thus, suppose it had been requ^ed, in the preceding exsumple, 
to find the answer true to nine places of decimals ; these and the 
two places of whole numbers are eleven figures in all ; and, there- 
fore, before commencing the con- 
traction, it is necessary to find 9&2098)2795990(19*1Q4978174 
six figures. These have been • * • • 2674691 

already found to be 19*1049. 121299 

Taking, therefore, 382098 and 114630 

279599, the divisor and remain- 6669 

der already found, and also the Qgoi 

quotient 19*1049, the continua- oaTa 

tion of the preceding work will ofirs 

stand as in the margin, a cipher z^lz. 

being annexed to the dividend, 173 

according to the rule. The first 1^3 

figure that results from the divi- 20 

sion is 7, which, in working the 

operation at full length, must have been annexed to the divisor : 
we therefore carry 5, for 7 times 7, to 56, the product of 7 and 8. 
After this the work proceeds exactly as in the contracted mode of 
dividing decimals; and the root is found to be 19*104973174. 
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Rule III. To extract the square root of a vulgar fraction, : 
Heduce it to its simplest form, if it be not so already, 
and extract the roots of both terms, if they be complete 
powers : otherwise, find their prodnct, extract its square 
root, and divide the result by the denominator. 

The root may also be found by reducing the £5paction 
to a decimal, and taking the root of the result. 

Thus, the second root of J is J. This result may be obtained 
either by taking the roots of both terms, or by reducing the given 
fraction to the decimal '25, the root of which is *5, or ^, as before. 

In like manner, the root of 2.^, or |, is |, or IJ. This result 
might also be obtained by extracting the root of 2'25 ; as this would 
also be found to be 1*5, or 1. 

Again, if it be required to find the second root of f ; let the 
square root of 35 ( a5 x 7), which will be found to be 5*9160798, be 
divided by the denominator 7, and there will result '84515425, the 
root required. The same result would be obtained by extracting 
the root of '71428571, &c., the decimal equivalent to the given 
fraction. 

The pupil will sometimes find the following contractions useful : 
— 1. If the denominator he an exact aquare^ and the numerator not, 
divide the square root of the numerator by the square root of the 
denominator. 2. If the numerator he an exact square and the denomir' 
naior not, divide the product of the square roots of the numerator 
and denominator by tne denominator. 

Exercises. Bequired the square roots of the following numbers : — 

Exer, Answ, 

14. 1| 1172603940 

15. lg% 1018577439 

16. 33 57445626465 

17. 333 18-24828769 

18. 666 25-806975801 

19. J '74635599250 

20. ^ -60302268915 

21. I -81649658093 

22. IJI 116, orlj 

23. Hi 3-3, or3| 

24. JJ -82915619759 

^ 2-4784787961 



Exer. Answ, 

1. 6 2-236068 



•7071068 
•8866600 
•2645751 
•2449490 
•0774597 



2. -6 . 

3. 1 . 

4. -07 . 
6. 06 . 

6. 006 

7. 786 2801785 

8. 78-6 8-8600226 

9. 562 23-70653918 

10. f 6123724357 

11. 13J 3633180425 

12. 1728 41-66921938 

13. ^ -19364916731 

27. 



25. 
26. 



794J 28 181554251 



123456789 1111 11 110605556 

28. 987664321 31426968052932 

29. 207M 14-411607975672 

30. 822660 907-000651 26776 

31. 34967A 186-99613848809 
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EXTRACTION OF THE THIRD, OR CUBE ROOT. 

Rule I., or General Rule, To extract the third or cube 
r4>ot of a given number : (1.) Place in succession, and at 
moderate intervals, two ciphers and the given number, 
as the commencements of three columns. (2.) Beginning 
at the unit figure of the given number, cut off as many 
periods as possible, of three figures each. (3.) For the 
first figure of the root, take the root of the greatest 
cube contained in the left-hand period. (4.) Place this 
figure in the first column ; and, having added it to 
what stands above it, multiply the sum by the same 
figure, writing the product in the second column. (5.) 
Add, in like manner, in the second column, and multiply 
the sum by the same figure ; set the product in the 
third column, and subtract it from what stands above it. 
(6.) Perform a process exactly similar in the first and 
second columns ; and, after that, add the figure found 
for the root, to what stands in the first column, (7.) 
Annex one cipher in the first column, and two in the 
second ; and in the third, the next period of the given 
number ; or,, if there be no figures remaining, annex 
three ciphers. (8.) To find the next figure of the root, 
divide the number in the third column by the one in 
the second. (9.) Place this figure in the first column, 
and proceed in the manner d&ected in I^os. (4), (5), 
and (6). (10.) Then annex ciphers, &c., as in N'o. (7) ; 
and proceed in exactly the same manner as before, con- 
tinuing the process till nothing remains, or till the root 
is carried out as far as may be considered necessary. 

Care must be taken to insert the decimal point in 
the root, when the figures in the integral part of the 
given number have been all employed. 

The work may be contracted by cutting one figure 
from the number in the second column, and two from 
the one in the first ; and then proceeding according to 
Nos. (4), (5), and (6), except that the new figure of 
the root is not to be added in the first column. 

The work is proved by involying the root to the third power 
and adding in the remainder, as th^ sum ought to he equal to the 
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given immber. K the contracted method be employed, the exact 
remainder is not obtained. In that case, the more nearly the third 
power of the root agrees with the given nnmber, the more nearly 
correct is the root. 

Exam. 1. Required the third, or cube root of 926859375. 

Here, by Table II., page 256, the greatest cube contained in the 
first period, 926, is 729 ; the root of which is 9 the first figure of 
the required root. This 
is placed \mder the first 
cipher ; and, going 
through the form of 
adding these, we get 9, 
the product of which by 
9 is set in the second 
column. Then, by ad- 
'dition, we have 81, the 
product of which by 9 
is 729. This is set un- 
der the first period, 926^ 
and subtracted from it, 
and to the remainder 
197, the second period, 
859, is annexed. Then^ 
commencing at the first 
column, We add 9 ; and 
multiplying the sum, 
18 by 9| we set the pro- 
duct, 162, in the second columii, and adding it to the number above 
it, we get 243. We next add 9 in the first column ; and, annexing 
one cipher in that column, and two in the Becond, We finish all that 
is preparatory to the finding of the second figure of the root. 

To find that figure, we divide the number in the third column 
by the one in the second. The quotient would appear to be 8 ; 
this, however, would be fi)und on trial to be too large, and we there- 
fore take 7, which answers. We add this in the first column, and 
multiply the sum, 277, by 7, setting the product in the second 
column. Then, by adding, we get 26239, the product of which by 
7 is put in the third column. By taking this from the numbw 
above it, we find for remainder 14186, to which the third period, 
375, is annexed. We then add 7 in the first column, and midtiply- 
ing the sum by 7, we obtain 1988, which is added to the number in 
the second column. The operation preparatory to the finding of 
the third figure of the root is then completed by adding 7 in the 
first column, and annexing one cipher in it, and two in the second. 

To find the third figure, we divide, as before, the number in the 
third column by the one in the second. We thus obtain 5, which is 
added in the first column, and the sum, 2915, being multiplied by 
5, and the product being added to the number in the second column, 
the sum, 2837275, is multiplied by 5; and the product being 
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exactly equal to the number in the third oolumn, there is no 
remainder, and the -work terminates, the root being 975. 

By raising this to the third power, we get the original number, 
-which proves the correctness of the result. 

Exam. 2. Eequired the cube root of 78314*6. 
Here, after the first three figures of the root have been obtained, 
as in the last example, the numbers in the three columns are 
1281, 646987, and 
460117. Then, 
for employing the 
contracted me- 
thod, we point off 
one figure in the 
second colimm, 
and two in the 
first ; and by di- 
viding 460117 by 
64698, we get 8 
for the next figure 
of the root. By 
this we multiply 
12, the part not 
cut off in the 
first column, and 
to the product, 
96, we add 6, 
that would be 
carried from the 
product of 8 into 
8, the first of the 
figures cut off : 
the sum, 102, we 

add in the second oolumn, carrying 1 for the figure 7 cut off in that 
column, and thus obtaining 64801. The product of this by 8 is 
then set in the third column, and subtracted, leaving the remainder, 
21709. In the second column, again, we add 102, as, it is plain, 
we should, in effect, have done, had we not contracted. Then, 
cutting off one figure in the second column, and two in the first, we 
exhaust the latter, and the rest of the work becomes merely an 
operation, in the contracted mode of division of decimals. The 
answer is found to be 42*783964. This is true throughout, except 
the last figure, which ought to be 3, as would be found by pro- 
ceeding farther, before commencing the contracted process. 

Had we wished to obtain the answer true for one figure more, 
instead of proceeding as above, we might have added a cipher in 
the third column, retained the second unchanged, and cut one figure 
from the first column : or, had we wished to have two additional 
figures true, we should have annexed two ciphers in the third 
column, and one in the second, leaving the first unchanged. In 
either case, the work would proceed upon the same principle, any 
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trifling variations being such as to be readily followed ont by the 
intelligent stadent.* 

Bole II. To extract the cube root of a vulgar fraction : 
(1.) If, when the fraction is in its lowest terms, the 
numerator and denominator be exact cubes, extract their 
roots for the numerator and denominator of the answer. 
(2.) If only the denominator be an exact cube, the 
answer will be obtained by finding the cube root of the 
numerator, and dividing it by that of the denominator. 
(3.) If the denominator be not a cube number, multiply 
the numerator by the square of the denominator ; take 
the cube root of the product, and divide it by the deno- 
minator. 

In every case, the vulgar fraction may be reduced 
to a decimal, the root of which, taken by the general 
rule, will be the required root. 

The cube root of a mixed number is generally best 
found, by reducing the fractional part to a decimal, if 
it be not such already, annexing this decimal to the 
integral part, and then extracting the root by the 
general rule. 

Exercises, find the cube roots of the following numbers : — 



Exer, Answ. 

1. 123 4-973190 

2. 617 8025967 

3. 900 9-664894 

4. 123466789. ..497*9338692 

5. 12346678 231120418 



Exer. Answ, 

6. 1234667 107-276672 

7. 44-6 3-646323 

8. ^ -64365968974 

9. I -9614997135 

10. 376 7-217662 



Exer. 11. How much does the sum of the cube roots of 60 and 
31 exceed the cube root of their sum ? Answ. 2-49866. 

12. How much is the difference of the cube roots of 60 and 81 
less than the cube root of their difference ? Answ, 2-12676. 

EXTRACTION OF ROOTS IN GENERAL. 

Rule I. Any root whatever may be extracted by an 
extension of the principle on which the rule that has 

• The facility, elegance, and simplicity of the method given above, for the 
extraction of the cabe root, will be apparent to all readers, and more especially 
to those who have learned any other method of effecting the same object. The 
more advanced papil may have recomf-se to a note at the end of the volnme for 
additional information vhich could not be introduced with propriety here. 
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been given for extracting tlie cabe root, depends. In 
this general application of the principle, the given 
number is to be divided into periods, each consisting of 
as many figures as correspond to the order of the root, 
and the same number of columna is to be employed, the 
last headed by the given number, and the others by 
ciphers. The work then proceeds exactly as in the 
extraction of the cube root ; and if there be a remainder, 
a like contraction is admissible with equal advantage. 
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lu this example, as the root is of the fifth otder, ve have five 
columns, the first four commencing with zeros, and the fifth, with 
the given number, the fraction being reduced to a decimal carried 
out to five places, the number constituting the period in extracting 
the fifth root, and the last being made 2, because of the 8 which 
would follow it. Then, the first figure of the root is 2, since the 
fifth power of 2 is 32, while that of 3 is too great, being 243. Now, 
after a process exactly analogous to that employed in extracting 
the cube root, we find, that, by adding one cipher in the first column, 
two in the second, &c., the numbers in the several columns which 
are to be employed in working for the second figure are 100, 4000, 
80000, 800000, and 6318182. The next figure is found to be 4 ; 
and, aifter the usual process, the numbers in the several columns, 
preparatory to the work for the next figure, turn out to be 120, 
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5760, 138240, 1658880, and 1555558. Then, in commencing the 
contraction, we cut one figure from the fourth column, two from the 
third, three from the second, and four from the first (which last is 
thus exhausted). The rest of the work presents no difficulty. 

This method of extracting roots is perfect in principle, and in 
most of the useful cases of evolution, it gives, perhaps, as easy 
solutions as the nature of the case will admit. In some instances, 
however, especially when the roots are of a high order, the process 
will be easier by means of the following approximate rule, first 
given by Dr. Hutton, in the tenth of whose Tracts its investigation 
may be found : — 

Rule II. To extract any root whatever : (1.) Call the 
index of the given power n ; and find by trial a nnmber 
nearly eqnal to the required root, and call it the assumed 
root, (2.) Raise the assumed root to the power whose 
index is n. (3.) Then, as n+1 times this power, added 
to n— 1 times the given number, is to w— 1 times the 
same power added to n^ + 1 times the given number, so 
is the assumed root to the true root nearly. (4.) The 
number thus found may be employed as a new assumed 
root, and the operation repeated to find a result still 
nearer the true root. 

Exam. 2. Bequired the 365th root of 1*06. 

Here we may take 1 for the assumed root, the 365th power of 
which is 1 ; and n being 365, we have » + 1 » 366, and n~ 1 » 364. 
The work will then proceed in the following manner, and the an- 
swer will be found to be 1 0001 596. 

Ix366»366 1)(364=«364 

106 X 364 = 385-84 106 x 366 =» 38796 

As 751-84 : 751*96::! : 10001596. 

In extracting the fourth root, we may either use one of the pre- 
ceding rules (Rule I. will be preferable), or we may extract the 
second root of the given nnmber, and the second root of the result. 
In extracting the sixth root, also, we may either employ one of 
those rules, or we may extract the third root of the given number, 
and the second root of the result : and in this way we may proceed 
in every case in which the index of the root to be extracted is a 
composite number. When the index is a prime nnmber, however, 
the root must be found by one of the general rules. 

Exam. 3. End the value of ul. 

This expression means the third root of the second power of 11, 
and, therefore, by extracting the cube root of 121, we find for the 
required result 4'946088. The answer might also be obtained by 
the second rule, by taking 5 for the assumed root, and {, the re- 
ciprocal of |, for ». The former method is preferable. 
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Exam. 4. Erom the data in Example 10, page 2S5, let it be re- 
quired to find the annual rate, per cent., of the increase of the 
population of Glasgow, between the years 1801 and 1811, sup- 
posing the increase to be always proportional to the population. 

Here, by dividing the greater population by the less, we get 
1 '301 909, of which, because the interval is ten years, the tenth root 
is to be taken. This is effected most easily by first extracting the 
square root, which ia found to be 1*141017; the fifth root of which 
(found very easily by Rule 1.) is 1*02674. Then, multiplying this 
by 100, and rejecting 100 from the product, we get 2*674, the annual 
rate per cent, required. The reason of the process will be undep- 
stood by those who have studied compound interest. 

Exercises. Eind the roots of the following numbers signified by 
their several indices : — 



Exef. 

1. 987654321^ 

2. 1001^ , 



Ansfv, 

19*27274 

1*047128 



Exer, 



Answ. 



3. 106T5 1004074 

4. 95 63 19591 



SERIES. 

A SEBIBS is a succession of quantities, or terms, that 
depend on one another according to a certain law. 

In every series, the first and last terms are called thd 
EXTREMES, and the rest the means. 

Writers on arithmetic usually treat of only two kinds of series, 
equidifferent series and ctmtiniial propor(iotials. These are of more 
frequent and geneM use than other kinds of series, and, on this 
account, claim more particular attention. Quantities in equidifierent 
scries are also said to be in arithmetical progression ; and continual 
proportionals are said to be in geometriau progression,* 



* These names for equidifferent quantities and continual proportionals ars 
very improper. Series of both kinds belong equally to arithmetic and geometry. 
The appellations, aritlvntetieaU progression and geometrical prvgression, should, 
therefore, be entirely disused, as tending to impress false ideas on the mind re- 
specting the nature of the quantities. The texm proportion is applied, if possible, 
still more improperly to equidifferent quantities, as this term is always ex- 
pressive not of equality of d^erenees^ but of equality cf ratios. The latest and 
best Continental writers have acccnrdlngly rejected these terms, and substituted 
more appropriate ones, cfdling them by the names above given, or othtts cA 
shuilar import, wxcYlba progressions by differences^ and progressions by quotients. 
With regard to the name, continual proportionals, here applied to the second 
kind of quantities, it may be observed, that, besides its being perfectly expreasiTe 
of the nature of such quantities, it has long been thus applied in works on 
geometry i and it is equally applicable in arithmetic. 
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BQUIDIFFEEENT SERIES, OR ARITHMETICAL PRO- 
GRESSION. 

When three or mor6 numbers or quantities are sucb, 
that each of them, after thd first, exceeds the one before 
it, ot that isach is less than the one before it, by a con- 
stant number ot quantity, called the common difference, 
they are said to be equidifferent, or to be in abith- 

if ETICAL t>B0GB£SSI0K. 

When each term, after the first, is greater than the 
one before it, the serieil is said to be an ascending one ; 
otherwise, it is a DfisesNDiNO one. 

Thus, 5, 7, 9, 11, 13, is an asoending equidifferent series, in 
which each term is derived from the one before it^ by the addition 
of the common difference 2 ; euid 20, 17, 14, 11, 8, is a descending 
one, in which each term is less than the one before it, by the com<* 
mon difference 3. 

The following are the most useful rules for the management of 
quantities of this kind : — 

Bulb I. The first term And the tonvmon difference 
being giveny to find any other assigned temi : (1.) Multiply 
the common difference by the numbei^ which is equal to 
the number of terms preceding the required term. (2.) 
Then, if the series « be an ascending one, add the pro-' 
duct to the first term ; otherwise, subtract it. 

Exam. 1. Required the thirty-fifth term of the increasing equi- 
different series, whose first term is 7, and common difference 3. 

Here, 34 terms precede the required one ; wherefore, 34 x 3 + 7 
» 109 is the term required. 

The reason of this operation will be manifest from the considera^ 
tion, that were the series to be continued to the thirty-fifth term, 
the first term must be increased by thirty-four additions of the 
common difference. 

Exer. 1. Requi)red the fifty-fourth term of the decreasing equi- 
diffefent series whose first term is 100, and common difference 1^. 
Anew. 33]. 

2. G^ven the first term of an increasing series » 36, and the 
Common difference =^9^; to find the hundredth term. Answ. 392|. 

3. If the first term of a decreasing series be 329, and the com- 
mon difference j ; What is the ninety-ninth term ? Jnsw. 243|. 

Rule II. The extremes and the mmiber of terms being 
gherij to find the sum of the series: Multiply the sum of 
the extremes by the number of terms, and take half the 
product. 

V 2 
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Exam. 2. The first term of an eqnidifferent series is 1, its last 
term 312, and the number of terms 193. What is its sum? 

Here, 1 + 312 = 313, and 313 x 193 » 60409 ; the half of which is 
30204J, the sum of the series. 

Tm reason of this rule will be understood from the following 
property of eqmdifierent quantities : — 

In any equidifferent series^ the sum cf the extremes is equal to the 
sum of any two terms that are equally distant from them, or to double 
the middle term^ if the number of terms he odd. 

Thus, in the series, 6, 8, 11, 14, 17, 20, 23, the sum of d and 23 
is equal to the sum of 8 and 20, or of 11 and 17, and is double of 
the middle term 14. The reason of this is plain, since 8 and 11 
•respectively exceed the less extreme by the sttme quantities by 
which 20 and 17 are respectively less than the other extreme. 

Hence, in this latter scfries, it is evident, that though each term 
were made 14, half the sum of the extremes, still the sum of tht 
whole would be the same ; and consequently the sum of the serial 
will be obtained by multi|dying half the sum of the extremes by 
the number of terms, or, which is the same^ by multiplying the sum 
of the extremes by the ntunbel* of tetms, and taking half the 
product. 

Exer. 4. Given the greater tiktiemej^ 1000, the ccmmion differ- 
ence B 2J, and the number of teHns 36f ; Required the sum of the 
series. Answ, 221484J. 

In working this exercise, the less extreme will be found by 
Rule I., and the sum by Rule II. 

5. Given the greater extreme i^t, the oofumon difference »y|5, 
and the number of terms*- 61 ; required the sum of the series. Answ, 
38i. 

BuLE III. The extremes and the common differ efnte 
being given^ to find the number of term^ : Divide the 
difference of the extremes by the oommon difference, and 
add a unit to the quotient. 

The reasons of this rule and of the next will be obvious from 
comparing them with Rule I. 

Exer. 6. If the greater extreme be 500, the less 70, and the 
common difference 10; what is the number of terms? Answ. 44. 

7. Given the less extreme «> 3, the greater = 579, and the com- 
mon difference = 9, to find the sum of the series. Answ. 18916. 

Here, let the number of terms be found by this rule, and the 
sum of the series by Rule II. 

8. With the common difference 12, how many equidifferent 
means can be inserted between the extremes 8 and 1700? Answ. 
140. 

Rule IV. The extremes and the number of terms being 
given, to find the cmnmon difference : Take 1 from the 
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nnmber of terms, and divide tlie difference of the ex- 
tremes bj the remainder. 

Exer. 9. Given the eztremea^ 3 and 300 respectively, and the 
number of terms » 10 ; to find the common difference. Answ. 33. 

10. What is the common difference of a series consisting of 1001 
terms, the extremes being 1 and 100001 ? An&w. 100. 

Rule Y. The extremes being given, to find any assigned 
number of equidifferent means: Find the common 
difference by Rnle IV., and add it to the less extreme, 
or subtract it from the greater ; the result will be one 
mean ; from it derive another in the same manner : and 
thus proceed till all are found. 

One melEtn may be found by taking half the sum of 
the extremes. 

Exam. 3. Given the first temv->l, the last =3 99, and the num- 
ber of terms s 8 ; Required the complete series. 

ByBule XV., the common difference is found to be 14, by the 
continual addition of which to 1, the entire series is found to be 1, 
15, 29, 43, 67, 71, 85, 99. 

.Exer. 11. Insert five equidifferent means between 20 and 30. 
Answ, 21|, 23i 25, 26|, 28|. 

12. Required the several terms of a series, the extremes of which 
are 4 and 49, and the number of terms 6. Answ, 4, 13, 22, 31, 
40, 49. 

Rule VI. The sv/m of the series, one extreme, and tlis 
number of terms being given, to find the other extreme : 
Divide twice the sum of the series by the number of 
terms, and from the quotient take the given extreme. 

The reason of this rule is evident from Rule II.* 

Exer. 13. Given the first term of an equidifferent series, con- 
sisting of 24 terms, » 1 ; required the last term, the sum of the 
series beine« 576. Answ. 47. 

14. If tne number of terms be 50, their sum 1275, and the less 
extreme 3J ; what is the greater extreme ? Answ. 47|. 

* If the greater axtreme be denoted by g^ the lem by 2, the oommon difference 
by d, the number of terms by «, and &e sum of the series by s : then g=l 
+ (»— 1)<I and «*=l»(0r+<); from which two equations, any three of these 
qnantitiet bein^T given, the rest can be foand. The full resolution of these equa- 
tions wUl, among other results, give the rules oontained in the text. 

The oonsideratioii of such quantities as are usually said to be in arithmetical 
prrtportUm, has been omitted on account of its oomparatiye inutility. These are 
quantities of such a nature, that the differences of the first and second, of the 
third and fourth, of the fifth and sixth, &o., are equal. Such are 3, A ; 10, 13 ; 
SI, 24, ho. The principal property of four such quantities Is, that the sum of 
the extremes is equal to the sum of the meims ; and, therefore, if Uiere be four 
such quantities, and from the sum of the means either extreme be taken, the 
remainder will be the other. 
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15. Required the sum of the fir8t ten thousand numbers in the 
natural series, 1, 2, 3, 4, &c. Afuw. 50,005,000. 

16. Required the sum of the first ten thousand odd numbers, 1, 
3, 5, 7, &c. Anaw. 100,000,000. 

17. Required the sum of the first ten thousand even numbers, 
2, 4, 6, 8, &c. Anew. 100,010,000. 

18. Required the sum of the first ten thousand numbers that are 
divisible by 3 (3, 6, 9, 12, &c.) Answ. 150,015,000. 

19. If a person on a journey travel the first day 30 miles, and each 
succeeding day a quarter of a mile less than he did the day before, 
how far will he travel in 80 days? Answ. 791^ miles. 

20. How many strokes does a common dock strike in 365 days? 
Answ. 56940. 

21. If 120 stones be laid in a straight line, each at the distance 
of a yard and a qiuirter from the one next it ; bow fiur must a per- 
son travel, who picks them up singly and places them in a heap at 
the distance of 6 yards from the end of the line, and in its con- 
tinuation ? Answ. 10 miles 7 furl. 27 per. Ih yd. 

22. A body falling by its own weight, if it were not resnsted by 
the air, would descend in the first second of time through a space of 
16 feet and 1 inch ; in the next second, three times as fax ; in the 
third, five times as fnr ; in the fourth, seven times, &c. Through 
what space would it fiedl, at the same rate of increase, in a minute ? 
Answ. 57900 feet, or nearly 11 miles. 

CONTINUAL PROPORTIONALS, OR GEOMETRICAL 

PROGRESSION. 

When three or more nnmbers, or quantities, are 
such, that each of them, after the first, is eqnal to the 
product of the one immediately preceding it by a fixed 
number, they are said to be continual proportionals, or 
to be in geometrical progression. 

The fixed multiplier is called the ratio, or the com- 
mon RATIO, of the series. 

The series is said to be an ascending, or a descend- 
ing one, according as the ratio is greater or less than 
unity. 

Thus, 3, 6, 12, 24, 48, form an ascending series of continual pro- 
portionals, having the ratio 2 ; and 192, 48, 12, 3, |, &c., constitute 
. a descending series, having the ratio J.* 

The following are the most useful rules for the management of 
continual proportionals : — 

V ■■ , .-^ ■■ ■ ■ ■ ■— , — ■ ■ ■■ ,. ■ ■■—■■■■■■ ■■■ ■,, , 

• It is proper for thft learner to know, that in a series of continual propotOonals^ 
the product of the extremes is equal to the product of any two terms equally distant 
from them; or to the second power of the middle term, if the number of terms be 
odd. Thus, in the series, 3, 6, 13, 24, 48, 8 x 48 = 6 x 34 = 12*. The reason of this 
is evident, since the greater extreme exoeeds the term next it in the same ratio 
in which the other extreme is less than t^e term next it. . 
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Rule I. The first term and the ratio being given, to 

Jind any other proposed term : Raise the ratio to the 

power whose index is equal to the number of the terms 

which precede the required term, and multiply the iirst 

term by the result. 

£xam. 1. Bequired the 8th term of the series of continual pro- 
portionals, whose first term is 6, and ratio 2. 

Here, the 7th power of 2 is found to be 128 ; which, being mul- 
tiplied by the first term 6, the product, 768, is the 8th term. 

The reason of this operation will be manifest, if it be considered, 
that in finding the successive terms up to the 8th, the first term 
must be multiplied by 2, the product by 2, that product by 2, and 
80 on, till the 8th term would be found after seven such miQtiplica- 
tions : and it is evident, that the same residt will be found by a 
(single multiplication by the 7th power of 2. A similar illustra- 
tion serves in the case of a decreasing series. 

Exam. 2, Required the 20tli term of the series, whose first term 
and ratio are each 1'06. 

Here, we are to multiply the 10th power of 106 by 1'06, or, 
which is the same, we are to involve 1'06 to the 20th power. This 
is found, by involution, to be 3*2071 3d « 

Exam. 3. Bequired the 6th term of the series whose first term 
is 100, and ratio |, 

The 6th power of f is ^ ; the product of which by 100 is 
13^^^, the term required. 

Exer. 1. If the first term of a series be 12, and its ratio 3 ; 
what is the 18tb temj ? Answ, 1549681956. 

2. The first term of a series is 1, and the ratio the reciprocal of 
1'07 ;* required the 14th term. Answ, -4149644. 

3. Given the first term of a series, 500, and the ratio the reci- 
procal of 1*04 ; to find the 14th tenn. Jnsw, 300*287. 

4. Given the first term of a series = 1, and the ratio » 2 ; to find 
the 16th t^^m. Anew. 32768. 

5. Given the first term of a series » 1, and the ratio ^r 3 ; required 
the 16th term. Answ. 14348907. 

Rule II. To find the sum of a series of continual pro* 
portionals : Multiply the last extreme by the ratio, and 
divide the difference between the product and the other 
extreme, by the difiTerence between the ratio and a unit : 
Or, (1.) Raise the ratio to the power whose index is 
equal to the number of terms. (2.) Divide the difiTer- 
ence between the result and unity, by the difference 
between the ratio and unity. (3.) Multiply the quo- 
tient by the first term. 

« Here the first term must evidently be divided by the 13th power of 1*07. 
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When the series w a descending mie, and the n/umber of 
terms infinite, divide the greatest term by the difference 
between unity and the ratio. 

Exam. 4. Giyen the first term of an ineroasing series -s 4, the 
ratios 3, and the number of terms = 6 ; to find the sum of the series. 

Here, by Rule I., we find the last term to be 972. Multiplying 
this by the latio, we obtain 2916 : and dividing 2912, the difference 
between this and the first term, by 2, the difference between the 
ratio and 1, we obtain 1456, the required sum. 

The reason of this operation is best shown by algebra ; it may 
be illustrated, however, in the following manner : let the terms of the 
series be placed ^^ ^^^ 36+ 108 + 324 + 972«sum 

as m tne mar- 12 + 36+ 108 + 324 + 972 + 2916=. sum x 3 

gin ; then let 

each term be multiplied by the ratio, and let the products be 

removed each one place towards the right hand. If the upper line 

be then subtracted from the lower, there will remain 2912 »: sum x 2 ; 

and consequently the sum is equal to 2912-r2 = 1456. Now, 2916 

is evidently the product of the ratio and the greater extreme, and 

2912 is the difierence between this and the less extreme ; also the 

divisor 2 is the difference between the ratio and a unit: and a 

similar illustration naay be given in any other case. 

Exam. 5. Required the sum of six terms of the series, }, ^, 

Here, by dividing the second term by the first, or the third by 
the second, we find the r^tio to be | ; the sixth power of which is 
YS^- Subtracting this apd the ratio each from 1, we get the 
remainders }|j|f and f. By dividing the former of these by the 
latter, we obtain |f|f ; the product of which by the first term, |, is 
UU , or 1|^, the sum required. 

Exam. 6. Find the sum of an infinite number of terms of the 
same series. 

To effect this, we divide the first term, h by |, the difierence 
between the ratio, f, and 1, and we get |, or l|, the required sum. 

This process will be explained by the illustration in the mai^n, 
where the sum on the one hand, and all the terms on the other, are 
each multiplied by the ratio, f. « ij.Aj.OxaTj.Xr/. 

The latter product is the same «„ °^^ "^ifl^I^T^T?^ 
as the given series, except its S^^5« +w + 5o+.ir5o + &c. 

first term. From the whole sum, therefore, subtracting | of it, we 
find that J of the sum is equal to the first term of the series, | ; 
that is, the product of the required sum by the difference between 
the ratio and 1 is equal to the first term, and hence the reason of 
the rule is manifest. 

By the sum of an infinite number of terms of a series, is to be 
understood the amount to which the sum of more and more of tlie 
terms continually approaches, and from which, by taking a sufficient 
number of them, it may be made to differ by as small a quantity as 
we please. Thus, in the series, j + | + | + ^ + ^c., the sum of an 
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infinite namber of terms of which is 1, if we take the first «ik1 
second terms, their sum is less than 1 by j ; if three be taken, the 
sum is less than it by | ; if four, by ^, and so on, the defect being 
reduced by one half by the addition or each successive term. It is 
plain, therefore, that the defect, though it cannot be annihilated, 
may be rendered as small as we please ; so that 1 is the limit to 
which the sum of the terms, as their number is increased, approaches 
as nearly as may be desired, but which it can never reach. 

Exam. 7. Required the sum of the series whose least term is 
45, and ratio 1*04, the number of terms being 31. 

Here, by involution, we find the thirty-first power of 1*04 to be 
3-37313. Then 3-37313-1 =237313, and 104-1«04; also, 
2-37313-t-'04 = 59'3282d, the product of which by 45, the first term, 
is 2669*77125, the required simi. 

Exam. 8. Required the value of the interminate decimal *18. 

This is the same as ^ + j^^ + 1000660 + &<^-» continued without 
limit, where the ratio is evidently 3^. Dividing, therefore, the 
first term, •^, by 1— xi^, we obtain for the sum of the series, or 
the value of the decimal, ^, or, in its lowest terms, ^-p 

Exer. 6. Require4 ^fie sum of the series whose first and last 
terms are 100 and 13*16872428 respectively, and its ratio |. Anew, 
273*66255144. 

7. Given the extremes »1 and 18*42015, and the ratio « 1*06; 
required the sum of the series. 4^sw. 308*755983. 

8. Find the sum of the infinite series whpjBie greatest term is 100, 
and ratio the reciproc^ of 1''04* ^nsto] SoOQ. ' 

9. Given the first' term 01 a se|:ies»6| tt^e ration 4; and the 
number of terms » 8 ; to find the suni of the series. Amw, 131,070. 

10. Given the fi^t terib of a ^eries^i ; the ratio => J; and the 
number of term^ » 1 2 ; to ' fi|^d ' the sum gf the series. Jn9W, 1 jf^y, 
or linearly. 

11. Given the }^6t term of a series »1, the ratios 1}, and the 
number of terms^ 16 '.required the sum of the series. Jnsw, 
1311-68167114. '. 

12. Given the firs|^ ^ermi«12, the ratio »§, and the number of 
terms s 12: to find the sum of the series. AnSw, 63*92472. 

Rule III. fphe. extremes and the number of terms heitig 
giveri^ to find the f0tio : Divide the second extreme by 
the first, and efx^p^t that root of the quotient whose 
index is less by pne than the number of terms. 

Exam. 9. Given the extremes of a series s 3 and 192, and the 
namber of terms » 7 : required the ratio. 

Here, 192-r3s64, the sixth root of which is 2, the ratio. 

Exer. 13. Given the extremes =1 and 10, and the number of 
terms = 9: required the ratio. Anaw, 1*333521. 

BuLE IV. To find any proposed number of mean pro- 
portionals between two given numbers: (1.) Take the 

n3 
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two given numbers as extremes ; take also the nnmber 
of terms in the series greater by two than the reqnired 
number of means, and find the ratio by Rule ill. (2.) 
Then the product of the ratio and the first extreme will 
be one of the means : the product of this mean and the 
ratio will be another, and so on. 

When only one mean is required, it is very easily 
found by extracting the second root of the product of 
the extremes. 

Exam. 10. Find three mean proportionals between 5 and 1280. 

Here, the aeries woald consist of 6 terms, and the extremes 
are 5 and 1280 ; and hence the ratio is found, by the last rule, to be 
4 ; and by multiplying the first term by thi.s, the product by the 
same, &c., the meanr are found to be 20, 80, and 320. 

Exam. 11. Find a mean proportional between 5 and 10. 
Here, 5 x lO^^dO; the square root of which is 7*0710678, &c., 
the mean required. 

Exer. 14. Find two meaa proportionals between 1 and 2. Ansvp, 
1*259921, and lo87401. 

15. Find a mean proportional between ^ and 100. Ahsw. 
316227766. 

Exer. 16. If a thrasher agree to work 18 days for a fiirmer, on 
condition of receiving two grains of wheat for the first day's work, 
6 grains for the second, 18 for the third, &c. : what wonld be the 
value of all he would be entitled to receive, supposing 7680 grains 
to fill a pint, and the wheat to be worth 7 shillings a bushel ? 
An»w. £275-17-5j. 

17. Suppose a house, having 20 windows, to be sold at the rate 
of 48. for the first of these windows, 68. for the second, 9«. for the 
third, and so on ; the value of each being increased by one half of 
itself, to find the value of the next ; for how much would it be sold ? 
An8W. £n29 - 14 - 0|. 

18. It is said that an Indian invented the game of chess, and 
showed it to his sovereign, who was so much pleased with it, that 
he desired the inventor to ask any reward he chose. The inventor 
then asked one grain of wheat for the first square of the chess 
table, two for the second, four for the third, and so on ; doubling 
continually to 64, the number of squares. Now, suppose it had been 
possible for the prince to pay this reward, what would have been the 
value of the whole at 12s. 6d. per cwt., 10,000 grains being supposed 
to weigh a pound avoirdupois ? Afmo. £10,293,942,005,418 - 5 - 6J. 

19. Find the value of the interminate decimal '463. Artsto, ^. 

20. Required the finite value of the decimal '5185. Antw. ij. 

21. Find the sum of the infinite series, i, |, ^^, &c. Afuw. i. 

22. Find the sum of the infinite series, §, J, ^ ^, &c. Answ. J 
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COMPOUND INTEEEST .♦ 

The method that naturally presents itself for finding the amount 
of a sum at compound interest, is to find its amount at simple 
interest at the end of the first year ; then to take this amount as a 
new principal, and find its amount in like manner, which woidd he 
the amount at compound interest at the end of the second year, and 
the principal for the third year : the amount of which must be 
found in like manner. Continuing the process, we should thus .find 
the amount at the end of the proposed time. This wiU be illus- 
trated in the following example. 

Exam. 1. Required the amount of £2500 at the end of 4 years, 
at 6j>er cent, per annum, compound interest. 

Here, the amount for one year is £2650 ; the amount of which 
for one year also is £2809, the amount at c<xnpound interest for two 
years. The amount of this, again, for 1 year, or the amount of the 
giyen sum at the end of the third year, is £2977 - 10 - 9^; the 
amount of which for another year is £3156 - 3 - 10, the amount of 
£2500 for four years. The amount at simple interest would have 
been £3100, which is less than the foregoing amount, by £56 - 3 - 10. 

When the time is short, this method may be practised without 
much trouble ; but when it is long, the labour becomes very great. 
In this case, the methods that foUow should \>e employed. 

Rule !♦ To find the amount of one ponnd sterling for 
any numher of years, at compound interest ; (1.) Divide 
the amount of £100 for 1 year by 100, and the quotient 
will be the amonnt of one ponnd for 1 year. (2.) This 
amonnt involved to the power denoted by the nnmber 
of years, will be the amonnt of one ponnd for that time. 

The contracted mode of multiplication of decimals is peculiarly 
useful in this rule, and in computations in compound interest and 
annuities in general. So also is the contracted method of dividing 
decimals. (See pages 195 and 198.) 

Exam. 2. Required the amount of one pound sterling for 20 
years, at 44 per cent, per annum, compound interest. 

Here, the amount of £100 for one year is £104*5 ; the hundredth 
part of which is £1*045, the amount of £1 for a year. The second 
power of this is £1*092025, the amount of £1 at the end of the 
second year. The product of this by itself, found by the contracted 
method of multiplication, is £1*192518, the amount at the end of 
the fourth year. The square of this, again, is £1*422099, the 
amount for eight years ; the square of which is £2*022366, the 

* For the deflnitloa of compoimd interest^ see pag« 224. 
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amount at the end of the edzteenth year. Finally, the product of 
this by £1*192518, the amount for four years, is £2*411708, or 
£2 - 8 - 2|, nearly, the amount of £1 for 20 years. At simple 
interest, the amount would have bee& only £1 - 18. 

Had the products here been found at full length, the labour 
would haye been immense. In the last multiplication, one of the 
factors would have contained 49 figures, the other 13, and the 

Sroduct 61. It should be carefully remarked, however, that the 
ecimal part of the areount found as above, will rarely be true in 
all its places. (See page 195.) A trifling error in rejecting or over- 
estimating a figure at the end of a decimal may accumulate, and 
render the accuracy of the last figure or the last two figures doubts 
fill. Thus, in the preceding result, the last two figures should 
have been 14 instead of 08; a difference, however, which would 
occasion only the trifling error of rather more than a penny in the 
amount of £1000. When great accuracy is required, the amounts 
should be brought out to a greater number of places, and the last 
flexure or two of the final amounts rejected, or not depended on. 
Tne larger the given sum also, and the longer the time, this is the 
more needsstury, as the effect of the error is the more perceptible. 

Exam. 3. What is the amount, true to six places of decimals, 
of £1 for 6 years, payable half-yearly, at 5 per cent, per annum, 
compound interest ? 

Here, the payments being half-yearly^ the amount of £100 for 
half a year is £102 - 10, or £102*5 ; and, consequently, that of £l 
for the same time i9 £1*025: the square of thid is 1*050625, or 
1*0506250, the ampunt fpr two half-years, or one year. Multiplying 
this by 1*050625, by the contracted method, we obtain 1*1038129, 
the fourth powdr of £1*025, or the amount of £l for two years ; the 
third power of which is i*3448888, the twelfth power of £1025, or 
the amount of £l for six years ; or, if only six figures of decinials 
be retained, 1*344.389. 

Exerinses. Find the amounts of £l in the followipg exercises, at 
the given rates per cent, per anniun : — 

Exercises, Answers, 

1. For 10 years at 10 per cent., &c 2*593742 

2. — 17 — 6J— 2*802799 

3. — 100 3 19*218632 

4. — fOp 4 . 60*504948 

5. — XOO 6 — 131*501258 

6. — ioo 6 . 339*302083 

B»ULE II. To find the amount, or the interest^ of any 
sum, at compound interest, for a given time, and ai a given 
raie : Find the amonnt of £\ for the given time, bj 
Rule I., and mnltiply it by the- given snm. 
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If the principal be subtracted from the amotuit, tbe 
remainder will be the interest. 

Exam. 4. Required the amount of £760 - 14 - 4 for 12 years, at 
5 per cent, per annum, compound interest. 

By Rule I., the amount of £l is found to be £1-795850. This 
being multiplied by 760, and 
aliquot parts being taken for 1*795856 

14«. Ad.f as in the margin, the re- »qq _ 14 . 4 

suit is £1366 - 2 - 9, the amount ; lATTgio/'A " ~~ 

and the principal being sub- loKf 

traeted from this, there remains, «ft»«o« ^ ,a 

for the interest, £605-8-5! IVo^.lV' I'' 

The simple interest would have ooool "~ Tj 

been £456 - 8 - 7^ The same ^eML — **• 

result would have been obtained £1366*137590, or 

by using, instead of 14«. 4d., the ^1366 - 2 - 9, the amount 

equivalent decimal, and the an- 

swer would in that case have been found by multiplication alone. 

Exercises, Find the amounts of the following sums, at the 
given rates per cent, per annum : — 

Exercises* Answers. 

£ s. d. £ 8. d, 

7. 251 16 6 for 9 years, at 5 per cent., &c. ... 390 13 3 

8. 212 — 15 4 ... 381 16 

9. 213 13 4—14 5J ... 452 2 9^ 

10. 463 10 10 — 12 6 ... 932 14 83 

11. 295 12 6—17 4J ... 624 15 4 

12. 495 7 6 — 13 3J ... 774 14 lOf 

13. 649 13 6—16 6 ... 1418 3 2\ 

14. 682 7 6—5 6J ... 761 2 9| 

Exer. 15. If a boy, 12 years old, have a legacy of £1396 - 16 - 8 
left to him, how much will he have to receive at the age of 21, the 
legacy being improved by compound interest, at 5 per cent, per 
annum ? Antw. £2166 - 18 - ll|. 

16. Find the amount of £648 from the 6th till the 21 st year of 
a boy*s life, at 4J per cent, per annum, compound interest. Answ. 
£1299- 16 -6J. 

17. If a merchant commence trade with a capital of £1200, and 
each year, after paying all expenses, increase the capital of the for- 
mer year by a fi&h part of itself ; how much will he be worth at 
the end of 30 years? Answ. £284,851 - 11 - 61. 

Rule III. To find the prirtcvpal, which, at a given 
rate, and in a given time, would amount to a given sum ; 
Or, to find the ^present worth of a sum at compound interest. 
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for a given time, and cU a given rate : Divide the given 
Bnin by the amonnt of £1, found by Rule I. 

The present worth of £1 may be found by dividing 
it by its amount for the given time. 

Exam. 6. What sum must be lent at compound interest, at 5 per 
cent, per annum, at the birth of a child, so that the amount may be 
£3000 - 6 - 8 at the end of 21 years? 

Here, the amount of £l for 21 years being 2785962, we havo 

for answer £3000-3 + 2785962 = £10769469 = £1076 - 18 - llj. 

Exercises. Required the present worths of the following sums, 
or the principals that would produce them, at compound interest, 
at the given rates per cent, per annum : — 

Exercises* Answers. 

£ s. d. £ 5. d. 

18. 324 18 6 for 9 years, at 5 per cent., &c 209 8 11| 

19. 264 11 8 — 12 4J 151 12 1| 

20. 554 18 4 — 27 4 192 9 1 

21. 1000 — 22 8 183 18 9J 

Exer. 22. A brother is to pay his sister a portion of £4500 at 
the end of 11 years : how much will discharge the debt at the end 
of 4 years, compound interest being allowed at 4^ per cent, per 
annum on the sum he pays ? Answ. £8806 - 14 •- 6}. 

23. With what sum must a merchant commence trade, so as to 
be worth £15,000 at the end of 12 years, if he may be expected to 
dear annually an eighth of his capital ? Answ. £3649 - 14 - 7J. 

24. Whether is it better to sell a farm for £1000 payable at 
present, £1000 payable at the end of 5 years, and £1000 payable at 
the end of 10 years ; or to sell it at £3000 payable at the end of 5 
years, compound interest being allowed at 4 per cent, per annum ? 
Answ. Better at three payments by £31 - 14 - 2J. 

The reason of the first rule will appear from the following con- 
siderations. The aniount of £1 for a year will evidently be a 
hundredth part of the amount of £100 : and as £1 is to its amount 
for a year, so is any other principal to its amount for the same 
time. Hence, to take a particular instance, the amount of £1 for a 
year at 5 per cent, will be 1*05 ; and by the nature of compound in- 
terest, this will be the principal for the second year. Then, as the 
principal, £1 : £105, its amount :; the principal, £105 : £1-05^, 
the amount at the end of the second year, and the principal for the 
third. Again, as £1 : £105, its amount :: the principal, £1*05^ 
: £1*05^ the amount at the end of the third year, and the principal 
for the fourth. It will thus appear, that the amount of one pound 
for any number of years, will be equal to £1*05 raised to the power 
denoted by the number of years. The amount of £l being thus 
determined, it is plain that the amount of any other principal will 
be had by multiplying the amount of £1 by that principal, since the 
amount will evidently be proportional to the principal ; which proves 



COMPOUND INTEREST. 279 

the second rule. The third rule is evidently the converse of the 
second, and hence its correctness is evident.* 

It may he proper here to observe, that, if interest be payable 
yearly^ the amount of £\ at the end of 6 months will be the square 
root of its amount for a year ; its amount for 4 months, or one third 
of a year, the cube root of the same ; for 3 months, the fourth root ; 
for a day, the 365th root, &c. Farther, also, the amount of £l for 

2 days will be the square, for 3 days the cube, &c., of its amount 
for 1 day ; its amount for 8 months will be the square of its amount 
for 4 months ; its amount for 9 months, the cube of its amount for 

3 months ; its amount for a year and a quarter will be the product 
of its amounts for a year, and for 3 months ; its amount for 6 years 
and a half will be the product of its amounts' for 6 years, and for 
iialf a year ; and so in similar cases. All this will appear obvious 
from a due consideration of the nature of compound interest. 

If the interest were payable half-yearly^ however, at a given 
rate per cent, fer annum^ as in the third example, the amount at 
the end of a year would be more than if it were pavable yearly. 
Thus, at 4 per cent, per annum^ payable half-yearly, the amount at 
the end of half a year would be 1*02 ; at the end of a year, or 2 
half-years, r02^, or 1*0404 ; at the end of a year and a half^ or 3 
half-years, 1*02^; at the end of 2 years, or 4 half-years, 1*02^ &c. 

* If r be put=the amcrant of £1 for a year, j}s=the principal, <=the time, and 
as=the amount ; the second rule, expressed alp;ebraically, wUl become 

a=spK....(l); 
or, by taking the logarithms of both membora, 

loga=;Iogj):t-nQ|r (2). 

From equation (1) we have i>=-^* which is the algebraio expression for Bule 

in. ; also, from equation (2), we get log j)siog a-< log r, which is a logarithmic 
iormula for the same purpose. 

1 

From equation (1) we have also rs=( -■ V ; and from equation (2), log r 

= ^"J "gp ^ Bach of these serves for the resolution of the problem in which it 

is required to find the rate at which a given principal teiU amount to a given mm in 
a given time. The first of them, expressed in words, gives this rule : IHvtde the 
amoutU by the prineipaX^ and that root of the quotient which is denoted by the num- 
ber qf years, witt be the amount ofSt,\ for one year ; whence the rate will be known. 
Thus, if it be required to find at what rate £1000 would amount to £1880 - 17 - 3 
in 7 years, let the latter, with its shillings and pence reduced to a decimal, be 
divided by the formor : the quotient is 1*3608625, the seventh root of which is 
1*046 nearly. Hence, the rate must be 4| per oent per annum. The difficulty of 
the extraction of high roots, renders this mode of calculation inferior almost 
beyond comparison to that by the logarithmic formula above exhibited, unless, 
which is rarely the case, a degree of accuracy may be required which cannot 
readily be obtained by logarithmic tables. In general, indeed, the great facility 
afforded by logarithms in calculation, will be as much felt in compound interest 
as in almost any other part of mathematics. 

We have also from equation (2), tst ^^ ^ ^ , a f<n:mula which will serve to 

fbtd the time in which a given principal^ at an assigned rate^ will amoutU to a given 
tttm. This may also be approximated without logarithms by position : for if the 
given amount be divided by the principal, the quotient wUl be the amount of £1 
for the required time ; then this, and tiie amount of £1 for a year, being known, 
the t^e will be found, either exactly, or nearly so, without much diificulty. 
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Had it been payable quarterly, the amounts at the end of 1, 2, 3, 
&c., quarters would have been 1*01, 1*01', 1*01', &c. In such 
cases, to find the amount of £\ at the end of the prt^osed Ume, raise 
its amount at the end qf the first payrnent, to the power denoted by the 
number ofpaymente. 

As calcalations in compound interest are much &cilitated bj the 
use of interest tables, a table, constructed by Rule I., is given at 
the end of the book, showing the amount of £l at compound interest-, 
for any number of years not exceeding 60, at the most usual rates. 
The pupil, after kaTing wrought the preceding exercises by the 
rules already given, should be taught, instead of finding the amount 
of £l hj Hide I., to take it, when he can, from the table. This 
table will also be usefhl, in many instances, in finding by inspection 
the time, firom the principal, the rate, and the amount ; and the 
rate from the principal, the time, and the amount* 



ANNUITIES. 

An Annuitt is a fixQcl sam of mon^7 payable at the 
ends of eqnal periods of time, sncli as years, half-years, 
or qnarters. 

Annuities are of two kinds, certain and contingent. 

Annuities certain are tl^ose which commence at a 
fixed time, and continue for a determinate number of 
years. 

Annuities contingent ar€> thos^ whose commence- 
ment, or continuancQ, or both, depend on some con- 
tingent event, usually the Ijfp or death of one or more 
individuals. 

The present value of an annuity at compound in- 
terest, is such a sum as would, if lent at compound 
interest for the given time, amount to the same sum to 
which the annuity itself would amount, if forborne during 
the same time ; that is, if, instead of being taken up as 
it becomes due, it were allowed to remain unpaid, and 
to accumulate at compound interest.* 

When an annuity does not come into possession, till 
a given time has elapsed, or some particular event has 
taken place, it is said to be an annuity in reversion. 

* An ftnnnlty is commonly said to be Worth as many year^ jmrdwue as there 
are pounds in the present value of an annuity of £1. Thus, in the case of an 
annuity for 20 years, at 6 per cent, per annum, because the present value of an* 

annuity of £1 to £12-462, &c., the annuity is said to be worth about 12% years' 
purchase. 
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ANNUITIES CERTAIN. 



Rule I. To find the a/inov/nb of ait an/nmty, payable 
yearly, the payments of which are forborne for a given time^ 
compound interest being charged on them, a^ they become 
due : (1.) Subtract 1 from the amount of £\ for a year, 
and from, its amount for the given time at compound 
interest: (2.) Divide the latter remainder by the for- 
mer, and the quotient will be the amount of an annuity 
of £\ forborne for the propo^^d time : (3.) Multiply 
this amount by the given annuity, and the product will 
be the amount requiired. 

When the payments a/re not yearly : Instead of the 
amount of £1 for a year, use its amount for the interval 
between the payments ; and instead of the number of 
years, use the number of payments that would have 
been made during the time they were remitted, and 
then proceed as before. 

Exam. 1. If a person save £120 per ammm, and improve it at 
5 per cent, per annum, compomid interest, how much will he bo 
worth at the end of 20 years ? 

The amounts of £l for 1 year and for 20 years, at 5 per cent, 
per annum, are, as found by Hule I., compound interest, 1*05 and 
2"6532977 ; from each of which, if 1 be subtracted, there remain 
'05 and 1*6532977. Let the latter of these be divided by the for- 
mer, and the quotient 33*066954 is the amount of an annuity of £1 
for 20 years; then Ut this be multiplied by 120, and the product, 
£3967*91448, or £3967 - 18 - 3|, is the amount required. In this 
case, the gain by interest is £1567 -18-31) since the person's 
savings without interest would have been £120 x 20, or £2400. 

Exxim. 2. Let everything be as in the last example, except that 
the annuity is payable half-yearly ^ instead of yearly. 

Here, since the payments are half-yearly, there would have 
been 40 payments ; and the amount of £l at the end of half a year, 
in these circumstances, is £1*025, the 40th power of which is 
2*6850723, the amount of £l at compound interest at the end of 20 
years. Then, 1*6850723-^*025=: 67*402892, is the amount, at the 
end of 20 years, of an annuity of £l payable at the end of each 
period of 6 months. Multiply this by £60, the sum payable each 
half-year, and the product, £4044*17352, or £4044 - 3 - 5|, is the 
amount required, which is £76 - 5 - 2 more than the answer of the 
last question. It is evident, that the more frequent the payments 
are, the greater is the amount ; for the several gains by interest 
are thus put sooner to gain more interest. (See I^ercise 10.) 

The theory of the preceding rule, as well as almost every other 
inquiry in compound interest and annuities, is much more easily and 
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satisfactorily explained by an algebraic investigation, than it can be 
by common arithmetic. For the use of those, however, who are 
unacquainted with algebra, the following illustration of a particular 
case is annexed. Let it be required to find the amount of an 
annuity of £l for 8 years at 5 per cent, per annum, compound in- 
terest. At the end of the time the eighth payment would be 
simply £l ; the value of the seventh would be £1*05, as it would 
remain at interest for 1 year ; that of the sixth ^rOS'*^, as it would 
remain at interest 2 years ; that of the fifth £1*05^ ; of the fourth 
£105*; of the third £106^; of the second £105« , and of the 
first £rOo''. Hence, the entire amount to be received at the end 
of the time would be the sum of the series of continual pro- 
portionals, 1, 106, 1-05", l•«5^ 105*, 105*, 105«, 105^ But bv 
Rule II., page 271, the sum of this series is (1-05®— 1)-!-'05, which 
agrees with the rule here given for finding the amount of an 
annuity of £1. The rest is obvious. 

It may serve to illustrate the nature of annuities, to show 
another method ofresolving the first exercise, which method might 
also be employed in solving all questions of a similar kind. As 
£5 : £100:: £120 : £2400, the principal which would gain £120 
per annum. Then, at compound interest, the amount of £2400 for 
20 years is £6367 - 18 - 3^; from which £2400 being subtracted, 
we have remaining £3967 - 18 - 3J, for the interest, or improve- 
ment, of this imaginary principal, which is also the amount of the 
annuity, the same as was found before. 

When the pupil has learned to perform the exercises on this 
rule and the next, he may be taught to use Tables II. and III., 
at the end of the book, as often as they are applicable. By this 
means, the labour will often be greatly abridged, in the same 
manner as operations in compound interest are often shortened by 
the use of Table I. 

Exercises. Find the amounts, at compound interest, of the fol- 
lowing annuities, forborne during the given times, and at the given 
rates per cent, per annum ; the first seven being payable yearly: — 

Exercises, Answers. 

£ s. d. £ s. d. 

1. Annuity 100 forborne 10 years, at 4 , 1200 12 2| 

2. 13 15 9 14 6 289 14 10| 

3. b^ 17 6 9 6 653 II 4| 

4. 11 7 6 12 5 181 1 If 

5. 34 2 6 8 51 331 14 llf 

6. 14 15 9 15 — 7 371 11 lOf 

7. 51 2 8i 14 4J 968 2 Oj 

Exer. 8. Suppose a person who has a salary of £75 a year, 
payable half-yearly, to allow it to remain unpaid 17 years: how 
much will he be entitled to receive at the end of that time, com- 
pound interest being allowed at 6 per cent, per annum ? Ansm. 
£2164 - 17 - 7.1. 
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9. What will be the amount of a salary of :6ll - 7 - 6 a year, 
payable at periods of 2 years each, and forborne for 12 years, at 5 
per etnt. per annum, compound interest ? (See Ezer. 4.) Answ, 
£175-10-7J. 

10. Suppose a salary of £120 per annum, payable quarterly, to be 
forborne at compound interest for 20 years : to what sum will it 
amount at 5 per cent, per annum ? Answ. £4083 - 11 - 3|. 

BaLE II. To find the present value of an annuity at 
compound interest: (1.) Find by the last rule the 
amoniit of an annuity of £1 forborne for the given time, 
and at the given rate : (2.) Divide this by the amount 
of £1 at compound interest for the given time, and the 
quotient will be the present value of an annuity of £1 
for that time : (3.) Multiply this by the annuity to find 
the present value.* 

In case of an annuity to continue for ever, or, as it 
is called, 9k perpetuity, subtract 1 firom the amount of i^l 
for a year, or for the interval between the payments, 
and divide 1 by the remainder : the quotient is the 
present value of a perpetuity of £1 ; which multiply by 
the given perpetuity. 

Or, as the given rate is to £100, so is the perpetuity 
to its present value. 

Exam. 3. Beqmred the present value of a house held on a lease 
of which 22 years are unexpired, and yielding a profit rent of 
£45 - 10 per annum, payable yearly, compound interest being 
allowed at 6 per cent, per annum. 

Here, the amount of £l for 22 years, at compound interest, is 
3-603537. Then dividing 2603537 by -06, we get 433923; the 
quotient of which, by 3*603537, is 12041 583, the present value of 
an annuity of £l for 22 years, at 6 per cent, per annum. Let this 
be multiplied bv £45 - 10, and the product is £547'892026, or 
£547 - 17 - 10, the required value. 

Exam. 4. Let everything be the same as in the last example, 
except that the rent is payable half-yearly ^ instead of yearly. 

In this case the amount of £l, at the end of 6 months, is 1*029563, 
the square root of 1*06 ; the 44th power of which (44 being the 

* 6ome.may perhapB prefer the following very simple rule for this problem : 
As the given rate U to £100, to is the annuity to the imaginary principal which 
teould annually produce the annuity. Then, from this principal subtract its 
present worth, found by Rule III. /or compound interest: the remainder will be the 
present worth qf the annuity. 

It may be remarked, that when the payments are not yearly, diilerent writers 
have viewed the subject in difFerent lights, and given diilerent rules for com- 
pntfng the present value. The method employed in Example 4 is perhaps pre- 
ferable ; bat the reader who is well acquainted with the principles of compound 
interest^ will find it easy to form other roles founded on different supposition. 
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number of payments), or its equal, the 22nd power of 1*06, is 
3*603537. From this take 1, and divide the remainder, 2*603537, 
by -029663, and the result by 3*603537 : the quotient, 24*43916, is 
the present value of £l of each payment ; which being multiplied by 
£22 - 16, the half-yearly payment, the product is £666'99089, or 
£555 - 9 - 9|, the amount required. 

Exam. 6. Required the value of a perpetuity of £80 a year, at 
6 per cent, per annum. 

As £6 ; £100:: £80 : £1333 - 6 - 8 ; or £80+*06 = £l333j, the 
value required. 

Exam. 6. Suppose the same perpetuity as in the last questioa, 
payable half-yearly : what is its present value ? 

At 6 per cent, the amount of £1 at the end of half a year, is 
£l '029663; and in this question each payment is £iO: therefore 
the value of the perpetuity is £40-»- '029663 » £1353*0426, or 
£1363-0-10^, exceeding that found in the last questi<Hi, by 
£19 - 14-2^, in consequence of the frequency of the payments. 

The reason of the first part of this rule is evident from, the defi- 
nition of the present value of an annuity (page 280), and from Bule 

I. in this article, and Rule III. in compound interest. It might also 
be easily shown from Rule III. of compound interest, that, at any 
particular rate, as 5 per cent., the present value of an annuity of 
£l is the sum of the decreasing series of continual proportiomils, 
whose terms are the present worths pf £1 at compound interest for 
1 year, 2 years, 3 years, and so on ; thp first term being l-rl'05, 
the ratio the reciprocal of r05, and the number of terms equal to 
the number of years. Now, the sum of the infintts series of present 
worths, found by the rule in page 272, agrees with the rule here 
given for a perpetuity. 

Exercises. Find the present values of the following annuities, for 
the given times, and at the given rates per cent, per annum, com- 
pound interest: — 

Exercises. Answers. 

£ s. d. £ 8. d. 

II. Annuity 84 7 9 to continue 9 years, at 5 599 16 ^ 

12. 46 12 9 12 6 391 0] 

13. 75 6 21 413 2 21 

14. 58 10 6 ^ 264 2 7J 

16. 113 15 10 4 922 12 3^ 

16. 95 6 6 13 10 676 16 6i 

Kxer. 17. How much must a person pay to have a salary of 
£224 a year for 19 years, being allowed compound interest at 6 per 
cent, per annum ? Anew. £2707 - 2 - 2|. 

18. Suppose a widow to be entitled to £40 a year, payable half- 
yearly, from a fund, for 8 years : what is it worth at present, at 6 
per cent, per annum, compound interest ? Answ. £252 - 1 - 3|. 
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19. If a farmer have a lease of 65 acres of land for 36 years, at 
j£l - 12 per acre, what fine must he pay to reduce the rent to 15s. 
per acre, compound interest being allowed him at 6 per cent, per 
annum ? Answ. £807 - 16 - 21. 

20. Required the present values of a perpetuity of £l, and of 
another of £68 - 5, payable annually, at 4| per cent, per annum. 
Answ. £21 - 1 - 0^ and £1436 - 16 - 10^. 

21. Find the present value of a perpetuity of £96 - 7 - 6, and of 
another of £1, payable yearly, at 3| per cent, per annum, compound 
interest. Answ, £2753 - 11 - 5^, and £28 - 11 - 5f 

22. Kequired the present values, at 5 per cent, per annum, of a. 
perpetuity of £1, payable yearly, payable half-yearly, and payable 
quarterly. Answ. £20 ; £20 - 4 - llj ; and £20 - 7 - 5. * 

Rule III. To find tlie present value of an annuity in 
reversion: (1.) Find, by Kule II., the present vakie of 
the annuity firom the present time till the end of the 
period of its continnance : (2.) Find also its value for 
the time before it comes into possession : (3.) The 
difference of these two results will be the present value 
required. 

The reason of this rule is so obvious as to require no explanation. 
The following rule, for the same purpose, is also founded on obvious 
principles, and may perhaps be preferred by som«. 

Rule IV. (1.) Find, by Rule II., the present value 
of the annuity during the time it is to be possessed : 
(2.) Then, the present value of this result, found by 
Rule III. of compound interest, will be the present 
value of the reversion. 

The next rule, which k, m principle, the same as the last, will 
perhaps be preferable for the purposes of computation to either of 
the preceding. 

Rule V. Subtract 1 from the amount of £1 at com- 
pound interest during the period in which the annuity 
is to be possessed : divide the remainder by the amount 
of £1, at compound interest, during the period from tho 
present time till the termination of the annuity ; and' 
the quotient by the amount of £1 for a year, diminished 
by 1 ; the result will be the present value of a reversion 
of£l. 

Exam. 7. A &ther leaves to his eldest child, for 8 years, a 
profit rent of £280 per annum, payable yearly, and the reversion of 
it, for the 12 years succeeding, to his second child. What is the 
present value of the legacy of the second, at 4 per cent, per annum, 
compound interest ? 
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By Rule III. Here, hj Rule II., the value of an annuity of £l 
for 20 years, at 4 per cent., is 13'590325, and for 8 years, 6*7327451 
the difference of which is 6*85758, the present value of a reversion 
of £l in the proposed circumstances. Multiplying this by £280, 
we get £1920*1224, or £1920 - 2 - 5|, the value required. 

By Ride IV. The present value of an annuity of £1 for 12 years, 
is found by Rule II. to be 9*385073 ; and, by Rule III. of compound 
interest, the present value of this lor 8 years is found to be 
6*857579, as before. 

By Rule V. The amount of £l for 12 years, diminished by 1, is 
-601032; and the amount of £1 for 20 years is 2* 1911 23. Divide 
the former by the latter, and the result by *04, and there will finally 
result 6*857579, the same present value as before. 

Exercises. Required the present values of the following an- 
nuities in reversion, at the given rates per cent, per annum : — 

Exercises, Answers. 

£ s, d, £ s. d, 

23. Ann. 135 10 9, after 6 yrs. & for 8 yrs. at 5J... 622 13 6 

24. 79 12 6, 4 ^ 6 5 ... 332 9 Hi 

25. 58 9 10, 3 7 4J... 302 8| 

26 54 12 8, 4 8 7 ... 248 li 8| 

27. A perpetuity of £84 7 6, afteip 8 —7 ... 701 10 7 

28. 136 17 9, — — 8 5 ...1853 4i 

Exer. 29. What fine must be paid, to change into a perpetuity, 
a lease for 16 years, which yields a profit rent of £71 - 13 - 3 per 
annum, payable yearly, compound interest being allowed at 4| per 
cent, per annum ? Juisw. £866 - 6 - 84. 

30. What fine must be paid to add 25 year6 to a lease which 
brings a profit rent of £112 - 10, and of which 14 years are unex* 
pired, compound interest being allowed at 6 per cent, per annann ? 
Answ. £S00 - 16 ' 4^, 

31. What is the present value of the reversion of a perpetuity 
of £60 per annum, payable yearly, but not to come into possession 
till the expiration of 100 years, compound interest being allowed at 
6 per cent, per annum? Answ. £2 - 18 - 11|. 

This question may tend to correct a mistake that pretty 
generally prevails, respecting the comparative values of long leases 
and perpetuities, the latter being supposed to exceed the former in 
value, in a far greater degree than they really do. In the case on 
which this exercise is foimded, the difference of the present values 
is no more than £2 - 18 - ll|i 

ANNUITIES CONTlNaENT, OR LIFE ANNUITIES. 

LiFB ANNUITIES are those whose commencement or termination, 
or both, depend on the extinction of one or more lites. 

When life annuities are in possession, they are often called 
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simply ANNUITIES on liyss ; but when they are in reversion, they are 
generally called retbbsionabt annuities. 

The YALUE OF A LIFE is the present value of an annuity of £l, to 
continue during that life. 

The calculation of life annuities depends on the joint application 
of the rules of compound interest, and of the doctrine of chances, to 
tables deduced from observations on the duration of human life. 
In what follows on this subject, a selection of the rules most 
generally useful will be given. For the theory of these rules, 
which is of a nature too complicated to be given in a work like the 
present, the reader who wishes to become thoroughly acquainted 
with this interesting subject may have recourse to the writings of 
Simpson, De Moivre, Price, Morgan, Baily, Milne, David Jones, &c., 
and more particularly to the Journal of the Institute of Actuaries, 
where the science in all its branches will be found treated of at 
great length by many able writers. 

Tables constructed for the purposes of determining the duration 
of htLman life and the values of life annuities are called vortalitt 
TABLES, or sometimes life tables. The duration of life being 
different in different countries, and in different classes of the popu- 
lation of the same country, mortality tables have been formed from 
statistical records kept at various places, as in London, Breslau, 
Northampton, and Carlisle. National tables have also been con- 
structed, such as the English Life Tables, from the census returns 
and death registers of whole countries. Life insurance companies, 
too, have frequently made use of the facts derived from their policy 
books, in order to prepare mortality tables. Tables IV. and V. at 
the end of the volume, which are employed in what follows, are 
founded on the experience of twenty of the leading British life 
offices, which was collected by the Institute of Actuaries, and 
published in 1669. 

Rule I. To find the present value of an annuity, to continu& 
during the life of a person whose age is given : Take from Table 
IV. the value of £i for the given age and rate, and multiply it by 
the given annuity. 

Exam. 1. What should be given, at 5 per cent, per annum, for a 
farm worth £36 a year, held On a lease for one life aged 58 years f 

Here, by the table, the talue of an annuity of £l on the life of 
a person aged 56 years, is, at 6 per cent., 9*330, the product of 
which by 36 is £335-880, or £335 - l7 - 7J, the value required. 

Exer. 1. If a person, aged 38 years, have a salary of £138 - 10 a 
year for life, what is its present value at 5 per cent, per annum ? 
Anew. £1911 - 19 - lOj. 

2. What should a person, aged 32 years, pay, at 4 per cent, 
per annum, to have for life a yearly salary of £l80? Anew, 
£3019 - 6 - 4|. 

3. If a farm of 28 acres be held at £l - 14 - 6 per acre, on a life 
aged 41 years, what fine must be paid, at 5 per cent, per annum, to 
reduce the rent to 10 shillings per acre ? Anew. £455 - 14 - 10^. 
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Bulb II. To find the present value of an annuity which is to 
continue during the joint lives of two persons^ and to cease when 
either of them dies : Li Table V., find the age <rf the younger, or of 
either, if they be equal, in the first column ; and in the same divi- 
sion of the table, in the second column, find the age of the other; 
opposite to the latter is the value of an annuity of £l, which 
multiply by the given annuity. 

Exam. 2. What is the value, at 4 per cent., of an amraity of 
£90 per annum, to continue during the joint lives of two persons, 
whose ages are 15 and 50 years respectively? 

Here, by Table V., the value of an annuity of £l is £11*805, the 
product of which by £90 is £1062*450, or £1062 - 9 - 0, the value 
required. 

Exam. 3. Required the present value, at 4 per cent., of an 
annuity of £120 per annum, which is to cease when either of t\ro 
persons, aged 14 and 57 years respectively, shall die. 

Neither of these ages being in the table, recourse must be had 
to the method of proportional parts. (See page 251.) Thus, the 
table gives, for 10 and 65, 10*591, and for 15 and 55, 10*492. The 
difierence of these is *099, four fifbhs of which being subtracted 
from 10*591, the remainder, 10*512, is the value of £l for the ages, 
14 and 55. In like manner, the table give for 10 and 60, 9*135, and 
for 15 and 60, 9063 ; four fifths of the difference of which being 
taken from 9*135, the remainder, 9*077, is the value of £1 for the 
ages, 14 and 60. Hence, we have, for 14 and 55, 10*512, and for 14 
and 60, 9*077 ; two fifths of the difierence of which being subtracted 
from 10*512, the remainder, 9*938, is very nearly the present value 
of £1 for the ages 14 and 57 . and £9*938 being multiplied by 120, 
the product, £1192*56, or £1192 - 11 - 2J, is the value required. 

Exer. 4. Required the present value, at 4 per cent., of an annuity 
of £39 - 10, on the joint continuance of two lives of 25 and 73 
years. Answ. £206 - - 7|. 

RuLis m. To find the present value of an annuity to continue 
during the longer of two lives : From the sum of the values of the 
single lives, found in Table IV., subtract the value of the joint 
lives, found by Rule II. ; the remainder is the present value of an 
annuity of £l on the longer of the two lives. 

Exam. 4. For how much should a house be sold which yields a 
profit rent of £41 - 5 per annum, and is held by a lease on the 
longer of two lives aged 20 and 35 years, compound interest being 
allowed at 4 per cent, per annum ? 

By Table IV., the values of the lives are 18 644 and 16197, the 
sum of which is 34*841. Also, by Table V., the value of them 
jointly is 14*504; which taken from the preceding sum, leaves 
20*337, the value of an annuity of £l on the life of the longer liver ; 
£•20 337, multiplied by 41*25, gives £838*901, or £838 - 18 - OJ, 
the present value required. 

Exer 5. What should a man, aged 44, pay at 4 per cent., to 
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secure during his own life, and that of his -wife,* aged 39, an annuity 
of £200 a year ? Answ. £3528 - - 0. 

Bulb IV. Th find the value of an annuity during the joint con- 
tinuance of three lives; or which is to terminaie on the extinction of 
any one of them : Find, by Eule II., the value of the two eldest 
jointly ; and, by Table IV., find what single life would have this 
same value. Then find, by Eule II., the value of the joint con- 
tinuance of the single life thus found, and of the youngest, and this 
will be the value of the three proposed lives jointly. 

Exam. 6. Kequired the present value, at 4 per cent., of an an- 
nuity of £140 on the joint continuance of three lives, aged 15, 30, 
and 35 years. 

Here, at 4 per cent., the value of the joint continuance of two 
lives of 30 and 35, is 13908 ; which, in Table IV., is found to be 
the value of a single life of 45 years nearly. Then, by Rule II., 
the value of the joint continuance of two lives of 15 and 45, is 
12'968, the value of an annuity of £1 on the joint continuance of 
the three given lives. The product of £12-968 by 140 is £181552, 
or £1815 - 10 - 4|, the value of the given annuity. 

Rule V. Tofiful the value of an annuity on the longest of three 
lives ; or which is to continue, till they are all extinct : From the sum 
of all the values of the single lives, found in Table IV., and of the 
value of the three jointly, found by Rule IV., subtract the sum of 
the joint values of the lives combined two and two, by Rule II. ; and 
multiply the remainder by the given annuity. 

Exam. 6. Required the present value, at 4 per cent., of a house 
and farm which yield a profit rent of £32 - 10 per annum, held by 
a lease of three lives, aged 35, 30, and 15 years. 

Here, by the last example, the value of the three lives jointly 
is 12-968, and their values singly are 16197, 17131, and 19-417. 
Also, by Rule II., the value of the first and second jointly is 
13*908 ; of the first and third, 1481 9 ; and of the second and third, 
15'516. From the sum of the first four of these numbers take the 
sum of the others, and the remainder, 21-470, is the value of an 
annuity of £l on the life of the longest liver of the three. £21*470 
multiplied by 32*5, gives, for the value required, £697*775, or 
£697 - 15 - 6. 

Exer. 6. How much should a man pay, at 4 per cent, per 
annum, to purchase an annuity of £320 a year, to continue till him- 
self, aged 55, his wife, aged 50, and his son, aged 20, shall all be 
extinct ? Answ. £6313 - 12 - 0. 

Rule VI. To find the value of the reversion of an annuity after 
the death of the present possessor : From the present value of an 
annuity of £1 for the entire continuance of the annuity, subtract the 
value of an annuity of £l during the life of the possessor : the re- 

* The duration of the lives of females is found to be somewhat greater than 
that of males. This, however, has not been taken into consideration in the 
solution of Bxercise 6. 

O 



290 ANNUITIES. 

maindcr will be the value of a reversion of £l in the given circiim« 
stances ; which multiply by the given annuity. 

If there be two or three lives, the same rule will serve, their 
values being used instead of the value of the single life. 

Exam. 7. If a person, aged 47 years, possess a perpetuity of 
£500 per annum, what is its present value, at 4 per cent., to his 
son, who is to possess it at his death ? 

Here, the value of £1 in perpetuity is £25 ; and, by Table IV., 
the value of an annuity of £l on a life of 47 years is 13*366. Then, 
£25 -£13-366 = £11-634; the product of whicli by 500 is £5817, 
the value required. 

Exam. 8. A man leaves an annuity of £165 per annum, of 
which 30 years are yet to come, to his nephew, aged 38 years, 
during life, or till its termination ; and the reversion of it to a 
charitable institution, in case the nephew die before the termination 
of the annuity. How much is the present value of the reversion at 
4 per cent. ? 

In this case, the present value of an annuity of £1 for 30 years, 
is, by Rule II. of annuities certain, 17-292 ; and, by Table IV., the 
present value of £l on a life of 38 years, is 15'575. Then, £17*292 
-£15-575 = £1-717 ; and £1717 x 165 = £283-305, or £283 - 6 - IJ, 
the value required. 

Exer. 7. What is the present value, at 4 per cent., of the re- 
version of a perpetuity of £400 per annum, not to come into pos- 
session till the death of the present incumbent, aged 70, and of his 
intended successor, aged 30 ? Ajisw. £3027 - 4 - 0. « 

Rule VII. To find the present value of a proposed sum pa^hle 
at the decease of a person whose age is given : From the value of £1 
m perpetuity, tate the value of an annuity of £1 on the life ; 
divide the remainder by the value of the perpetuity increased by 1 ; 
and multiply the result by the given sum. 

If the present value thus found be divided by the value of th« 
life, the quotient will be the annuity payable yearly. 

By using the value of two or three lives, found by the preceding 
rules, we may apply the same rule. 

Exam. 9. How much must a person, aged 32 years, pay, at 4 
er cent., to an insurance office, to secure £1000 to his family at 
is death ? 

At 4 per cent., the perpetuity of £l is £25 ; and, by Table IV., 
the value of a life of 32 years is 16-774. The difference of these 
is 8*226; and this being divided by 26, the quotient is "3164, 
the present value of £l payable at the decease of the person, 
Then, £'3164 x 1000 = £316 - 8 - 0, the value required: and 
£316-44-16*774 = £l8-863 = £l8-17-3, the annuity. Hence it 
appears, that at 4 per cent, per annum, if a person, aged 32 years, 
either make one payment of £316 - 8 - 0, or pay each year during 
life £18 - 17 - 3, his heirs will be entitled to receive £l00O at bis 
death. 



h 
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Exer. 8. At 8 per cent, per annum, how mach yearly must a 
person, aged 66 years, pay during life, to entitle his heirs at his 
death to receive £1500? Answ. £136 - 18 ^ 0. 

9. If a husband and his wife be each aged 45 years ; how much 
per annum must be paid during the longer of the two lives, to en- 
title the femily, after the decease of both, to receive £4000, com- 
pound interest being allowed at 3 per cent, per annum ? Answ. 
£S7 - 12 - 2^. 

Exam. 10. How much must a man, aged 89, pay per annum at 
3 per cent., during his marriage, or during life, to entitle hi' wife, 
aged 32 years, in case she survive him, to an annuity of £60 a year 
during the remainder of her life ? 

By Rule II., the value of the two lives jointly is 14*790, and the 
value of a life of 32 years is, by Table IV., 19*373. The difference 
of these, 4*583, is the present value of the reversion of an annuity 
of £l to be paid to the wife after her husband's death, in case she 
survive him. The product of £4*583 by 50 is £229*15, or £229 - 3 - 0, 
the sum to be paid at a single payment. Let this be divided by 
14*790, the value of their lives jointly, the quotient, £15*494, or 
£15 - 9 - 10|, is the annual payment. Hence, if there be paid 
annually, during the joint continuance of both lives, the sum of 
£15 - 9 - 10^, or at present, in a single payment, £229 - 3 - 0, the 
wife, if she survive the husband, will be entitled to an annuity of 
£50 per annum during life. 

The above solutions under Rule VIE. proceed on the supposition 
with regard to the annual payments, that the first of these was 
not made till the end of the first year. If it be made at present, 
however, we must divide, in each case, by the value of the life or 
lives increased by unity. 

Exam. 11. If a number of persons form themselves into an as- 
sociation for providing annuities of £40 per annum for their sur- 
viving widows, and each person, at the age of 30, contribute £75 to 
the ^d and equal annual contributions during the rest of his life, 
how much must each of these annual contributions be, if money be 
improveable at 4 per cent, per annum, and if the wife of each be 
supposed to be at an average three years younger than himself? 

The value of a life of 27 years is 17*641, and the value of two 
lives of 27 and30 jointly is 14-698. The difference of these, £2948, 
multip iid by 40, gives for the entire sum to be paid at present, 
at a single payment, £117*92. But, as only £75 is to be paid at 
present, there will still remain £42*92 to be paid by annual con- 
tributions; by dividing which by 14*693, we obtain £2 - 18 - 5 for 
each of these contributions. 

Exam. 12. Suppose that, as in the last question, a man aged 30. 
years pays £50 into a fund; what annual contribution must he pay 
during life, to entitle his family to an annuity of £40 per annum, 
for 8 years after his death, interest being at 4 per cent. ? 

The present value of an annuity of £40 for 8 years at 4 per 
cent, is £269*31, by Rule II. of annuities certain. Then, by Rule 
Vil. of this article, the present value of this sum is found to be 

o2 



292 CONTINDED FBACTIONS. 

£81'5(>9; from which £50 being subtracted, the remainder, £31*509, 
is the sum still remaining to be paid at present ; and this being 
divided by 17' 131, tbevalueof alifeof 30, thequotiefit,.£l - 16- 9|, 
is the annual contribution required. 



CONTINUED FRACTIONS* 

It frequently happens that fractions, even when reduced to their 
simplest forms, are expressed in numbers inconveniently large ; and 
hence it is often desirable to approximate their values in smaller 
numbers. Thus, if the fraction yjf, which is in its lowest terms, 
be proposed, we may wish, even for the purpose of forming a more 
correct idea of its magnitude, to find other fractions, in smaller 
terms, which will be nearly of the same value. The method that 
most naturally presents itself for this purpose, is to divide both 
terms by the smaller of them, as the smaller will by this means be- 
come 1, and we shall thus be enabled to compare the other with that 
number with which the mind can most easily compare it with respect 

to magnitude. By this means, the fraction becomes ; the 

denominator of which being between 2 and 3, we conclude that 
the value of the given fraction is between J and | : and therefore | 
is a first approximation to its value, being too great. Divide, again, 

both terms of the fraction in the denominator by 217, and it will 
become ——, which is between J and |. By taking ^instead of 

^^, we shall have for a second spproximate value of the proposed 
fraction, — , or /j, which is too small, as instead of ^^, we used in 

the denominator J, which is greater than ^^. To continue the 
approximation still farther. We divide both terms of the fraction ^ 

by 30 : the result is — -^ , which is less than } and greater than |. 

'So 

Hence, if instead of using I in the preceding fraction, we use — or 
its equal £5, we get for the next approximation, — - or f|, which is 
too great, because — r, or its equal ^, is too small, in consequence 

*Fnll information respecting the nature and applications of continued 
fractions is to be found in Lacroix, CotnpUment des EUmen* cTAlgibre ; L^endre, 
Essai ntr la Thiorie des Nombres; Barlow's Theory of Numbers \ Lagrange's 
Additions to Euler's Algebra, or in modem English treatises on algebra generally- 
What is here given is one of the most interesting applications, and one wliich 
will be useful to the more advanced arithmetician. 
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of ^ being too great ; and therefore -y is too great, since the deno- 

minator is too small. By continuing the process in a similar 
manner, we find |JS, ^^, and |^, ibr the succeeding fractions, the 
last of which is tne given fraction, and the first an approximate^ 
fraction smaller, and the second another greater, than the given 
fraction. If the given fraction be finite, the last of the converging 
fractions will always be equal to it, as in this example. These* 
successive fractions have the remarkable property that each of them 
approaches more nearly than the one which precedes it^ to the value 
of the given fraction. Thus, JJJf is nearly equal to \ ; more nearly 
equal to ^\; more nearly to ff; still more nearly to ^f; and, 
finally, more nearly still to ^^, That there is this contmual ap- 
proa(ui to the true value of the fraction, will appear evident, if it 
be considered, that in each of the results in the preceding opera- 
tions, a correction is made on the result which goes before it. 

The several converging fractions above obtained, if the last or 
supplementary simple fraction be rejected from each, except when 
its numerator, like that of the rest, is 1, may be written at full 
length, as follows :^ 

J- ± 1 -L 1 A 1 

2' 2 +X' 2+x+J.. S+-f + -L 1 

6 6+ J. « + 7+X'" 

i- 1 J- 1 

2+T + J- 1 2+-T-.J. 1 

' +Tj.-i- ' i +— 1 

* + 3 ; 3 +Y. 

In this form they are called continued fractions. It appears, 
therefore, that a contintjed fraction is that whose denotninator is a 
whole number with a fraction annexed; which fraction has also for 
its denominator a whole number with a fraction, the denominator of 
which latter fraction is a whole number with a fraction ; and so o», 
however far thefracti^m may he continued ; and each numerator is I* 

It will be seen by a review of the preceding processes, that the 
denominators of the continued fractions are the quotients which 
would be found in using the rule given in page 132, for finding the 
greatest common measure. Hence, we have the following rule : — 

Rule L To convert a given simple fraction into a continued one : 
Divide the greater term by the less, the less by the remainder, &c., 
as in finding the greatest common measure : the quotients will bo 
the denominators of the several fractions in the continued fraction, 
and the numerator of each will be 1. 



• It la not essential to the nature of continued fractians that each numerator 
be unity ; hut fractions of this kind only are used as instruments of calculation. 



2^4 CONTINUED FRACTIONS. 

The successive fractions which approach continually to the value 
of a given fraction expressed in large numbers, may be found by 
reducing it to a continued fraction, and operating in the way already 
employed in approximating to the value of ^f : the following 
method, however, will be found much preferable. 

Rule II. A fraction expressed by a great number of figures being 
given ^ to find all the fractions in less terms^ which approach so near 
the truths that it is impossible to approach nearer without employing 
greater terms : Find the several quotients, by the preceding rule. 
Then, write the several quotients in a line ; and if the given fraction 
be greater than 1, take the first quotient as the numerator, and 1 as 
the denominator, of the first fraction, which set below the second 
quotient ; but if the given fraction be less than 1, make the first 
quotient the denominator, and 1 the numerator of the first fraction. 
Then, for the second fraction, multiply both the terms of the first 
by the quotient which stands above it, and add 1 to the product of 
that term which was the first quotient : the result is the second 
fraction, which is to be set below the third quotient. To find the 
succeeding fractions, multiply the terms of each fraction, when 
found, by the quotient which stands above it, and to the products 
add separately the terms of the preceding fraction. 

Exam. 1. The height of Slieve Donard, in the cotmty of Down, 
is 2654 feet, and that of Ben Lomond 3262 feet: it is required to 
find a series of converging fractions, expressing as nearly as possible 
the ratio of the heights of these mountains. 

Here, the fraction expressing the 
height of Slieve Donard in relation to 1327 )1631 (1 
that of Ben Lomond, is ^||, or, in its 304)1327(4 

lowest terms, ^f|^, and the quotients, 121 6 

found in the manner shown in the \\V\ZQ\(2 

margin, are 1, 4, 2, 1, 2, 1, 4, 1, 4 : and &c. ' 

the successive converging fractions will 
be found thus : — 



4 2 1 2 14 

227 

338' 1631* 



i* X 13 »8 48 2ii £is i»»y 
» Z* Tl» 10» 43» 5»» 5f5» 338» 



Here, the quotients, or denominators, being arranged in snc" 
cession, we take, for the denominator of the first fraction, 1, the 
first quotient, and we make its numerator also 1. Then, by mul- 
tiplying both terms by 4, the quotient which stands above them, 
and adding 1 to the product resulting from the denominator, be- 
cause it was the fast quotient, we obtain | for the second fraction. 
We then multiply 4 by 2, the figure above it, and add to the pro- 
duct the preceding numerator ; we also multiply 5 by 2, and luid to 
the product the preceding denominator ,* and we thus obtain ^ for 
the third fraction. We next multiply the terms of this fraction by 
1, and adding to the results 4 and 5 severally, we find the next 
fraction to be \%. In this way, rejecting the first fraction, j, 
which is evidently far from the truth, we find that the height of 
Slieve Donard is nearly J of that of Ben Lomond ; more nearly ^ of 
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it ; still more nearly, ^| ; more nearly still, J|, &c. ; f being too 
small, ^ too great, |f too small, J| too great, &c.* 

Exam. 2. The circumference of the circle whose diameter is 1, 
is found to be greater than 3*1415926, but less than 3-1415927: 
required the series of fractions converging to the ratio of the 
diameter and the circumference. 

In questions like this, in which one term of the fraction or ratio 
is not precisely given, but is contained between given limits, as when 
one of the terms is an infinite decimal, it is proper to work for the 
quotients by both limits, and to use those only which result from 
both. Thus, in the proposed exercise, by dividing 3*1415926 by 
1, this divisor by the remainder, &c. ; and by proceeding in like 
manner with 3*1415927, we find in both cases the quotients, 3, 7, 
15, 1, after which the quotients would be 
different, and are therefore not to be used. 7 7 15 1 
Hence, the converging fractions are found f , *^, |3|, |||. 
as in the margin. 

The diameter of a circle, therefore, is to its circumference nearly 
as 1 to 3; more nearly, as 7 to 22; more nearly again, as 106 to 
333 ; and still more nearly, as 113 to 355. The degree of approxi- 
mation of each of these to the given ratio will be discovered by 
dividing the second term of each by the first. In this way the last 
gives 3*14159292, which exceeds the truth by less than a ten- 
millionth part of the circumference. Had the circumference been 
taken to more places (see note, page 189), the succeeding fractions 
would have been found to be ^^^ , ^^- , &c. 

Exam. 3. Let it be required to approximate the ratio of 
1-41421 1 to 1. 

Here the quotients are found to i 

he Ij 2j 2, 2, 2, &c. ; and consequently ^ "*""2' j.-L i 
the continued fraction is what is in 2 + — . JL 

the margin. The convergir^ fractions, * 2 -^ &C' 

also, are thus found : — 

12 2 2 2 3 

1 * 1 II *1 ft* Xr/» 
T» 2' 5» 12» 20' ?0' "''^* 

•Thus, I of 8262=2609f; xT of 3262=2668x1 ; {f of 3262=2650j; fs of 
3262=2655^ ; H of 3262=2653|f, which are evidently approaching 2664, the 

true Value, and are alternately greater and less. — It may be observed, that in all 
cases the error qf each fraction is a Jess part of the integer than unity divided by 
the product €if Us own nnd the succeeding denominator; but a greater part than 
wiUy divided by the product of its own denominator, and the sum of that and (he 

succeeding denominator. Thus, in the preceding example, the error ot | is less 

than ^ of 3262, hut greater than ^ of the same. 

t This is the square root of 2, which therefore is expressed by a unit, with a 
continued fraction, each of whose denominators is 3. Hence the fraction may 
be continued without limit, the law of 
continuation being manifest, which is not 1 

the case when the root is expressed deci- ^^1=3+ - 1 
mally. The same, as can be shown by 3+ - 1 

algebra, holds respecting the square root 6+ — 1 

of every number which is not a square. 8-i — 

Thus, the root of 11 is expressed by the 6 +&o. 

continued fraction in the margin, the 
law of continuation of which is manifesto 
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lines would be invented, by some process of formation now un- 

-lown, for all the numbers so far as ten, and also for the powers 

^ ten, the names of all other numbers would be obtained by' a 

roper combination of these. Thus, the number eleven might be 

* 'Wed one and ten; twelve, two and ten; thirteen, three and ten; 

wenty, ^100 tens ; thirty, three tens, &c. ; and we find this method 

>f denominating numbers strictly followed, except in some of the 

•smaller numbers, such as eleven, twelve, twenty, thirty, &c. ; 

.vhich, from their frequent use, have been more liable to have 

. heir names corrupted and altered, but which, when their deriva- 

i ions can be discovered, are always found to be formed on oorrectj 

.analogical principles, according to the foregoing explanation. 

Of the advantages and excellence of this system of notation, we 
jan scarcely be duly sensible. Instructed in its use from the 
iirliest notions we receive in arithmetic; never comparing it, or 
:omparing it but slightly, with other modes of expressing num- 
bers by characters ; and fiioding no deficiency, no need of improve- 
iient, nothing to call our thoughts to the subject, we use it with- 
out feeling its superiority, and with a very inadequate idea of its 
MOwer. We do not reflect, that merely by means of the different 
;>ositions and combinations of no more than ten simple characters, 
we can correctly and easily egress any number, however great. 
AVith the Homan, or even with thjB Greek notation, on thecontrfUT", 
we cannot express numbers that exce.ed & certain magnitude : and, 
even were additional characters or marks formed to supply this 
defect, we should find that calculations, which are performed with 
great facility and despatch by the decimal iM)tation, would, by 
either the Greek or Soman system, be excessively tedious and in- 
tricate,* while the performance of many would be almost imprac- 
ticable. 

But, though the decimal system of notation has so far the ad- 
vantage over these, and ajl other systems not depending on the 
same principle, we must not concli^e that no other system of equal 
excellence could be invented. There may be an indefinite number 
of systems, founded on the same principle, and possessing various 
degrees of excellence. In the decimal notation, we distribute num- 
bers into classes or parcels of ten each ; these into higher classes, 
each containing ten of the lower ; these into still higher classes, 
each containing ten classes of the second order ; and so on, till the 
-numbers are exhausted. But if we proceeded still on the same 
principle, only making the classes consist of two, instead of ten 
each, we should have what is called the binary scale of notation, in 
which only the two characters, 1 and 0, are requisite for expressing 
all numbers : and if the classes were made to consist of three each, 
we should have the ternary scale, in which only three characters, 1, 
^, 0, are employed. In tne same manner, it is obvious, we might 
^ve a quaternary, quinary, duodecimal, trigesimalf sexagesimal. 



« If the learner should attempt, for instance, by means of the Roman nota- 
1, to square 1728 (M.pCC.XXVIII.)* which is effected in afew seconds by ^* 
lem process, he would have some idea of the immense superiority of the 
bem above the other. 

03 
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eentesimalt or any other scale, by merely taking 4, 5, 12, 30, 60, 
100, or any other assigned number, as the number contained in each 
class. This number may be called the badix, the boot, or the 
BASE, of the system ; and it is obvious, that in each ^stem there 
will be as many distinct characters required as there are units 
in the radix. Thus, in the decimal scale, ten characters are 
necessary, but in the duodecimal twelve would be required, which 
number would be made up by adding to the characters at present in 
use two others to denote ten and eleven. In what follows, d will be 
used to denote ten^ and h to denote eleven ; * and, in the duodecimal 
scale, twelve will of course be written 10. 

From these principles, we have, obviously, the following rule : — 
7b eaipresa a given nuinber in any CLSsigned scale : Divide the given 
number by the radix of the scale ; mvide the result also by the 
radix, and the result arising from 
this again by the radix. C^tinue 12) 592835 

the division in this manner as long 12)49402 II, orH 

as possible, and to the final quotient 12)4116 10 or d 

annex the several remainders in a ^. * 

retrograde order, placing ciphers l^)o_6 

where there is no remainder. Thus, 12)28 7 

592835 in the decimal scale, will be 2 .4 

expressed by 2470dh in the duo- 
decimal scale, as will appear from the annexed operation. • 

Here it is evident, that by dividing the given number by 12, 
it is distributed into 49402 classes, each containing 12, with the 
remainder 11. By the second division by 12, these classes are 
distributed into 4116 classes, each containing 12 times 12, or the 
second power of 12, with a remainder of 10 of the former classes, 
each containing 12. By the third operation, the classes last found 
are distributed into 343 classes, each containing 12 of the latter, 
which were each the second power of 12 ; and therefore these are 
each the third power of 12; and the remainder is 0. In like 
manner, the next quotient expresses 28 times the fourth power of 
12, and the remainder, 7 times the third power of 12 ; and the 
final quotient expresses twice the fifth power of 12, with a re- 
mainder of 4 times the fourth power of 12. Hence, the given num- 
ber is analysed into 2 x 12* + 4 x 12* + 7 x 12^ + x 12* + 10 x 12 
+ 11, or 2470DH, according to the notation above adopted. 

It would be easily found by proceeding in the same manner, 
that for seven thousand, eight hundred, and fifty-four, the expression 
in the binary scale would be 1111010101110; in the ternary, 
101202220; in the quaternary, 1322232; in the quinary, 222404 ; 
in the senary, 100210; in the septenary, 31620; in tlie octary, 
17256 ; in the lumary, 11686 ; in the undenary, or undecimal, 59d6 ; 
in the duodenary or duodecimal, 4666 ; in tne vigesimal, or that 



* These ohaxaoters, which may serve the intended purpose fts well as any 
others in the few instances in which they will here be employed, may be easily 
recollected by conceiving the first to be formed by running together 1 and 0, the 
oharacters which express 10 in the common notation, and by joining with a line 
1 and 1, which express eleven. 



ON SCALES OF NOTATION. 299 

W^hose radix is twenty, (19)(12)(14) ; in the trigesimai (radix 
thirty), 8(21)(24); in the quinqua^esimal (radix fifty), 374; in 
the sexagesimal (radix sixty), 2i>(54); and in the centesimal 
(radix one hundred), (78X54): where each pair of the figures 
enclosed in brackets would be represented by a single character, 
were there a sufficient number of distinct characters for each 
6cale. 

The converse of this problem, or the reduction of a number to 
the decimal scale from any other, will be performed by finding the 
values of the several digits, and collecting those 
values into one sum ; or, more easily, by multi- 
plying the left>-hand digit by the radix, and 4503142 
adding to the product the next digit ; then by . 6 
multiplying this sum by the radix, and adding 29 
to the product the next digit, and so on, till ^ ' 
all the digits shall have been employed.* 174 
Thus, 4503142 in the senary scale, is equiva- q 
lent to 4x6» + 5x6*+0x6* + 3x6«+1k6*+4 JqJ^ 
x6 + 2, or 226214; which result will be ob- g 
tained more easily by the operation in the rrr^ 
margin. ^283 

It does not suit the plan or the iiipits of the — — — 
present work, to add much to what has been 37702 

said on this curious and interesting subject. ^ 

For farther information, recourse may be ha4 to 226214 
BarloVs " Theory of Numbers," or to any good 
modem treatise on algebra. 

With regard to different scales, it ms^v be sufficient to observe, 
that the binary is chiefiy important from its unfolding some curious 
properties of numbers ; that from its employing no character of 
higher value than unity, operations would be performed by it, though 
tediously, yet with great facility, and with little mental labour ; 
but an insuperal^le obstacle to the general use of this scale, is, that 
in expressing numbers, the characters 1 and 0, must generally bo 
repeated a great number of times. The san^e advantages, and the 
same disadvantages belong, but in a less d^ee, to the ternary scale, 
and still less to the quaternary. The quinary^ septcTmry, and 
undenary all labour under the disadvantage of having their bases 
prime numbers, and of thus giving origin to a great number of inter, 
minate fractions.^ The octary and nonary scales are not so objec, 

* It is scarcely necessary to remark, that both this rale and the preceding 
ftre the same in principle, as the roles for the reductiogoi of qnantities of different 
denominations. 

t That is, interminate fractions having for their denominators the radix ot 
the scale, or its powers, such as periodical decimals in the common scale. 

The nnmbers which, when used as denominators in the common notation, do 
not gire origin to interminate decimals, are the powers of 2 and 5, and the pro- 
dncts of those powers ; sach as 2, 4, 8, &c. ; 6, 25, &c. ; 10, 20, 40, &o. ; 50, 100, 
&c. In the seaary and duodenary scales, the corresponding denominators are 
the powers of 2 and 3, and the products of those powers ; such as 2, 4, 8, &c. ; 
3, 9, 27, &c. ; 6, 12, 24, &c. ; 18, 36, 72, &c. Now, it is easy to show, that, in any 
considerable interval, there will be almost half as many more numbers of this 
kind in either of the latter scales, as there are in the decimal scale, the ratio 
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tionable on this account, but they have no advantage of a different 
kind to recommend them. The decimal scale does not give origin 
to so many interminate fractions as either of the latter, and has 
besides the advantage of expressing numbers rather more concisely. 
The senary and duodefmry scales, having each so many integral 
aliquot parts in proportion to its magnitude, and those of eo conve- 
nient a kind, give origin to much fewer interminate fractions, than 
any of the above-mentioned. These two are preferable, therefore, 
in a considerable degree^ to uny of the others that have been men- 
tioned. The duodecimal has the Advantage of expressing numbers 
concisely, saving one figure in fourteen <^ fifteen, as compared with 
the decimal scale ; while a number expressed by four ^guree in the 
decimal scale, will ordinarily require five in the senary. This slight 
want of conciseness, however, in the latter,' is perhaps more than 
counterbalanced by the greater facility with whi(^ operations would 
be performed by its means. The largest character employed in it 
would be /> ; while, in the duodecimal scale, all that are used in the 
decimal one would be required, and two additional ones for ten and 
eleven : and hence it is easy to see how much more laborious the 
operations would be in the latter, and how nauch greater the chuice 
of committing errors. To introduce either of these scales now, 
however, when men are accustomed to the decimal scale; when the 
languages of all civilized nations are suited to it ; and whep sq inany 
valuable works, particularly tables, in which it is adopted, would 
be rendered companatively useless, would be unadvisable, and per- 
haps impracticable : hsxt we mjist regret that the decimal scale waj9 
adopted at a time, when any other might have beep introduced with 
equal facility. 

The following exercises are annexed for the use of those who 
may wish to familiarize themselves with this subject: — 

£xer. 1. Eediice 1,000,000 in the de-cimal scale, tQ the ternary 
scale, and also to the nonary. Answ, 1,212,210,202,001« and 
1,783,661. 

2. Beduce 1,000,000 in the quaternary scale, to the denary and 
binary scales. Answ. 4096; and 1,000,000,000,000. 

3. Beduce 123,454,321 in the senary scale^ to the duodenary 
scale. Answ, 987,3nl. 

4. How will 476,897 in the decimal scale, be .expressed in the 
duodecimal scale ? Answ. 1dh,h95. 

5. How will 6666 in the decimal scale, be expressed in the 
binary ani quinary scales ? Answ. 1,101,000,001,010 ; and 203,131. 

6. Beduce 13579 in the duodecimal scale, to theundecimal scale. 
Answ. 190d3. 



being that of the logarithms of 5 and 3. Thus, under 100 there are thirteen 
Biich numbers in the decimal scale, and nineteen in the senaiy or dnodenary ; 
while, nnder 1000, there are twenty-seven in the one scale, and thirty-nine in 
each of the other two. 

When the radix is a prime nimiber, the only denominators of the kind which 
wo are considering, are the powers of the radix. Hence, in the septenary scale, 
there will be only three such denominators, 7, 49, and 343, below 1000, and in 
the undenary only two, 11 and 121. 
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1. "What number taken from the square of 48, will leave 16 
times 64 ? 

Solution, 482»23t)4, an(iS4j<16=«64; then 2304-864^1440, 
the answer. 

2. Divide £1000 among A, B, and Q, and give A £120 mor© 
than C, and C £95 more than B. 

8oL A*s share is evidently to be 215 j( =^ 1*20 +"95) more than B's ; 
therefore 1000-215-95*690; and 690 -r 3 = £230 = B's share. 
Hence, 230 + 95 = £325, Cs share ; and 325 + 120 = £445, A's share. 

3. A father left to his eldest son yf of his prc^ertj, to, his 
second f| of the remainder, and to his third son what was left. 
What was the share of .-each, the shares of the first and second 
differing by £500? 

Sol. l-ff = ?f» and II of ?i = MI!» the part of the whole pro- 
perty belonging to the second son. Then, v| + g||f = ^|S1. and 
l-55St=lilP the share ctf the youngest. Al^o *|-.i||5 = |||i, 
the difference of the shares -of the first and ^second. Then, as |§|^ 
: f|,oras 2251 : 34T6::£506 : £Tt2^,the share of the eldest, so 
is 2251 : 1225:: £500 : £272^, the share ^f the second: and is 
2251 : 1540:: £500 : £342^, the share of the third. 

4. A gets £4 of a legacy for £3 that B gets, and C £5 for £6 
that B gets, and A's share is £5000. What is the whole legacy ? 

Sol. As £3 : £6 : : £4 : £8, A's part, when B gets £6, and C £5. 
Then as 8 : 8 + 6 + 5 : : £5000 : £11,875, the whole legacy. 

5. A person possepsed of | of a ship, sold | of his ,«hare for 
£1260. What is the value of the whole ship at the same rate ? 

Sol. I of | = i;\?ipd as J : 1 ::£1260 : £5^40, the answer. 

6. A person being asked the hour of tl^ day, said^ that the time 
past noon was | of .the time till midnight. W^iat was the hour ? 

Sol. As 1 +1 :. |) -or as 9 : 4::12 hours : 5 hours, 20 minutes; 
so that the time was 20 minutes past 5 o'clock in the afternoon. 

7. A, B, and C purchase a ship ; A pays f , B f , and G £2000, of 
the cost. What are the sums paid by A and B ? 

^^' f + ? = §§» and l-fl=»l3. C's part. Then, as fi : |, or as 
31 : 14 : : £2000 : £903/i ; the part paid by A ; and as |^ : if, or as 
31 : 18:: £2000 : £ll6i^, the part paid by B. 



* These questions are selected from various authors. Their solutions are 
annexed for the purpose of showing the more advanced student, how they and 
similar arithmetical questions may be resolved. They will be found useful in 
preparing the pupil for working the Miscellaneons Questions that follow them, 
and for resolving any of the more difKcult questions that may be proposed for 
solution by common arithmetic. 
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8. Bequired the stocks of A and B, A*8 gain being £160, and B*s 
£130, and A's stock £175 more than B's. 

8oL £160-£130 = £30. Then, as £30 : £175::£160 : £933|, 
A*s stock; and as £30 : £176:: £130 : £768^, Fs stock. 

9. Given A's stock « £240, B's = £210; the whole gain « £120, 
and CTs share of it — £30. Bequired A's and B's gains, and Cs 
stock. 

Sol. £120 — £30 = £90, the sum of A*s and Bs gains; and 
£240 + £210 = £450, the sum of their stocks. Then, as £450 
: £90, or 5 : i::£240 : £48, A's gain; as 5 :a::£210 : £42, Bs 
gain ; and as 1 : 5::£30 : £150, Cs stock. 

10. If A gain £12 in 6 months, B £15 in 5 months, and C £2, in 
9 months ; what is the whole stock, G's part of it being £40 ? 

Sol. ii compound fellowship the gams are proportional to the 
products of the stocks and times ; and, conversely, the stocks are 
proportional to the quotients obtained by dividing the gains by the 
times. Hence, as JU. ; J|L + -i^ + ^::£40 : £l25f, the whole 
stock. A's stock woidd be found thus : as -^^- : -\'-, or as 2J : 2, or 
as 7: 6::£40: £34f. 

11. If A and B gain £13 - 10, B and C £12- 12, and A and C 
£11-16-6; what is the gain of each ? 

Sol. From £18-19-3, half the sum of the given moneys, which 
is evidently equal to the gains of all the three, take £12 - 12, and 
there will remain £6-7-3, A's part. In like manner, £18-19-3 
-£ll-16-6 = £7-2-9, B's share ; and £18 - 19 -: 3-£l3 - 10 
= £5 - 9 - 3, Cs share. 

12. If A can do a piece of work in 10 days, and B in 13 ; in what 
time will lx)th do it, working at the same rate ? 

Sol. In one day A does ^^^ and B ^ of the work ; therefore both 
together do in one day ^ + ^ or ^ of it. Hence, as ^ of the 
work is to 1, the whole work; or, as 23 : 130::1 day : 5|§ days, 
the time required. It appears from this work, that the answer will 
be found by dividing the product of 10 and 13 by their sum. 

13. A, B, and C can trench a field in 12 days ; B, C, and D, in 
14 days ; C, D, and A, in 16 days ; and D, A, and B, in -18 days. 
In what time would it be done by all of them together, and by each 
of them singly ? 

Sol, In one day, A, B, and C will do ^ of the whole work ; B, 
C, and B, -^ ; C, D, and A, -^ ; and B, A, and B, ^. Let these be 
added together, and the sum, f^, is the part done by all working 
3 days, since in each of the tliree parts, ^, :j^, and ^, of the whole 
work, there is one day's work of A ; in each of the three parts, ^, 
^j, and ^, one day's work of B ; &c. Dividing the sum by 3, there- 
fore, we nave ^^, the part done by all four in one day. Hence, as 
§^ of the work is to 1, the whole work ; or as 349 : 3780 : : 1 day 
; lOfJI days, the time in which it would be performed by all of 
them working together. Now, from ^^, the part done in one day 
by A, B, C, and I), take ^, the part done by B, C, and D, and the 
remainder gjf^, is the part done by A. Then, as 3^ : 1, or as 79 
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: 3780 : : l day : 47f| dajs, the time in which A alone would perforin 
the work. By proceeding in the same manner, we should find, that 
B would perform it in 38fi^ days ; in 27^ days ; and D in 11 Iff 
days. 

14. A and B, at the opposite extremities of a wood, 135 fathoms 
in compass, begin to go round it, in the same direction, at the same 
time ; A at the rate of 11 fathoms in 2 minutes, and B of 17 fathoms 
in 3 minutes. How many rounds will each make, before the one 
will overtake the other? 

Sol. As 2 minutes : 3 minutes:: 11 fathoms : 16| fathoms, the 
space gone by A in three minutes. Hence it appears, that B, in 
going 17 fathoms, gains | fathom on A; and the object of the 
question being to find how many rounds he will make in gaining 
half a round, we have this analogy; as | fathom : 17 fathoms .':| 
round : 1 7 rounds, the space to be gone over by B : consequently A 
will make 16^ rounds. 

15. Suppose A, B, and G, to start from the same point, and to 
travel in the same direction, round an island 73 miles in compass, 
A at the rate of 6, B of 10, and C of 16 miles per day : in what 
time will they be next together? 

Sol. Since B gains 4 miles each day on A, as 4 miles : 73 miles 
: : 1 day : 18^ days, the time in which B would gain a round on A, 
or in which these two would first be together again. Also, as 6 
miles, the space gained each day by C on S : 73 miles: :1 day : 12J 
days, the time in which B and C will first be together. Now the 
least common multiple of 18 J and 12^ (which are both divisible by 
6^^), is readily found to be 36^, the number of days required. 

16. A person remarked that when he counted over his basket of 
nuts, two by two, three by three, four by four, five by five, or six 
by six, there was one remaining ; but when he counted them by 
sevens there was no remainder. How many had he ? 

Sol. The least common multiple of 2, 3, 4, 5, and 6 being 60, 
it is evident, that if 61 were divisible by 7, it would answer the 
conditions of the question. This not being the case, however, let 
60x2 + 1, 60x3 + 1, 60x4+1, &c., be tried successively, and it 
will be found that 301 = 63x5+1, is divisible by 7; and conse- 
quently this number answers the conditions of the question. If to 
this we add 420, the least common multiple of 2, 3, 4, 5, 6, and 7, 
the sum, 721, will be another answer; and by adding perpetually 
420, we may find as many answers as we please. 

17. At what time, between twelve and one o'clock, do the hour 
and minute hands of a common clock or watch, point in directions 
exactly opposite ? 

Sol. This is the same as to find in what time after twelve, at 
which time the hands are together, the minute hand will have gained 
half a round on the hour hand. Now it is evident, that in 12 hours 
the minute hand gains eleven rounds ; and consequently one round 
is gained in the eleventh part of 12 hours, and half a round in half 
that time, or the eleventh part of 6 hours ; that is, in 32jj minutes. 
The time required, therefore, is 32^^ minutes after twelve o'clock. 



} 
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18. If one ship, containing 160 hogsheads of wine, pay for toll at 
the Sound, the value of 2 hogsheads, wanting £6 ; and another, con- 
taining 240 hogsheads, pay at the same rate, the value of 2 hogs- 
heads, and £18 besides ; what is the value of the wine per hogshead ? 

Sol. The tolls must evidently be in the ratio of 150 to 240, x)r 
of 6 to 8. Hence the value of 2 hogsheads less by £6, must be to 
the value of 2 hogsheads together with £18, or, the half of each 
being taken, the value of 1 hogshead wanting £3, must be to the 
value of 1 hogshead together with £9, as 6 to 8. | of the value of 
1 hogshead, therefore, with | of £9 must be equal to the value of 1 
hogshead wanting £3 ; that is, f of the value of 1 hogshead, with 
£5|, must be equal to the value of 1 hogshead wanting £3. Hence, 
£5|, must be equal to | of the value of 1 hogshead wanting £3 : 
and consequently | of the value of a hogshead must be equal to £8|. 
Hence, as 3 hhd. : 1 hhd.::£8| : £23, the value of 1 hogshead. 

19. If 3 men, op 4 women, can do a piece of work in 66 days, in 
what time will one man and one woman together, perform it ? 

Sol. In 56 days, one man will do ^, and one woman J of the 
work ; and consequently, hi the same time, one man and one woman 
will do 5 + J, or j^2. o^ the work. Hence, as /^ ^^ t^® work : 1, the 
whole work, : : 56 days : 96 days, the time required. 

20. If 7 gallons of brandy cost as much as 9 gallons of mm, and 
9 gallons of rum as much as 12 gallons of ^enev^, and the price of 3 
gallons of these, taking 1 of each kind, was £2 - 2 - 6 ; what was 
the value of each per gallon ? 

Sol. It appears from the question, that the prices of 1 gallon of 
brandy, 1 of rum, and 1 of genev^ are as j, J, and y^ ; whence, by 
reducing these fractions to equivalent ones having a common deno- 
minator, and using the numerators, we find, that the prices are as 
56, 28, and 21. We have, therefore, by the method of dividing into 
proportional parts, the following analogies : as 36 + 28 + 21, that is, 
as 86 ; 36:: £2 - 2 - 6 : 185., the value of the brandy per gallon ; 
as 85 : 28:: £2 - 2 - 6 : 14s., that of the rum ; and as 85 : 21 
:: £2 - 2 - 6 : 10s. 6(2., that of the geneva. 



MISCELLANEOUS QUESTIONS.* 

1. If a person gain 8 J per cent, by selling apples at the rate of 
8 for 6^d., how much does he gain per cent, by selling them at the 
rate of "3 for 2^. ? Answ. 11 J. 

* The questions contained in this article are intended to exercise the advanced 
student in the use of the several rules and modes of operation, exhibited in the 
preceding part of this work. They are not adapted for the majority of arith- 
metical pupils ; as for them they are too difficult, and possess too little practical 
utility. It is hoped, however, that, besides affording much practice in calcula- 
tion, and in the application of the rules already delivered, they will form useful 
exercises for the reasoning powers of those who have taste or ability for such 
speculations. The great and principal object with every teacher of arithmetic, 
should be, to make his pupils acquire an extensive and substantial pracftcai 
knowledge of this science, without occupying their time and attention with 
puzzling or diflQcult questions. At the same time, when he meets with pupils of 
capacity, find of considerable proficiency, it m.iy be very proper to direct their 



MISCELLANEOUS QUESTIONS. 306 

2. K eggs be bought at the rate of 5 for a penny, how must they 
be sold to gain 40 per cent. ? Answ, At the rate of 25 for 7d. 

3. If 150 apples cost ds. 4|i., how many of them most be sold 
at the rate of 8 for 6|«^., and how many at the rate of 3 for 2j<i., 
that the gain on the whole maybe 10 per cent. ? Afisw. 90 at 3 for 
2^., and 60 at 8 for 6^. 

4. A merchant engages a clerk at the rate of £20 for the first 
year, £25 f©r the second, £30 for the third, &c., thus augmenting 
his s€dary by £5 each year. How long must the clerk retain his 
situation, so as to receive on the whole as much as he would have 
received, had his salary been fixed at £52 - 10 per annum ? Answ. 
14 years. 

5. Three gentlemen contribute £164-5 towards the building of 
a church at the distance of 2 miles from the first, 2| miles from the 
second, and 3| miles from the third ; and they agree that their 
shares shall be reciprocally proportional to their distances from the 
church. How much must they severally contribute ? Anst/K £72 - 9, 
£50 - 8, and £41 - 8. 

6. A hosier sells 90 pair of stockings and gloves for £12-10, 
the stockings at 3«., and the gloves at 28. 6d. per pair. Eequired 
the number of each. Answ. 50 pair of stockings, and 40 pair of gloves. 

7. A son having asked his father s age, the father replied : 
" Your age is twelve years ; to which if five-eighths of both our 
ages be added, the sum will be equal to mine." What was the 
father's age ? Answ, 52 years. 

8. Three merchants having formed a joint stock of £1064, A's 
stock continues in trade 5 months, B's 8 months, CTs 12 months ; and 
A's share of the gain is £114, B's £133 - 4, and Cs £165. What 
iBiras the stock of each ? Answ. A's £456, Fs £333, and Cs £275. 

9. The stocks of three partners, X, Y, and Z, continue in trade 
8, 10, and 7 months respectively ; and their respective gains are 
£115 - 10, £204 - 15, and £183 - 15. H«nce, it is required to find 
their several stocks, the difference between those of Y and Z being 
£220. Answ. X's stock £550, Ys £780, and Z's £1000. 

10. The joint sum of two series of continual proportioncds, con- 
sisting of five terms each, and having a common mean, is 80}J, and 
their ratios are 1| and 2^. Bequir^ the series. Answ. 2|, 3j, 5, 
7i, llj; and J, 2. 5, 121, 3U. 

11. If A, B, and C could pave a street in 18 davs ; B, C, and D 
in 20 days ; G, D, and A, in 24 days ; and D, A, and B, in 27 days ; 
in what times would it be done by all of them together, and by each 
of them singly? Answ. By all in 16^ days; by A in 87|y days; 
by B in 50| days ; by in 41^ days ; and by J) in 170^8 days. 

12. K A could reap a field m 13 days, and B in 16 days, in what 
time would both together reap it ? Aiisw. In 7^ days. 

13. If A and B, with C working half time, could build a wall in 
21 days; B and G, with D working half time, in 24 days; C and D, 
with A working half time, in 28 days ; and D and A, with B working 

- attention to such questioiui as are contained in this article. By this means he 
will have a farther pro<rf of their capacity, and he may lay the foundation of 
fature proficiency in other departments of mathematical science* 
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half time, in 32 days ; in what times -vrould it be built by all of 
them together, and by each of them singly? Answ. A would finish 
it in 6^ days ; B in 67i|| days ; C in 44^ days ; D in 280 days ; 
and all in 16 days. 

14. The stocks of three partners, A, B, and C, are £350, £220, 
and £250, and their gains £ll2, £88, and £120, respectively ; and 
B*s stock continued in trade 2 months longer than A's. Kequired 
the time the money of each continued in trade. Answ. S, 10, and 12 
months, respectively. 

15. In what arithmetical scale would five hundred and fifty-four 
be expressed by 95 ? Atuw, In the scale whose radix is 61. 

16. If a gallon of water were resolved into the oxygen and 
hydrogen of which it is composed, it is required to determine the 
bulk into which it would thus be expanded, wat«r being 709 times 
heavier than an equal bulk of oxygen, and 11315 times heavier than 
an equal bulk of hydrogen. Answ. The two gases would fill 1890 J 
gallons,, nearly. 

17. The Napierian logarithm* of any number, is to the common 
logarithm of the same number as 1 is to '43429448, nearly. Ee- 
quired the series of ratios converging to this ratio. Ansto, 2 to 1 ; 
7 to 3 ; 23 to 10 ; 76 to 33 ; 99 to 43 ; 175 to 76 (or 700 to 804); 
624 to 271 ; 3919 to 1702 ; 12381 to 5377 ; 16300 to 7079, &c. 

18. By reducing the fraction whose numerator is the square root 
of 5, and denominator the square root of 11, to a continued fraction, 
find the first seven of the series of fractions converging to its value. 

19. A person, m discounting a bill, at 6 per cent, per amram, 
according to the common or false method, finas that he has 61 per 
cent, per annum, for his money. How long must the bill have oeen 
discounted before it was due ? Answ. 1 year and 103 days, nearly. 

20. A person pays £54 for the insurance of goods at 3| per cent. ; 
and he finds, that in case of the goods being lost, he will by this means 
be entitled to the value of the goods, the premium of insurance, 
and £5 besides. What is the value of the goods? Answ. £1381. 

21. Reduce five ninths, to a fraction in the septenary scale of 
notation, whose denominator in that scale may be expressed by 1, 
with as many ciphers annexed, as there are figures in the numerator. 
Answ. The numerator will be -361361361, &c., or •36i. 

22. If a merchant each year increase his capital by a fifth part 
of itself, except an expenditure of £400 per annum, and at the end 
of 15 years be worth £12,000; what was his original capital? 
Answ, £2649 - 1 - 1. 

23. A servant draws off a gallon, each day, for 20 days, from a 
cask containing 10 gallons of rum, each time supplying the deficiency 
by the addition of a gallon of water : and then, to escape detection, 
he again draws off 20 gallons, supplying the deficiency each time by 
a gallon of rum. How much water still remains in the cask ? Answ. 
1-0679577 gallon, or rather more than a gallon and half a pint. 

* Napierian logarithms are also frequently, bat improperly, called hgpeHwUe 
logarithms.— The immber 0*4343944812, &c., is called the modultu of the system 
of common logarithms. 
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24. A sells a quantity of tea, which cost him £246 - 12, to B ; 
and B sells it to C, who disposes of it for £391 - 1 1 - 10. Required 
the prices at which A and B sold it, each of the three merchants 
having gained at the same rate per cent. Answ, A sold it for 
£287 - 14, and B for £335 - 13. 

25. A and B set out from the same place, and in the same 
direction. A travels uniformly 18 miles per day, and after 9 days 
turns and goes back as far as B has travelled during those 9 days ; 
he then turns again, and pursuing his journey, overtakes B 22| days 
after the time they first set out. It is required to find the rate at 
-which B uniformly travelled. Answ. 10 miles per day. 

26. A merchant every year gains 50 per cent, on his capital, of 
which he spends £300 per annum in house and other expenses ; and 
at the end of 4 years he finds himself possessed of a capital four 
times as great as what he had at commencing business. What was 
his original capital ? Awiw. £2204^. 

27. At what time does the sun set, when the length of the day 
(from sunrise till sunset) is four times the length of the morning or 
evening twilight, and the evening twilight two sevenths of the time 
from its termination till day-break ? Amw. At 3^ minutes past 
5 o'clock. 

28. How will 13579 in the trigesimal scale, be expressed in the 
duodecimal scale. Answ, 372433. 

29. Find the first nine fractions approaching to the ratio of 1 to 
the cube root of 2. Answ, J, 5. J, §f , fj, |§, m, m, and |SJ. 

30. How will that fraction be expressed m the decimal scale, 
whose denominator in the octary scale is a imit with as many ciphers 
annexed as there are figures in its numerator, and its numerator 644 
repeated without end ? Answ, ^. 

31. What is the difference between ^ in the quinary scale, and 
fl in the nonary scale ? Answ. ^ in the decimal notation. 

32. What is the product of ^ m the duodecimal scale, and ^ in 
the octary scale ? Answ. 1 A in the decimal scale. 

33. It is required to find a sum of money, of which, in the space 
of 4 years, the true discount, at simple interest, is £5 more at the 
rate of 6 than of 4 per cent, per annum. Answ, £89 - 18. 

34. One third of a quantity of flour being sold to gain a certain 
rate per cent., one fourth to gain twice that rate, and the remainder 
to gain three times the same rate, it is required to find the gain per 
cent, on each part, the gain upon the whole being 20 per cent. 
Answ, The gains per cent, are 9 J, 19|, and 28^. 

35. A man travels from his own house to Belfast in 4 days, and 
home again, in 5 days, travelling each day, during the whole journey, 
one mile less than he did the preceding. How far does he live from 
Belfast ? Answ, 90 miles. 

36. What is the radix of the arithmetical scale of notation, in 
which 9 (20)( 12)609 in the trigesimal notation will be expressed by 
6000004? Atmo. 19. 

37. The men employed by a farmer, work 12 hours, the women 
9 hours, and the boys 8 hours, each day: for laboiiring the same 
number of hours, ea(^ man receives a half more than esi^ woman. 
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and each woman a third more than each boj : the entire sxun paid 
to all the women each day is double of the sum paid to all the boys ; 
and for every five shillings earned by all the women each day, twelve 
shillings are earned by all the men. Hence it is required to find 
the number of each class employed, the entire number being 59. 
Answ. 24 men, 20 women, and 15 boys. 

38. A man leaves to his eldest child one fourth of his property ; 
to his second, one fourth of the remainder, and £350 besides ; to 
his third, one fourth of the remainder and £975 ; to his youngest, 
one fourth of the remainder and £1400; and what still remains 
he bequeaths to his wife, whose share is found to be one fifth of the 
whole. Hence it is required to find the value of the -whole pro- 
perty. Answ. £20,000. 

39. The less of two bales of cloth is bought at the rate of twice 
as many pence per yard as it contains yards, and costs £31 - - 2 
more than the greater, which contains 4 yards for every 3 in the less, 
and is bought at the rate of as many pence per yard as it contains 
yards. How many yards are contained in each ? Answ, 244 yards 
in the greater, and 183 in the less. 

40. It is required to find a sum of money such that its true dis- 
count, for one year, at 5 per cent., will be £1 more than the sum of 
the true discounts of one half of it at 4 per cent., and the rest at 6 
per cent. Answ. £11,575 - 4. 

41. A property of £10,000 is left to 4 children whose ages are 6, 
8, 10, and 12 years respectively ; and it is so divided among them, 
that their several shares being improved at 4| per cent, per annum, 
compound interest, they shall all have equal properties at the age 
of 21. What is the sum left to each ? Answ. £2180 - 3 - 4|, 
£2380 - 15 - llj, £2699 - 17 - 9J, and £2839-2 - lOf. 

42. A property is left to four children, one aged 6 years, two 
aged 9 years each, and one aged 1 1 years, in such a manner that all 
their properties are to be equal on their coming to age, compound 
interest being allowed at 4 per cent, per annum. Now, one of the 
twins dying before the period at which the eldest would be of age, 
his share is divided among the rest in such a manner that their 
properties may be still equal, when they come to age ; and, in conse- 
quence, each is found at that period to have £1000 more than he 
would otherwise have had. What was the value of the entire pro 
perty bequeathed? Answ. £7367 - 2 - 11|. 

43. A man owes a debt, to be paid in four equal instalments at 
the end of 4, 9, 12, and 20 months respectively ; and he finds, that 
discount being allowed, according to the true method, at 5 per cent, 
per annum, £750 paid at present will discharge the whole debt. 
How much did he owe ? Answ. £784^^^^^. 

44. If a merchant commence trade with a capital of £5000, and 
gain so much, that, after paying all expenses, his capital, each year, 
is increased by a tenth part of itself wanting £100, how much will 
he be worth at the end of 20 years? Answ. £27910. 

45. A man borrowed £500, and agreed to pay simple interest at 
6 per cent, per annum. At the end of 1 1 months, he paid one part 
of the principal with its interest ; 8 month after, he paid another 



MISCELLANEOXTS QUESTIONS. 309 

part with its interest from the time it was borrowed ; and 1 1 months 
after that, he paid the remainder of the principal with its interest, 
in like manner, from the time it was borrowed. What was the 
amount of each payment, each of the last two being double of the 
first ? Answ. The first payment, £l08 gjgl{l , and each of the others^ 
^2l7i|*||f. 

46. Mercnry revolves round the sun in 87 days, 23 hours, 15 
minutes, 44 seconds, and the earth in 365 days, 6 hours, 9 minutes, 
12 seconds. Eequired the first seven approximate ratios of these 
periods. Answ. i, ^, A, if, f^, ^\, and |i|. 

47. Venus revolves round the sun in 224 days, 16 hours, 49 
minutes, 11 seconds, and the earth in the time stated in the preceding 
question. Eequired the first eight fractions approaching to the 
ratios of the periods. Answ. \, |, |, f , ^, ||f , l^, and l||||. 

48. 35 lbs. of tea being mixed with 20 lbs. of a better quality, 
the mixture is found to be worth 7'. 4<2. per Ib» Eequired the value 
of each kind, the difference of their values being Is, lOd. per lb. 
Answ, Bs. 6d. and 6s. Sd. per lb. 

49. If a person lend £7000 at 6 per cent, per annum, compound 
interest, ana allow the interest to accumulate in the hands of the 
creditor, except £240 per annum, which he lifts for family expen- 
ditulre ; how much will the creditor owe him at the end of 16 years ? 
Answ. £11,621 - 1 - IJ. 

50. If a boy read each day 2 lines more of Virgil than he did 
the day before, and find, that having read a certain quantity in 18 
days, he wiU read, at this rate of increase, the same quantity in the 
next 14 days ; how much will he read in the whole time? Answ. 
4032 lines. 

51. Two men, A and B, are on a straight road, cm the opposite 
sides of a gate, and distant from it 308 yards and 277 yards respec- 
tively, and travel each towards the original station of the other. 
How long must they walk till their distances from the gate will be 
equal, B travelling 2 yards, and A 2| yards, per second ? Answ, 
1 minute, 33 seconds, or 2 minutes, 15 seconds. 

52. Every thing being supposed to be as in the preceding question, 
at what time will each be at the same distance from the original 
station of the other, as the other is from his ? Answ. In 4| minutes 
after starting. 

53. If a person borrow £l 100 at 6 per cent, per annum, compound 
interest, and agree to pay both principal and interest in eleven equal 
annual parents, how much must each payment be, the first being 
made at the end of the first year ? Answ. £139 - 9 - 5\. 

54. If a farm of 84 acres be held at £1-7-6 per acre, on a 
lease of which 48 years are unexpired, what fine must be paid at 
present to reduce the rent to 105. per acre during the last 30 years 
of the lease, compound interest being allowed at 6 per cent, per 
annum? Answ. £354 - 8 - 11|. 

66. A man aged 45 has a pension of £300 a year during his own 
life ; but he wishes to exchange it for another to continue not only 
during his own life, but also during that of his wife, aged 40. What 
will this pension be, money being supposed to be improvable at 6 per 
cent, per annum, compound interest? Answ. £236 - 14 - 7^. 
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66. Required the conTerging fractions approaching to the ratio 
of 5 hours, 48 minutes, 48 seconds, and 24 hours. Answ. \, ^, ^, 

Tag' *"^ Io5' 

67. Ii the acting partner in a mercantile concern coBtrihute 

£1000 to the original joint stock of the company, and annuallj 
increase this sum by £160 saved from his salary ; to how much will 
his share of the joint stock amount, at the end of 11 years, on the 
supposition, that, after all expenses are paid, there is a clear gain of 
10 per cent, per annum on the entire capital ? Antw. £6632 - 15 - 10. 

68. Suppose 17 gallons of spirits, at 10«. 6<2. per gallon, to be 
mixed with 7 gallons at a different price. What was the price of 
the latter per gallon, if 20 per cent, be gained by selling the mix- 
ture at 13tf. per gallon ? Answ. 11«. 7f^. 

69. A merchant bequeaths £1000 among six clerks in proportion 
to their salaries, and the periods they have held their situations. 
Now, one of them has held his situation five years, and his salary is 
£120 ; two of them four years, with salaries of £76 each ; and the 
rest two years, with salaries of £60 each. Bequired their several 
shares. Answ, The share of the first £384 - 12 • 3^ ; of the next 
two £192 - 6 - IH each ; and of the rest £76 - 18 - 6^ each. 

60. If a shopkeeper each year double his capital, except an ex- 
penditure of £240 per annum, and, at the end of four years, be 
worth only three fourths of his original capital ; what had he at 
commencing trade ? Antw. £236 - 1 - 3|f . 

61. What sum will amount to £l more at simple than at 
compound interest, in 4 months, at 6 per cent, per annum ? Answ, 

,£3699 - 9 - 2. 

62. Bequired the sum of the infinite series, f— ^ + ^~^ 
+ ^— &c. Answ.^. 

63. If a bank borrow £10,000 at^4, and employ it in discounting 
bills, at 6 per cent, per annum, and afterwards borrow money at 2, 
and discount bills with it, at 4 per cent, per annum ; how much 
must be borrowed, and so employed, in the latter case, that the 
gain may be the same as in the former, the bills being discounted 
in both cases six months before they would be due? Answ. 
£10,499^?. 

64. Beduce \^/S—\ and f~|\/6* to continued fractions, and 
find the fractions, converging to the value of each. Aiksw. The eon- 
tinued fractions are — 

1 I and J_ • 

* I +&c.; * ^ 1 &C.: 

and the converging fractions are J, |, |, f , f , ^^5, |f , &c., and \, J, |, 

8> 13» 21» ^*^' 

* The mathematical reader will perceive that these expressions are the parts 
of the mimber 1, when divided in extreme and mean ratio ; that is, ao that the 
whole is to the greater part, as the greater to the less. 
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Ik addition and subtraction, th« pupil should perform, mentally, a 
great number of exercises such as the following : — 

Add together 15 and 18 ; 23 and 35 ; 82 and 94; 25, 41, and 
17 ; 318, 202, and 156, &;c. : also 68. Sd. and 7s. ^d.; £1-17-9 
and 12«. lOd.; 2s. ^d. and 35. 9d.j &c. 

Find the difference of 40 and 23 ; of 82 and 45 ; of 133 and 98 ; 
of 212 and 154, &c. : also of £l and 4«. 2d, ; of I7s. Sd. and 6«. 6d. ; 
of jgl - 12 - and 15«. 4i., &c 

From the sum of 17 and 52, take 35 ; from 365 talce the sum of 
73 and 91 ; from the sum of 128. Sd. and 11«. Sd. take l&s. 6d., &c. 

In adding, it is often of advantage to increase one or more of the 
numbers, and to diminish one or more others equally, so that some 
of the numbers may be exchanged for others more simple and 
manageable. Thus, the sum of 87 and 55 is eridently the same as 
that of 90 and 52, or 142 : and the sum of 197, 301, and 69 is 
plainly the same as that of 200, 300, and 67, or 567. 

In subtracting, it frequently gives facility, if we increase both 
the numbers equally. Thus, to subtract 94 from 141, we may add 
6 to each, and then 100 is to be taken from 147, which gives for 
difference 47. So likewise, to find the difference of 59 and 81, we 
may take 60 from 82. 

Quantities of different denominations, particularly money, may 
often be added or subtracted very easily in the same manner. 
Thus, the sum of ll^. 10^. and 3«. 9d. is the same as that of 
I2s. Od. and Ss. 7d. ; and the sum of £7-16-0 and £4 - 8 - 0, is 
the same as that of £8 and £4 - 4 - : while the difference of 
£1 1 - 6 - and £5 - 1 7 - is the same as that of £l 1 - 9 - and £6. 

In multiplication, many questions, such as the following, ought 
to be performed mentally : 7 times 48, — 6 times 74, — 9 times 86, — 
12 times 112, — 4 times £l - 6 - 8, — 7 times 2s. 6d., — 8 times 
10*. 10'. —9 times lO^i.,— 5 times £2-12-6, &c. : also 23 times 
32, — 41 times 104, — 24 times 61, &c. In exercises of the latter 
kind, the learner may either proceed in the coTnmon way, conceiving 
that he writes down the partial products, and adds them together ; 



* Many operations in arithmetic may readily be performed mentally, withoui 
the use of pen or pencil. By most persons this can be done only when the pro- 
ceBses are short and simple, the more complicated operations being too laborious. 
It is often of considerable use, in a practical point of view, to be able to work 
questions in this way ; and the mind is strengthened by the exertions required 
in the process. In the following short article on the subject, various examples 
are given, and various hints thrown out, which, it is hoped, wUl be found us^uL 
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or, should he find that fatiguing, he may separate the multiplier 
into convenient parts, multiply by them separately, and add the 
amounts. Thus, to find how many weeks there are in 24 years, we 
may multiply 52 by 20 and 4 separately, 'and add together the pro- 
ducts 1040 and 208. 

To multiply 42 by 35, we may multiply 21 by 70, halving one of 
the factors and doubling the other. In a similar manner, we may 
multiply by 15, 45, and 56, doubling each, and either halving the 
other factor at first, or retaining it, and halving the final result. 

In multiplying 97 by 28, we get 28 times 100 wanting 28 times 
3, or 2800 wanting 84, that is, 2716. Many other simplifi-cations 
will readily occur to persons who shall turn their attention to the 
subject. 

In division, let the pupil work, mentally, many questions, such 
as the following: Divide 177 by 3, 291 by 7, 364 by 8, 683 by 11, 
£4 by 9, 11«. 6d. by 4, £l - 5 - 9 by 7, £l7 - 10- by 8, &c. 

To divide by 15, 35, 45, or 55, double the dividend, and divide 
by 30, 70, 90, or 110, halving the remainder, if there be any. 

By combining these processes, we may work various questions, 
such as the following: Smce one seventh of 84 is 12, two sevenths 
of it are twice 12, or 24; three sevenths are three times 12, or 36, 
&c. Since one eleventh of 77 is 7, five elevenths of it are five 
times 7, or 35 ; ten elevenths of it, ten times 7, or 70, &c. Con- 
versely, to find of what number 18 is three fifths, by dividing 18 
by 3, we find that one fifth of the number is 6 ; five times 6, there- 
fore, or 30, is the number. So also, to find how many yards of 
ribbon, at 5d. per yard, may be bought for 13«. 9i., reduce, mentally, 
135. 9d. to pence ; then dividing the result, 165, by 5 (or doubling 
it and rejecting the last figure), we get 33, the number of yards. 

One of the commonest and most useful applications of mental 
arithmetic is in the computation of prices. It can be readily em- 
ployed in this way, when the number of articles is small, not ex- 
ceeding 10 or 12. Thus, any one can find in an instant, by 
multiplication, that 4 lbs. of sugar, at 7h^ per lb., amount to 2«. 6d. ; 
that 10 yards of carpeting, at 3«. 6a. per yard, cost £] - 15 - ; 
that the price of 11 yards of cloth, at 8s. ^d. per yard, is 
£4 -11 -8, &c. 

In some cases, also, the price may be readily found, when the 
number of articles is considerable, especially if it bear some 

Peculiar and simple relation to the divisions of money. Thus, a 
ozen of articles, at a penny each, cost a shilling ; at 2 pence, 2 
shillings ; at 7 pence, 7 shillings ; at 4 pence halfpenny, 4s. 6d, ; at 
8 pence three farthings, 8s. 9d., &c. 

Rule T. To find the price of any number of dozens, re- 
gard the pence in the price as shillings, and multiply by 
the number of dozens. 

Thus, to find the price of 72 (6 dozen) at lid., we multiply lis. 
by 6 ; and to find the price of 108 (9 dozen) at S^d., we multiply 
8s. 9d. by 9. 
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Rule II. When the rmmber of articles does not consist 
of exact dozens, find the price of the dozens by the last 
rule, and increase or diminish it, as the case may require, 
by the price of the other articles. 

Thus, to find the price of 86 (7 dozen and 2), at Is. 4d. each, we 
multiply 16s.t the price of one dozen, by 7, and to the product, 
£5- 12 'Of we add 2». Sd., the price of 2. A^in, to find the price 
of 69 (5 dozen wanting 1) at lO^d. each, we midtiply 10«. 6d, by 
5, and by taking lO^d. from the product, £2-12-6, we get 
:fi^ - 11 - 7^, the required price. 

Since 20 articles, at a shilling each, cost a pound, we have the 
following rule : — 

Rule III. To find the price of 20 articles, the shillings 
in the price are to be taken as poxinds : and if there be 
pence, they are to be regarded as so many twelfths of a 
ponnd ; a penny being thns to be taken as Is. Sd., 2d. 
as 3^. 4id., Sd. as Bs. Od., 6d. as 10^. Od., 9d. as 15$. Od., 
Sdc. 

Thus, 20 articles, at I4s. Od. each, will cost £14 ; at 12^. 9i., 
£12 - 16 - ; at 2s. 4d., £2-6-8, &c. Also, since 80 is four 
times 20, the price of 80 at 68. 8d. is 4 times £6-13-4, or 
£22 - 13 - 4, and the price of 102 at 165. Od. is 6 tunes £16, to- 
gether with twice 168. Od. ; that is, £81 - 12 - 0. 

Since, at a penny per It)., a cwt. costs 112 pence, or 95. 4<f., at 2d. 
it will cost twice as much; at Zd., three times as much, &c. 
Hence — 

Rule IV. From the price of a pound to find the price 
of a hundred weight, multiply 9s. 4id. by the pence in the 
given price. 

Thus, at 5d. per lb , a cwt. will cost 6 times 9s. 4(2., or 
£2 - 6 - 8 ; while, at 7|<?., it would cost 8 tunes 95. 4d. (£3 - 14 - 8) 
wanting 25. 4d. (one fourth of 95. ^d.) ; the price therefore would 
be £3-12-4. 

Rule V. Tofmd the price of 120 articles : Regard the 
pence in the given price as pounds, and divide by 2. 

Thus, &t4d. per lb., 120 Tbs. of pork would cost £2, the half of 
£4 ; and at 7^d. per tb., the cost of 120 lbs. would be the half of 
£7 - 16 - 0. 

Rule VI. The price of 100 articles may be found by 
taking each shilling as £5, and consequently 6d. as 
£2 - 10 - 0, Sd. as j&l - 5 - 0, a penny as 8s. 4id., &c. 

Thus, 100 at 95. Bd. would cost £47-10; 100 at 25. Id., 
4:10 - 8 - 4, &c. 

P 
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Rule VII. In finding the price of 100 articles, if th« 
price of each article be small, Tednce it to fetrthings, and 
take those farthings as pence, and their double as 
shillings. 

Thus, 100 at IJi., or 7 farthings each, amount to twice 7 
shillings, together with 7d.; that is, to 14«. 7d, The reason is 
plain, since, at a farthing each, 100 articles cost 28, Id. ; that is, 
twice one shilling, together with one penny. 

Sometimes the following rule may be employed with advan- 
tage: — 

Rule VIII. Find the price of the given munber of 
articles at one farthing, one penny, or one shilling, and 
mnltiply the result by the number of farthings, of pence, 
or of shillings in the given rate. 

Thus, to find the price of 68 at 21^., or 11 farthings, since 68 
articles, at a farthing each, cost Is. 6a. ^ by multiplying this by 11, 
we get 155. 7d.f the required price. So, likewise, to find the 
amount of 37 yards of ribbon at 7d, per yard, we multiply Ss. Id., 
the price at one penny per yard, by 7 ; the product, £l - 1 - 7, is 
the required price. Again, to find the price of 82 cwt. at 9 
shillings, multiply £4 - 2 - by 9. — The reason is evident. 

(Computations in interest and discount may sometimes he per- 
formed mentally with considerable facility, especially by means of 
contrivances which have been fallen upon to shorten the work in 
particular cases. The following are some of the more useful of 
these :— r 

RULE IX. To find the interest of any number of pounds 
for a given number of m^onths at 5 per cent, per annum ; 
Take the pounds as pence, and multiply by the months. 

Thus, to find the interest of £34 for 7 months at 5 per cent, per 
annum, multiply 34<?. or 2«. \Qd. by 7, and the product 19*. 10</. 
is the answer. So likewise, the interest of £27 - 10, at the same 
rate, for 9 months, is 9 times 27|<2., or 9 times 2s. 3|<f. ,* that is, 
£1-0-71. The reason is, that at 5 per cent, per annum the 
interest of a pound is one penny for one month, and consequently 2 
pence for 2 months, 3 pence for 3 months, &c. 

From the interest at 5 per cent, that at other rates may be easily 
derived. Thus, to find the interest of £115 for 2 months, at 4 
per cent, per annum, we have twice 115 pence, or twice 9*. 7d., 
that is, 1 9«. 2(2., the interest at 5 per cent. ; from which taking 
35. \0d. (one fifth of itself), we obtain 16». Ad., the interest re- 
quired. Had the rate been 6 per cent, we shoxdd have added one 
fifth ; or we might employ the following method : — 

Rule X. To find interest for months at 6 per cent, per 
annum : Multiply the principal by the months ; increase 
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the unit figure by a fifth of itself, to find the pence of 
the answer, and take the others as expressing shillings. 

Thus, to compute the interest of £36 for 8 months at 6 per cent. 
per annum, by multiplying 36 by 8, we get 288 ; a fifth of the last 
figure of which being nearly 1|, we have for the required interest 
28a. 9j<i., or £1 - 8 - 9^. The reason will be plain from consider- 
ing, that to find interest for months without abbreviation, we should 
divide the continual product of the principal, the rate, and the 
months by 1200, and that, when the rate is 6 per cent., we may 
omit Uie multiplication by 6, and divide by 200 (or by 10 and 20), 
instead of 1200. Now, the cutting off of one figure divides by 10, 
-while taking the rest as shillings instead of pounds, divides by 20. 
The figure cut off is plainly tenths of a shilling, and the increasing 
of it by a fifth of itself gives twelfths of a shilling, or pence. 

From the interest at 6 per cent, that at other rates may easily 
be found. Thus, to find the interest of £45 for 11 months at 4 per 
cent, per annum,, by taking the product of 45 and 1 1 , we get 495, 
which gives 49^. 6^., or £2 - 9 - 6, for the interest at 6 per cent. ; 
and taking from this a third of itself, we get £1-13-0, the in- 
terest required. Had the rate been 5 per cent., we should have 
subtracted a sixth ; while for 4| per cent, we should have sub- 
tracted a fourth ; for 3 per cent., taken a half, &c. 

Rule XI. To find interest for days at 5 per cent, per 
annv/m : Multiply the principal by the days, and divide 
the product by 3, or multiply one of them by a third of 
the other : a tenth of the result is the answer in pence 
nearly. To correct it, reject a penny for every 6 
shillings, or ^d, for every pound contained in it. 
Should this correction be considerable, add a penny for 
every 6 shillings in it to the answer. 

To find, for example, the interest of £24 for 52 days at 6 per 
cent, per annum, we multiply 52 by 8 (a third of 24), and cutting 
ofiF the last figure of 416, the preduct, we get 41*6£i., or 3*. 6^, 
nearly, and as this is nearly the half of 6 shillings, we reject a half- 
penny for the correction, and find for answer 3«. 5d. So also, to 
find the interest of £80 for 80 days, at "4 per cent, per annum, by 
multiplying 80 by 80 and dividing by 3, we get 2133, the tenth of 
which, 21 3J, taken as pence, is 17s. 9l<?. By rejecting Zd, from 
this, as correction, we get 17«. 6jrf., the interest at 5 per cent. 
Lastly, we diminish this by Zs. 6(2., a fifth of itself, and we get 
14s. 0J<2., the answer. 

As to the reason of this rule, by taking pounds as pence, we 
divide by 240, so that, upon the whole, we divide by 3 x 10 x 240, 
or 7200. Now, the divisor (see page 230) should be 7300 ; and 
hence the necessity for the correction. 
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EXERCISES. 



Add the following : — 

Exer. 

1. 28 and 84. 

2. 95 and 75. 

3. 288 and 312. 

4. 27, 47, and 52. 

5. 82, 99, and 112. 



Exer. 

6. 15«. ^d. and 9«. \0d. 

7. £2-18 and £5 - 8. 

8. 28, \(^d, and Is. 3|a. 

9. 16«. 2/i., lis. 11<I., 

3«. 9(1. 



Find the differences of the following : — 



Exer. 

10. 77 and 29. 

11. Ill and 44. 

12. 258 and 177. 

13. 45 + 49 and 66. 

Multiply the following :- 

Exer, 

18. 77 by 3. 

19. 124 by 4. 

20. 183 by 5. 

21. 88 by 7. 

22. 128 by 8. 

23. 99 by 9. 

24. 125 by 11. 

25. 93 by 12. 

26. 23 by 36. 

27. 45 by 28. 

28. 96 by 26. 

Divide the following :— 

Exer, 

40. 733 by 5. 

41. 252 by 6. 

42. 847 by 7. 

43. 1010 by 9. 

44. 237 by 12. 

45. 746 by 15. 

46. 575 by 25. 

47. 1000 by 35. 



Exer. 

14. 100 aad 36 + 22. 

15. 18»^ 4(2. and \2b. 6d. 

16. ie2-10and:n -11-8. 

17. 9^. 7d. and 3«. 9|(2. 



Exer. 

29. 89 by 35. 

30. 72 by 55. 

31. 47 by 47. 

32. 74 by 98. 

33. 12*. Sd. by 3. 

34. £5 - 11 by 5. 

35. 11«. lOd. by 6. 

36. £1-3-6 by 8. 

37. £3-6-8 by 9. 

38. £4-5-4 by 10. 

39. 10s. 7^. by 12. 



Exer. 

48. £5-9-6 by 4. 

49. £4 - 12 - 6 by 6, 

50. £10 - 14 - 6 by 6, 

61. £80 by 7. 

62. £1 - 18 - 8 by 8. 

63. £5-6-9 by 9. 
54. £132 - 9 - 2 by 10. 
65. £40 - 1 - 6 by 12. 
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EXEBOISES ON RULE I. 

Exercises, Answers^ 

£ s. d, 

66. 24 at 4^ 8 

57. 48at7i3 1 10 

68. 72atl«. 10<i 6 12 

59. 96 at U 7<? 7 12 

60. 132at9j<i 5 19 

61. 144 at lOJ^. ...^^ 6 9 

EXERCISES ON RULE II. 

Exercises^ Answers, 

£ s. d. 

62. 73 at 7^ 2 2 7 

63. 71atlO<i 2 19 2 

64. 106atU l(i 6 14 10 

65. 87 at 2«.8i 1112 

66. 57atlJ<?. 7 li 

EXERCISES ON RULE III. 

Exercises, Answers, 

£ s. d. 

4(7. 20at 11«. 6i 1110 

68. £2-7-3 47 6 

69. £3-11-0 71 

70. £1-4-9 24 15 

71. 78. 4rf. 7 6 8 

72. 60 at 13«. 0<i 39 

73. 180 at £1 - 11 - 279 

74. 82atl6«. 6<i 67 13 

EXERCISES ON RULE IV. 

Exercises, Answers, 

£ s. d. 

75. 112at4rf 1 17 4 

76. Id 3 6 4 

77. \s.%d 9 6 8 

78. ^. 4 8 8' 

79. lOJrf 6 4 
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EXEBGISES ON BTTLE Y. 

Exercises, Answers, 

£ s. d, 

80. 120 at 5^ 2 10 a 

81. Sd 4 

82. 4a. 6d 27 

83. lOj^ 5 2 6 

84. Is. 2jd 7 5 

85. 1*. 7ld 9 17 6 

EXEBGISES ON RULE YI. 

Exercises, Answers, 

£ s. d. 

86. 100 at 7a. 0(i 35 

87. 12«. 6rf 62 10 

88. 5s. ^d 28 15 

89. Us. ^d 56 13 4 



EXEECISES ON RULE Vn, 
Exercises. Answers. 

£ s. d, 

90. 100at2i<? 1 10 

91. 6\d 2 3 9 

92. 2ld 1 11 3 

93. ^\d 3 17 1 

94. ll\d 4 13 9 

EXEECISES ON RULE Vni. 
Exercises, Answers. 

£ s. d, 

95. 112at2|<i 15 8 

96. 1000 at lj<i. 5 4 2 

97. 365at2i<i 3 8 SJ 

98. 960 at 2«. 8|<? 130 

99. 148at7<i. 4 6 4 

100. 200 at 10^ 8 6 8 

101. 253 at Is. \d 13 14 1 

102. 144 at 2«. Irf 15 
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Exercises, Answers, 

£ s. d. 

103. 160 at 7« 62 10 

104. 440 at 11* 242 

106. 241 at 13« 166 13 

106. 380 at £2 - 16 1046 

107. 352jat3« 62 17 6 

108. 366 at l^d 2 13 2J 

109. 7d 10 12 11 

110. 7s 127 16 

111. 313at2|<i 3 11 8| 

112. Ud 14 6 11 

113. lis. 172 3 



EXERCISES ON BULE IX. 
Exercises, 

114. £24 for 8 mos., at 6 per c. per aim. 
116. M5 for 6 



116. £84 for 11 

117. £132 for 4 

118. £90 for 2 

119. £76 for 9 

120. £112 for 10 

121. £33 for 13 

122. £60 for 7 mos., at 6 per c. per ann. 

123. £66 for 6 mos., at 4 

124. £126 for 9 mos., at 4j 

126. £240 for 11 mos., at 3 



Answers, 



£ s. 


d. 


16 





1 2 


11 


3 17 





2 4 





16 





2 16 


3 


4 13 


4 


1 15 


9 


2 2 





1 2 





4 4 


*§ 



6 12 



EXERCISES ON RULE X. 
Exercises. 

126. £16 for 3 mos., at 6 per c. per ami. 

127. £46 for 5 

128. £88 for 7 

129. £l33forll 

130. £66 for 7 mos., at 4 per c. per ann. 

131. £62 -10 for 10 mos., at 4J 



Answers. 


£ 


s. 


d. 





4 


9J 


1 


2 


6 


3 


1 


n 


7 


6 


3^ 


1 


10 


4 



1 19 4.} 



\ 
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EXERCISES OK RULE XI. 
Exercises, 

1 32. £18 for 1 20 days, at 5 per c. per ann. 

133. £64 for 60 days, at 6 

134. £67 -10 for 24 days, at 6 • — 

135. £160 for 25 days, at 5 

136. £224 for 60 days, at 5 

137. £150 for 150 days, at 6 

138. £84 for 40 days, at 6 

139. £270 for 114 days, at 4 

140. £325 for 150 days, at 5A 



Answers. 


£ 


s. 


d. 





5 


11 





10 


H 





4 


^ 





10 


11* 


1 


16 


9| 


8 


I 


71 





n 


(^ 


3 


7 


H 


7 


6 


11 



MISCELLANEOUS EXERCISES. 

Exer. 141. Find ^ of 112 and ^ of 289 : find also the sum and 
difference of the results. A7i8W. 21, 85, 106, and 64. 

142. What is the number of which 42 is j\? Answ. 154. 

143. Find ^ of 576 and J| of the result. Answ. 336 and 238. 

144. Square 38 and cube 16. Afisw. 1444 and 4096. 

145. Find a fourth proportional to 28, 42, and 128. Answ. 192. 

146. Required the prices of 64 lt>s. of butter, at \0\d. per lb.; 
and of 31 lbs. at ^\d. Answ. £2 - 14 - 8, and £1 - 4 - 6i. 

147. Find the prices of 47 barrels of oats at 10«. 6rf. per barrel, 
and 38J barrels of barley at 12*. ^d. per barrel. Answ. £24 - 13 - 6, 
and £24 - 10 - lOj. 

148. "What cost 49 lbs. of sugar at £3 - 16 per cwt., and 48 lbs. 
at £3 - 17 per cwt. ? Answ. £l - 13 - 3, and £1 - 13 - 0. 

1 49. What are the costs of \b\ lbs. of beef, and 1 Z\ lbs. of mutton, 
the first at "Jd. and the second at ^d. per lb. ? Answ. 9s. Q\d. and 
65. 1^. 

150. Find the price of 9| lbs. of salmon at 1*. ^d. per lb. Answ.. 
14*. 1^. 

151. Reduce £99 - 19 - 2 to pence. Answ. 23990. 

152. Reduce 1245 pence to pounds. Answ. £5-3-9. 

153. Jf I of a gallon of wine cost Is. 6<i., what cost 1 gallon and 
89 gallons? Answ. £1 and £89. 

154. If I of a ton cost £3 - 15, what cost 1 ton, and 12J tons ? 
An&w. £6, and £76 - 10 - 0. 

155. If a hundred weight of sugar cost £2 - 10-0, what is 
gained by selling it at Td. per lb. ? Answ. 15s. Ad. 

156. What is gained or lost by selling 122 yards of broadcloth 
at 18*. per yard, the first cost and charges having amounted to 
£110? Answ. Ijo&t As. 

157. If a person drink, daily, a bottle of porter, worth 4jrf. 
what is the amount for a year? Answ. £6 - 16 - lOJ. 
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158. If 12 bottles of wine cost £l - 7, what cost 7 dozen and 5 
bottles? Answ. £10-0-3. 

159. Reduce 742 guineas to pounds. Answ. £779 - 2 - 0. 

160. If one steamer start at 12 o*clock, and sail at the rate of 
10| miles per hour, and another start at half past one, and sail in 
the same direction, at the rate of 1 1| miles per hour ; at what hour 
will the latter overtake the former ? Answ. At half past ten on 
the succeeding day. 

161. How many times greater is a square field, having each side 
60 perches, than a triangular one baring its base « 18 perches, and 
its perpendiculars 10 perches ?* Anmo, 40 times. 

162. What IS the interest of £65 for 1 year, 5 months, at 5 per 
cent, per annum ? Answ. £4-12-1. 

163. Find the present worth of a bill for £95, due at the end of 
4^ months, interest at 4 per cent, beii:^ taken as discount. Answ. 
/93 - 11 - 6. 

164. A person borrows £100, and pays £55 at the end of 7 
months, and the rest at the end of a year. What has he to pay for 
interest at 5 per cent, per annum ? Answ. £3-17-1. 

165. Find the interest of £70 from the 4th of April till the 24th 
of July, at 6 per cent, per annum. Answ. £1 - 5 - 6J. 

166. Find the present worth at 4^ per cent, per annum, of a bill 
for £43 - 6 - 8, which has 60 days to run. Answ. £43 - - 5. 

167- Required the present worth of £250, due at the end of 160 
days; at 5| per cent, per aonunu Answ. £243 - 19 - 5^. 

166. How often will a carrii^e wheel, 13J feet in circumference^ 
revolve in going a mile ? Answ. 384 times. 

* This qnestfon will, of ooorse^ lie emitted by those who are unacqaaiated 
with mensorafeion. 
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THE METRIC SYSTEM OP WEIGHTS 

AND MEASUEES. . 

The tables of weights and measures already given, 
afford a remarkable exemplification of the ntter absur- 
dity, and great, and wasteful, and dangerons incon- 
venience, of the variety of systems, in more or less 
common nse in Great Britain, for the reckoning of mass 
and dimensions. Thns different modes of reckoning 
mass are employed in commerce and the arts, according 
as the substance is one of the precious metals, or aQ 
article of ordinary merchandise, or a medicine specified 
in a physician's prescription. The apothecary buys 
according to avoirdupois weight, — pounds of 16 of one 
kind of ounce (437^ grains), and drams, and grains ; 
and compounds his medicines according to apothecaries' 
weight,— ^pounds of 12 of another kind of ounce (480 
grains), and drams, and scruples, and grains. The 
avoirdupois dram is 27^ grains ; the apothecaries' dram 
is 60 grains. A certain multiple of the imperial unit 
of length, called a mile, is used for the measurement 
of distance travelled by land and for land telegraph 
wires ; while another unit of length, also called a mile, 
which is one minute of latitude, or one minute of longi- 
tude at the equator, on the earth's surface, and is not 
an exact multiple of the imperial unit of length, is used 
for the measurement of distance travelled by sea and 
for the measurement of submarine telegraph wires. 
The length of a rope or chain is measured in yards, 
feet, or inches, the length of a piece of cloth in yards, 
quarters, or nails. These various modes of reckoning, 
since they have no connection with one another, and 
follow no method in the formation of multiples and 
submultiples of their fundamental units, are a source 
of great inconvenience to the British nation, which 
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might be wholly avoided by the adoption of some 
simple and uniform mode of reckoning with diflPerent 
denominations chosen according to the decimal system. 
Such a mode of reckoning has been long in use for 
general purposes in France, Germany, and Italy, and for 
scientific purposes throughout the whole world. It 
owes its origin to a decree * of the French Republic 
passed in 1795, which, giving effect to a recommenda- 
tion of a committee of the French Academy of Sciences, 
provided that the unit of length should be one ten- 
millionth part of the quadrant of the earth's circumfe- 
rence measured along the meridian of Paris. The work 
of reaUsing this standard was entrusted to Borda, who, 
using the determination of the length of an arc of the 
meridian made by Delambre and Mechain, constructed 
a rod of platinum which, when at a temperature of 32° 
Fahrenheit, or 0° Centi^^e, represented, as accurately 
as geodetical knowledge then permitted, the length 
Specified by the decree. This rod has been carefdlly 
preserved in the national archives of France, and by it 
is defined the metre or fundamental unit of the French 
system now called the metric system. The length of 
the metre, it is to be observed, therefore, is not affected 
by the results of any subsequent geodesy, though more 
accurate than that of Delambre and Mechain ; on the 
contrary, all such results are eacpressed in terms of the 
length of Borda*s platinum rod. 

One great convenienee of the French metric system 
consists in the fact that the multiples and submultiples 
of its fundamental unit follow the decimal law. Thus 
the metre, which is equal in length to 39*37079 English 
inches, is divided into 10 parts, each of which is called 
a centimetre, and ieach centimetre into 10 parts, each of 
which is called a millimetre ; again, a length of 10 
metres is called a decametre, a length of 100 metres 
a hectometre, a length of 1000 metres a kilometre, 
and so on. Thus any length or distance whatever can 
be expressed in convenient numbers ; and at the same 
time the utmost facility of computation is obtained by 
the adoption of the decimal scale of numeration. 

Another advantage of the French metric system is 

* Loi du 18 genninal, an III. 
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found in the relation of the unit of length to the nnit of 
mass or weight adopted in that system. The French 
nnit of mass or weight is defined as the mass of a cer- 
tain piece of platinom, called the '* Kilogramme des 
Archives," which was also made by Borda, and "w^ls 
intended to represent the mass of a cubic decimetre of 
distilled water at the temperature of maximum density, 
viz. 39** Fahrenheit or 4° Centigrade. Although, when 
the utmost strictness of definition is required, it mnsi 
be remembered that the standard of mass is the mass 
of that one piece of platinum, in most cases no sensible 
error is introduced by estimating the mass of a cubic 
decimetre of water at 39° Fahrenheit, or at 4'' Centi- 
grade, as a kilogramme, or the mass of a cubic centi- 
metre of water at that temperature as one gramme. A 
great simplification is by this means introduced into the 
computation of masses of different volumes of various 
substances from their specific gravities. 

The specific gravity of a substance is the ratio of 
the mass of a certain volume of the substance to the 
mass of an equal volume of water at its temperature of 
maximum density. Hence if the specific gravity of a 
substance be known, the mass of any specified volume 
of the substance is found by multiplying the number of 
units of volume by the specific gravity, and the result 
by the mass of unit volume of water. This last fiactor, 
which, in the English system, is always a troublesome 
one, is reduced to unity in the metric system by the 
connection explained above between the unit of length 
and the unit of mass. Thus the mass of a given volume 
of a substance is given in grammes by the product of 
the specific gravity and the volume in cubic centimetres, 
in kilogrammes by the product of the specific gravity 
and the volume in cubic decimetres or litres, and in 
French tonnes by the product of the specific gravity 
and the volume in cubic metres. The French tonne, or 
1000 kilogrammes, is '984 of the EngKsh ton. 

The following tables show the relations of the various 
weights and measures of the metric system to one an- 
other and their values in English imperial units. 
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APPENDIX, 

CONTAINING 

AS INTRODUCTION TO MENSURATION.* 



DEFINITIONa 

I. An Angle is the mataal inclination of two straight 
lines that meet one another in a point, which is called 
the VERTEX of the angle : or it is the degree of their 
opening or divergence. 

n. When one straight line 

^ standing on another, makes with 

Jf* it two angles which are equal, 

^ each of these angles is called a 

\, I ^ EIGHT ANGLE ; and the straight 

line which stands on the other 
is said to be perpendicular, or 

AT EIGHT angles^ to it, Or to be A PEEPBNDICULAE to it. 

ni. An OBTUSE ANGLE is 

^A greater than a right angle : an 
ACUTE ANGjiE is less than a right 



\ 



% 



•% 



\ 



\ 



% 




^^ angle. 



An angle is usually named by three 

g ' Q ^letters, the middle one being placed at 

(the vertex, and the other two some- 
where on the lines which contain the 
angle. Thus, the obtuse angle in the last diagram, may be called 
the angle ACB, or BCA, and the acute one the angle ACD, or DCA. 
When there is only one angle at the same point, it is best named 
by a single letter placed at that point. 

» The small introductory tract qn mensuration which is here given, is 
Intended for the use of Such pupils as may not have time or opportunity for 
studying a more extended course. For this reason, the easiest and most useful 
parts are selected, aud the definitions and illustrations are delivered in plain 
and familiar terms, rather than with a view to mathematical precision. The 
rules are also given without demonstrations, as the pupUs for whom this abstract 
is intended are not supposed to have read a preparatory course of mathematics. 
Those who may wish to prosecute the subject more extensively, may havq 
recourse to any good modern treatise on the subject.^ 



328 APPENDIX. 

rv. Parallel straight lines 

are those which have everywhere 

equal perpendicular distances 

from ea<;h other. 

Y. A SURFACE, or SUPERFICIES, has length and breadth 
without thickness. 

YI. A BOOT, or, as it is often called, a solid, has 
length, breadth, and thickness, or depth. 

YII. A FIGURE is a portion of space inclosed by one 
or more boundaries. 

YIII. A FIGURE is said to be equilateral, if it 
have equal sides; and equiangular, if it have equal 
angles. 

IX. If a figure be contained by three lines, it is 
called a triangle ; if by four, a quadrilateral ; if by 
more than four, a polygon. 

X. An equilateral and equiangular polygon is often 
called a regular polygon. 

XI. Polygons of five, six, seven, eight, nine, ten, 
eleven, and twelve sides, are often called, respectively, 

PENTAGONS, HEXAGONS, HEPTAGONS, OCTAGONS, ENNEAGONS, 
or NONAGONS, DECAGONS, HENDECAGONS, and DODECAGONS. 

XII. A quadrilateral which has its opposite sides 
parallel, is called a parallelogram : and a parallelogram 
which has its angles right angles, is called a rectangle. 

XIII. A quadrilateral which has its sides equal, and 
its angles right angles, is termed a square ; and a quad- 
rilateral which has its sides equal, but its angles not 
right angles, is called a rhombus. 

XIV. A quadrilateral which has two sides parallel, 
and the other two not, is called a trapezoid. 

XV. Any quadrilateral, except a parallelogram or 
trapezoid, is termed a trapezium. 

XVI. A diagonal of a figure is a straight line pass- 
ing through two of its angles which are not adjacent to 
one another. 

XVII. A CIRCLE is a figure contained, on a flat sur- 
face, by one line which is called the circumference; 
and is such that all straight lines drawn to the circum- 
ference from a certain point within the figure, called 
the centre, are equal to each other. Any of those equal 
lines is called a radius : and a line drawn through the 
centre, and terminated both ways by the circumference, 



APPENDIX. 



329 




is called a diameter. Hence, a diameter is evidently 
double of a radius. . 

Xyni. If the ends of a thread, PPf, be fastened 
to two pins, F, f, fixed at a less distance asunder than 
the length of the thread, and if the point of a pen or 

pencil, P, be carried round in 
such a manner as to keep the 
thread constantly stretched, 
the curve line thus described, 
, is called an ellipse ; the points 
F and f, where the pins are 
fixed, are called the foci (and 
each of them a focus) ; the 
line AB, drawn through the 
foci, and terminated both ways 
by the curve, is called the greater axis ; and the line 
DE, drawn at right angles to this axis through its 
middle point, and terminated by the curve, is called 
the LESS axis. 

XIX. Mensuration is the method of determining by 
computation the comparative magnitudes of figures; 
and it is divided into two great branches, the menstt/ra- 
Hon of surfaces, and the mensuration of hocUes or solids, 

XX. The AREA of a surface is the space which it 
contains. In mensuration, the magnitude of this space 
is ascertained by the number of times that a given 
space, called the measuring unit, is contained in it. 

XXI. The MEASURING UNIT which is adopted for sur- 
faces, is a square whose side is some of the common 
measures of length, such as a squa/re inch, a square, foot, 
a square yard, &c, — (See the table of- square measure, 



page 59.) 



MENSURATION OF SUEFACES. 



BuLE I. To find the area of a parallelogram : Multiply 
its length by its perpendicular breadth. 

Hence, the area of a square is found simply by mul- 
A n tiplyii^ a side by itself. 

Exam. 1. Bequired the area 
of the parallelogram ABDC, the 
length AB, or CD, being 36 feet, 

r, tf — ^ *^^ ^**® perpendicular breadth, AE, 

^ ^ D 16 feet. 

Here the product of 36 and 16 is 640, the area in square feet. 
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the area i^oired. 

f .'"ixrf.ihS, . ~ti. W&, ^-. .i.1. tt.. »- bj ». 

fonnet method. 

^ ^,^ «J^e plaice towards tte right hand. gO 6 I 

TiTbd^ of the tm. partial prodi^teiB then Utei^ 3,g 2 j 

tr^^-srf-sirif^ tssisa , P.U. .. -,.. 

wiiUffli,3T»f. 2'7". 



tipli 
1^^ the 






very aimply and eaailj. By rBQoc.uB l 
^^Jdrrjm for 12 to the m^^ 

^r,li<.alJ»n. Thus, by reduction to Jd6 

l^e duodecimal .«a« C^^e P«6« 298). Ii5 
tJ,H dinunsioDS in the foregoing si- 1887 

^BleWmTlD-S SDd 14-H,and the 788 

work «ill stand bb in the margm. the 1d5 — 

rcr in the duodecimal acale being 277-27, or 

27 or bj reduction to the deci- 379 f. 2" 7" !!«"■ 

, prefer thiu method to any other. 
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Exam. 3. Required the area of a square 
field, each of whose sides ia CchaiDsSOlinks. 

Here (note 3. page 5S). each side is S30 
links ; and multipljing this by iUelf, we ob- 
tain for the area 3S6900 sqnare links ; or 
3'969 acres, bjdirifflimliy 100,00"' wheitce, 
by multiplying by i and 40, we get for the 
required content 3 acres, 8 roods, 35 perches, 
vith a small remaindei. 

Ei^. 1. Beqaired the content of a field in fbrm of a panillels- 
gram, the leiigt}i and breadth o( whicbjve 12 chaJDs 76 links, and 
9 cbaina 43 links. Anew. 12 acres, roods, 5 perches. 

2. Given the length of a street =937 feet 6 inches, and its 
breadth — 86 feet 8 inches ; required the cost of paving it, at B^d. 
per square yard. Anate. £246 - 18 - llf. 

3. At 9Jrf. per yard, required the cost of painting the walls of a 
room, the sum of the lengths of whose sides is TO feet 10 inches, and 
its height 10 feet 1 inch. Anato. £3 - i - B^. 

4. Required the content of a rectangular garden whose length is 
98 yards, and breadth 81 yazds, Atuw. 1 acre, 2 roods, 22 perches, 
12J yards. 

5. What is the content of a deal-board, 9 feet 8 inches long, 
and ^ inches broad? Anaw. fl f. 10' 2". 

6. If each side ^ a square table be i feet 10 inches,' what is its 
content ? Aneai. 14 f. 8' 4". 

Rule II. TojM the area of a triangle: Multiply the 
base by the perpendicaW, tutd take half the product : 
or multiply one of these Hues by half the other. 

Exam. 4. Required the area of the triangle ACB, whose base 
CD is IS feet 4 inches, and perpendicular AE, 8 feet 7 inches. 
Feet In. 

Here, by the method irf duo- 15 4 

decimals already explained and by A 7 

halving, we find for the area, 65 122 8 

feet, 9 twelftns of a foot, and 8 8 It 4 

inches, or 65J feet, nearly. 2) 1 3 1 7 4 

~fl5 9~8 

Exer. 7. Qiven the base of a triangle^ 13 tXuuas 24 links, nnd 
its perpendicular ^ S chains 59 links ; to find its i^rta. Anmo 5 a. 
2 r. 30 p. 

8. U the baaa of a triangle be 21 feet 7 inches, and its perpen- 
dicular 17 feet 10 inches, what is its area? Answ. 192 1. b' 6". 

Rdlb III. To find the area of a, triaiu/le, when, the 
three sides are given: (1.) Add the aides tojf 
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take half the Bnm : (2.) From the half anm tate the 
three sides severally : (3.) Find the coutiaaal product 
of the half stun and the three remainders : {i.) IDxtract 

the square root of thia prodact, 

Tlie area of an equilateral triangle may bo found by 
multiplying the square of one of the sides by "4330127. 

Emm. 5. Ri^uired ihe area of a triitiigle, whose sides are 2, 3. 
and 4 feet, respcotiTely. 

Here, lialf Ihe sum of the sideB ia I'S; and subtracting fron) 
thU the three sides flucresairely, we find the three remainder! 
25. Ij.and "5. Then 45 « So >t lo x -a-aWTS; and ^/8-437a 
= 2SW47S7i, the area in square fuel. 

Kser. 9. Given the eidf 9 of a triangle eqnal to 9 chMus 82 links, 
e eiiA'm 3S links, and T cliriina 20 links ; lo lind iU area. Aitavi. 2 
B.T,s. 1 rood, 7J perches, nciU-ly. 

10. If the sides of » triangle be 13, 14, and 16 feet, respectively, 
w!mI is its area ? Ansa. S-i feet, or 9J yatda. 

11. Given the sides of a triangle equal to 3 feet 8 inehea, 4 feel 
T iiii-hi'S, and 6 feet 6 inches, respectively ; to find the area. Axsic. 

BuLE IV. To find the area of a trapexoid : Mnltiply 
the sum of the parallel sides by the perpendlcuJar 
breadth of the figure, and take half the product. 

Exer. 12. Given the parallel sides of a trapezoid ^33 and id 
inphfs, and ibi breadth = ll inches; required lie area, Antie, 
339j inchea. 

13. K the parallel sides of a trapezoid bs 75 and 33 feel, and 
its breadth 20 feet, what is its areaf Aiun. 1080 feet, <a 120 

Role V. To find the area of a trapezium : Multiply . 
either of the diagonals by the sum of the peipendicuiara 
ili'iiwii Xn it from the opposite aagles, and U^e half the 
,n-.Ml,K(. Or, 

,1, by Rule II. or III., the areas of the triangles 
tliart oompnse the trapezium, and add them together. 

Qiren BD, the diagotial 
of tlie Impeiimn ABCD, = !fl perches; 
pud the piTp«DdicQlars drawn from f 
ai]d C - 7 pctches, and 5 perches ; it 



m of the perpendiculars is 1 2 peiches ; and the dia- 
>erches, we have 12 x 16— 192, the half of which is 
iquare perches. 
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Exer. 14. Giyen one of the diagonals of a trapezium =» 17 chains, 
56 links, to compute the area ; the perpendiculars to that diagonal 
from the opposite angles being 8 chains, 82 links, and 7 chains, 73 
links. Answ. 14 acres, 2 roods, 5 perches. 

15. Given BD=:21 perches, BA = 18 perches, AD«9 perches, 
BC=:12 perches, and CDs 15 perches; to find the area. Answ, 
168*68008 perches. 

Rule VI. To find the area of a polygon : (1.) Divide 
it by diagonals into triangles and trapeziums. (2.) Find 
the areas of these by some of the foregoing roles. (3.) 
Add all these areas together. 

Exer. 16. Giyen EC =58 
perches, and the perpendicu- 
lars to it from A and D = 27 
and 18 perches respectively; 
given also AC = 46 perches, 
and the perpendicular to it 
from B«20 perches; to find 
1^ the area. Answ. 1 1 a. r. 5 p. 

ir. Given AB = 6 feet, BC«3 feet, CD = 4 feet, DE = 5 feet, 
AE«4 feet, AC =7 feet, and EC = 8 feet; required the area. 
Answ. 31123574 feet. 

Rule VII. The area of a regular polygon is most 
ensily found by multiplying the square of one of the 
sides by the number standing opposite to the name of 
the polygon in the annexed table. 




Pentagon 1*7204774 

Hexagon 2*5980762 

Heptagon 3*6339126 

Octagon 4*8284272 



Enneagon 6*1818240 

Decagon 7*6942088 

Hendecagon 9*3656411 

Dodecagon 11*1961524 



Exer. 18. To find the area of a regular hexagon, having each of 
its sides = 5 inches. Ansio. 64 95 1905 square inches. 

19. Given the side of a regular octagonal inelosure=s60 yards ; 
to compute the area. Answ. 3 a. 2 r. 14 p. 19 yds. 

Rule VIIT. The diameter of a circle being given, to 
find the circumference : Multiply the diameter by 3*1416 ; 
or, for greater accuracy, by 3*141593 : Or, 

As 113 is to 355, so is the diameter to the circum- 
ference : or, when much accuracy is not necessary, as 
7 is to 22, so is the diameter to the circumference. 

The diameter would be found from the circumference, 
by reversing any of the foregoing processes. 
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Exer. 20. Given the diameter of a circle » 13 inches; to find its 
circumference. Answ, 40*8407. 

21. If the diameter of a circular cask be 2 feet 9 inches, what 
will be the length of a hoop for it ? Anno. 8 feet 7'67257 inches. 

22. If the girt of a round tree be 12 feet 6 inchesy what is its 
diameter? Jmw. 3 feet 11*42817 inches. 

KuLE IX. To find the area of a circle : Multiply the 
diameter by the cireamference, and take one fourth of 
the product : Or, 

Multiply the square of the diameter by 0*7854 ; or,, 
for greater accuracy, by 0*785398 : Or, 

Multiply the square of the radius by 3*141593 : Or, 

Multiply the square of the circumference by 0*07958. 

The area of an ellipse is found by multiplying the 
product of the axes by 0*7854, or more accurately, 
0*785398. 

Exer. 23. Required the area of a circular pond whose diameter 
is 81 yards. Answ. 754*7694 square yards. 

24. Bequired the area of the space on which a horse may graze, 
when confined by a cord 7f perches in length, having one of its ends 
fixed at a certain point. Answ. 1 a. Or. 16*7 p. 

25. Bequired the content of a circular grove, 56*5 perches in cir- 
cumference. Answ. 1 a. 2 r. 14 p. 

26. What is the area of a circular table whose diameter is 5 feet 
8 inches? Attsw. 25 feet 3 If inches nearly. 

27. What is the area or an elliptic ceiling, the axes of which 
are 33 feet 5 inches, and 20 feet 3 inches ? Amw. 59 yards, feet, 
67 inches. 



MENSURATION OF BODIES, OR SOLIDS. 

DEFINITIOKS. 

I. A figure whose ends, or bases, are parallel, and 
whose sides are parallelograms, is called a pkism. Such 
a figure is termed a right prism, if each of its bares be 
perpendicular to its other sides; and it is ssdd to be 
TRIANGULAR, HEXAGONAL, &c., if its bases be triangles, 
hexagons, &c. 

II. A prism whose bases, as well as its other sides, 
are parallelograms, is called a parallelepiped. A com« 
mon chest, a bar of iron, a brick, (&c., afford instances 
of right parallelepipeds. 
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III. A right parallelepiped whose sides are equal 
sqnareS) is called a cube. Such are dice. 

IV. A PYRAMID is a body bounded by plane surfaces, 
meeting in a point called the vertex of the pyramid, 
and by a rectilineal base terminated by those pianos. 

V. A CYLINDER is a round body which is of equal 
thickness throughout, and which has circular bases, 
parallel to each other, such as a rolling stone for walks, 
a round pillar, &c. 

VI. A body which has a circular base, and which 
tapers uniformly to a point named the vertex, is called 
a CONE. A sugar-loaf, and the tapering top of a round 
pillar are nearly of this form. 

VII. A frustum of a body is what remains, when 
the top is cut off by a plane parallel to the base. 

VIII. A GLOBE, or SPHERE, is a body of such a figure 
that all points of the surface are equally distant from a 
point within it called the centre. 

IX. If one of the parts into which an ellipse is 
divided by either of the axes, revolve about that axis, 
the figure which it describes is called a spheroid : — 
PROLATE, if the revolution be performed round the 
greater axis ; oblate, if round the less. An egg is nearly 
of the former figure ; and a watch, or a flat turnip, 
nearly of the latter. 

X. The content, or volume, or, as it is often impro- 
perly called, the solidity of a body, is the space con- 
tained within it. The magnitude of this space is ex- 
pressed by the number of times that it contains a given, 
space, called the measuring unit, 

XI. The MEASURING UNIT which is adopted for bodies, 
is a cube whose base is the measuring unit for surfaces, 
such as a cubic inch, a cubic foot, &c. — (See the table 
of cubic measure, page 60.) 

Rule I. To find the content of a prism or cylinder : 
(1.) Find the area of the base : (2.) Multiply this by 
the perpendicular height, or distance between the ends. 

Hence, to find the content of a right 'parallelepiped^ take 
the continual product of the length, breadth, and thick- 
ness, or depth : and, to find the content of a cube, find the 
third power of one of the sides of its base. 
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Exam. 1. Required the content of a box of cloth, the length, 
breadth, and depth of which are 4 feet 10 inches, 2 feet 11 inches, 
and 2 feet 2 inches, respectively. 

Here, by the method of duodecimals, we multiply 4 feet 10 inches 
by 2 feet 11 inches: the product, 14 feet, 1 twelfth, and 2 inches, 
is the area of the base. We then multiply in a similar manner by 2 
feet 2 inches, the depth, setting each product in multiplying by the 
inches, one place towards the right hand. The final prodact, or 
content of the box, is 30 cubic feet, 

6 twelfths of a foot, 6 one-hundred- peet In. 
and-forty-fourths of a foot, and 4 4 10 
indies, or 30J feet, nearly. In mea- 2 11 
Bures of capacity, since the cubic foot 
contains 1728 cubic inches, the 
twelfths of a foot are each 144 cubic 
inches, and the hundred-and-forty- 
fourths are each 12 inches. Hence 
the foregoing answer is easily re- 
duced to 30 feet and 940 inches. 
The same result would be obtained 80 6' 6" 4'" 
by reducing the dimensions to inches, 

finding their continual product, and dividing it by 1728; or by 
reducing the inches to decimals, and proceeding in a similar manner. 
The results in such cases as the present, are often improperly called 
feet, inches, parts, and seconds. 

Exer. 1, Required the number of gallons of water, of 277*274 
cubic inches each, contained in a rectangular cistern, the length, 
breadth, and depth of which are 16 feet, 10 feet 6 inches, and 8 feet 
4 inches. Answ. 8724-94. 

2. If each side of the base of a triangular prism be 2 inches, and 
its length 14 inches, what is its content? Answ. 24*2487 inches. 

3. Required the number of cubic feet contained in a room whose 
length, breadth, and height are 24 feet, 18 feet 6 inches, and 10 feet 

7 inches. Answ. 4699. 

4. Given the diameter of the base of a cylindric column = 3 feet 
1 inch, and its heights: 18 feet 9 inches ; to find its content. Answ. 
140-0016 feet. 

5. Required the content of a bale, the length, breadth, and 
thickness of which are 4 feet 8 inches, 3 feet 3 inches, and 2 feet 
6 inches. Answ. 37 feet, 11 twelfths. 

6. Given the length, breadth, and thickness of a uniform plank 
equal to 22 feet 7 inches, 1 foot 5 inches, and 6} inches respectively ; 
to find the content. Answ. 17*32957 feet. 

E/ULB II. To find the content of a pyramid or cone. 
Multiply the area of the base by the perpendicular 
height, and take one third of the product. 

Exer. 7. Given each side of the base of a square pyramid = 10 
inches, and the perpendicular height, or altitude = 9 feet 9 inches ; 
required the content. Answ. 2 f. 3' 1''. 
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8. Given the diameter of the base of a conical glass-house 
■» 37 feet 8 inches, and its height = 79 feet 9 inches ; required the 
entire space inclosed. Answ. 29622 feet, nearly. 

9. The height of the largest of the Egyptian pyramids is 
477 feet, and each side of its base, which is a square, is 720 feet ; 
required the content. Ansm. 82425600 cubic feet, or 3052800 
cubic yards. 

10. Given the height of a conical sugar-loaf =» 17 inches, and the 
diameter of its base = 9- inches; required t^he content. Answ. 
360-4986 inches. 

11. How often may a. conical glass, 3 inches deep, and If inches 
in diameter at the mouth, be filled out of a gallon? Answ. \lb\ 
times nearly. 

Rule III. To find the content of a frustum of a pyra- 
mid : (1.) To the product of two corresponding sides of 
the greater and less ends, add one third of the square of 
their difference ; the sum will be the square of a side of 
the mean base. (2.) From this find the area of the 
mean base by some of the rules already given for 
measuring plane surfaces. (3.) Multiply the result by 
the height. 

To find the content of a frustum of a cone : (1.) To the 
product of the diameters of the two ends, add ono third 
of the square of their difference ; the sum will be the 
square of a mean diameter. (2.) Multiply this square 
by 07854, and the product by the height. 

Exam. 2. Given the sides of the bases of a frustum of a regular 
octagonal pyramids* 19 and 10 inches respectively, and the length 
6 feet 6 inches ; required the content. 

Here, 19-10 = 9, and 19 x 10 + 9^+3=217, the square of a side 
of the mean base ; which being multiplied by 4*8284272, the 
tabular number (see page 333), we find for the area of the mean base 
1047*7687024. The product of this by 6'5, the given length, is 
6762-7278632: and dividing this by 144, we obtain 4001894349 
feet, the content required. "We divide by 144, instead of 1728, 
because the length was given in feet. 

Exer. 12. If the length of a frustum of a square pyramid be 
18 feet 8 inches, the side of its greater base 27 inches, and that of 
its less 16 inches, what is the content? Answ. 61*228395 cubic 
feet. 

13. Required the content of an ale glass in form of the frustum 
of a cone, the diameter at the mouth being 2^ inches, that of the 
bottom 1 inch, and the depth 5 inches. Answ. 12*76275 cubic 
inches. 

Rule IV. To find the content of a glohe : Multiply 
the cube of the diameter by 0*5236. 

Q 
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To find the content of a spheroid : Multiply the fixed 
axis by the square of the revolving axis and the pro- 
duct by 0-5236. 

Exer. 14. Required the contents of three globes, whose diameters 
are 12, 15, and 21 inches, respectively. Answ, 904*7808, 1767*15, 
and 4849 0596 cubic inches, respectively 

15. Required the content of a balloon in form of a prolate 
spheroid, having its longest diameter 48 feet, and its shortest 
38 feet. Answ. 36291*7632 cubic feet. 

Rule V. To find the area of the surface of a body 
hotmded by plane surfaces : Find the areas of those sur- 
faces separately, and add them together. 

To find the area of the curve surface of a right cotie : 
Multiply the circumference of the base by the slant 
height, and take half the product. 

To find the area of the surface of a globe: Multiply 
the square of the diameter by 31416. 

Exer. 16. Required the area of the surface of a square pyramid, 
each side of the base of which is 2 feet 8 inches, and its slant 
height, measxired from the vertex to the middle of any side of the 
base, 3 feet 9 inches. Antw. 27 feet, 1 tirrfflh, and 4 inches. 

17. Required the area of the entire surface of a right cone, the 
slant height of which is 4 feet 7 mches, and the diameter of its base 
2 feet 11 inches. Answ. 27*679896 square feet. 

18. K the earth were a sphere 7912 miles in diameter^ what 
would be its superficial content? Answ. 196,663,355*7504 square 
miles. 

19. Required the superficial contents of the three ^obes men- 
tioned in Exercise 14. Answ, 452*3904, 706*86, and 1385*4456 
square inches, respectively. 

Rule VI. To find the content of round or sqicared 
timber: (1.) Take the girt of the tree at the middle, 
and divide it by 4 (which may be done by halving the 
line used in taking the girt, and then halving the half 
thus obtained) . (2.) Multiply the square of the quarter 
girt, thus found, by the length. 

If the breadth arid depth of squared timber differ con- 
sider ahly^ measure them, and multiply their pr(>duct by 
the length. 

If the tree do not taper uniformly, measure the girts 
at the middle and ends, or at ofcher equal distances; 
add the results together, and divide the sum by the 
number of girts taken ; use the quotient as a mean girt, 
and proceed as before. 
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If great accuracy were required, timber which tapers uniformly 
should be measured as the frustum of a pyramid or cone ; but 
when it tapers slowly, as is generally the case, a dimension taken at 
the middle may be used as a mean without much error. The 
measurement of round timber, however, by taking, according to the 
foregoing rule, which is universally adopted in practice, the quarter 
girt as the side of a square to a mean section of the tree, is very 
erroneous, giving the content far too small. If it should be wished 
to correct the result thus founds it may he done hy adding to it one 
fourth of itself t and to the sum one foot for every 64 contained in it. 
Another method of approximating the true content is, to multiply 
the square of one fifth of the girt hy twice the length; or, which is 
perhaps easier, to multiply the square of the girt hy '08, OTid the 
product hy the length. By both tnese methods the result is rather 
too great, and requires to be diminished by one foot in 190. 

Exer. 20. Given the mean girt of a square piece of timber 
e 6 feet 8 inches, and its length » 44 feet 4 inches ; required the 

content. Answ, 123*148 cubic feet. 

21. Eequired the content of a round tree, whose length is 32 feet 
6 inches, and its mean girt 6 feet 10 inches. Answ. 69*119 cubic 
feet ; or, more correctly, 87*9 feet. 

22. Given the length of a piece of squared timber :» 31 feet 
4 inches, and its breadth and depth at the middle = 2 feet 7 inches, 
and 1 foot 9 inches, respectively; required its content. Answ, 
141*65 cubic feet. 

23. Given the girts of a round tree at the ends, and at two inter- 
mediate points equally distant from them and from each other, equal 
to 10 feet 6 mches, 5 feet 6 inches, 8 feet 8 inches, and 7 feet, re- 
spectively, and the length 21 feet 5 inches ; required the content. 
A71SW. 83*89 cubic feet ; or, more correctly, 106*8 feet. 

Rule VII. To find the content of a common cask in 
imperial gallons : (1.) Taking the dunensions in inches, 
to the square of the head diameter add donble the 
sqnare of the bung diameter, and from the sum take 
four tenths of the square of the difference of those dia- 
meters : (2.) Multiply the remainder by the length : 
(3.) Then multiply the result by 00009442. 

Instead of multiplying by 0*0009442, we may divide 
by 1000, and from the quotient, considered as gallons, 
take one twentieth of itself; the remainder will be the 
answer, nearly. Should this be large, it may be cor- 
rected by rejecting one gallon for 160. 

Exer. 24. If the head diameter of a cask be 25 inches, the bung 
diameter 34 inches, and the length 43 inches, how many gallons 
does it contain? Answ. 118 gallons, nearly. 
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Exer. 25. Given the length of a rectangular fields 15 perches; 
required its breadth so that it may contain an acre. Anew. 10| 
perches. 

26. If a horse be bound in the middle of a' fieli^ by a cord, one 
end of which is fixed at a certain point; What must be the length 
of the cord, that the horse may be allowed' to graze on exactly an 
acre? .^jmw. 7*1365 perches. 

27. Given the height of a stone column in form of a frnstiim of 
a cone — 28 feet 6- inches, and the diameters of its ends 3 feet, and 
2 feet 3 inches, respectively ; required its weight, a cubic foot of 
the stone weighing 2568 ounces, avoirdupois. Answ, 1 1 tons, 2 cwt., 
2 qrs., 3 lbs. 

28. Required the diameter of a circle whose area is a square 
foot. Anew. 13*54054 inches; 

29. Bequired the diameter of a* globe whose content is a cubic 
foot. Answ, 14*8684 inches. 

30. Given the diameter of the base of a cone = 5(V inches, and its 
content = 50 cubic feet ; required its height. Answ. 11 feet, nearly. 

31. How many yards of carpeting, 27 inches wide, will cover a 
rectangular floor, 22 feet 6 inches long, and~16 feet 8 inches broad? 
Answ, 55 yards, 1 foot, 8 inches. 

32. How much ground is occupied by 100^ miles of a road, 63 
feet in width ? Anm. 763/j; acres. 

33. If a cubic foot of water weigh 1000 ounces, and a cubic foot 
of cast iron 7000 ounces, what is the weight of a cylindrical cast- 
iron pipe, 100 feet in length, a quarter of an inch in thickness, and 
having its interior diameter 3 inches ? Find, also, the weight of 
the water which it can contain. Answ. 6 cwt. 3 qrs. 19| tbs., 
nearly, and 2 cwt. 2 qrs. 27 lbs., nearly. 

34. If the length of a cask, be 45 mches, and its head and bung 
diameters 27 and 37 inches, respectively, what weight of pure water 
will it contain? Answ. 13 cwt. 

35. If the cylinder of a steam engine be 3 feet in diameter, and 
5 feet deep, how much steam can it contain ? Answ. 35'343 cubic 
feet. 
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TABLE I., SHOWING THE AMOUNT OP £1, AT COMPOUND INTEREST.] 


Yra. 


3 percent. 


4 ])er cent. 


6 per cent. 


6 per cent. 


1 


1 030,000 


1040,000 


1-050,000 


1*060,000 


2 


1*060,900 


1-081,600 


1-102,500 


1-123,600 


3 


1092,727 


1-124,864 


1-157,626 


1-191,016 


4 


1126,509 


1-169,859 


1-215,606 


1-262,477 


6 


1-159,274 


1-216,653 


1-276,282 


1-338,226 


6 


1- 194,052 


1-265,319 


L340,096 


1-418,519 


7 


1-229,874 


1*315,932 


1*407,100 


1-503,630 


8 


1-266,770 


1-368,569 


1*477,456 


1-593,848 


9 


1-304,773 


1-423,312 


1*551,328 


1-689,479 


10 


1-343,916 


1*480,244 


1-628,895 


1-790,848 


11 


1-384,234 


1*539,454 


1-710,339 


1-898,299 


12 


1-425,761 


1-601,032 


1-795,866 


2012,196 


13 


1-468,534 


1-665,074 


1-885,649 


2-132,928 


14 


1-512,590 


1-731,676 


1-979,932 


2-260,904 


15 


1-557,967 


1-800,944 


2-078,928 


2*396,558 


16 


1-604,706 ' 


1-872,981 


2*182,875 


2*640,352 


17 


1-652,848 


1-947,900 


2*292,018 


2*692,773 


18 


1-702,433 


2-025,817 


2*406,619 


2*854,339 


19 


1-763,506 


2-106,849 


2*626,950 


3*025,600 


20 


1-806,111 


2*191,123 


2*653,298 


3-207,135 


21 


1-860,295 


2*278,768 


2*785,963 


3-399,564 


22 


1-916,103 


2*369,919 


2-925,261 


3-603,537 


23 


1-973,587 


2*464,716 


3-071,524 


3-819,750 


24 


2032,794 


2-563,304 


3-225,100 


4-048,935 


25 


2-093,778 


2-665,836 


3-386,355 


4-291,871 


26 


2156,592 


2-772,470 


8-555,673 


4-549,383 


27 


2-221,289 


2-883,369 


3-733,456 


4-822,346 


28 


2-287,928 


2*998,703 


3*920,129 


5-111,687 


29 


2-356,566 


3118,651 


4-116,136 


5-418,388 


30 


2-427,262 


3-243,398 


4-321,942 


6-743,491 


31 


2-500,080 


3-373,133 


4-538,039 


6-088,101 


32 


2-575,083 


3-508,059 


4*764,941 


6-453,386 


33 


2662,335 


3*648,381 


5-003,189 


6-840,590 


34 


2-731,905 


3-794,316 


6-253,348 


7-251,025 


35 


2$13,862 


3-946,089 


5-516,015 


7-686,087 


36 


2-898,278 


4103,933 


6-791,816 


8-147,252 


37 


2-985,227 


4-268,090 


6-081,407 


8-636,087 


S8 


3-074,783 


4-438,813 


6-385,477 


9-154,262 


39 


3-167,027 


4-616,366 , 


6*704,751 


9-703,507 


40 


3*262,038 


4-801,021 


7*039,989 


10-285,718 


41 


3-359,899 


4-993,061 . 


7*391,988 


10*902,861 


42 


3-460,696 


5-192,784 


7*761,588 


11-557,033 


43 


3-564,517 


5*400,495 


8-149,667 


12-250,455 


44 


3-671,452 


6*616,515 


8-557,150 


12-935,482 


45 


3-781,596 


5*841,176 


8-985,008 


13-764,611 


46 


3-895,044 


6-074,823 


9-434,258 


14-690,487 


47 


4011,895 


6-317816 


9-905,971 


16*465,917 


48 


4-132,252 


6*570,528 


10-401,270 


16393,872 


49 


4-256,219 


6833,349 


10-921,333 


17377,604 


50 


4-383,906 


7*106,683 


11*467,400 


18*420,154 
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TABLB II., S BOWING THE AMOUNT OF AIJ ANNTJITT OP XI 




Yr8. 


8 per cent. | 


4 per cent. 


5 per cent. 


6 per cent^ 


■■* 


1 


1000,000 


1000,000 


1-000,000 


1000,000 




2 


2030.000 


2040,000 


2050,000 


2-060,000 




3 


3090,900 


3-121,600 


3-152,500 


3 183,600 




4 


4-183,627 


4-246,464 


4-310,126 


4-374,616 




fi 


5309,136 


6-416,322 


6*626.631 


6-637,092 




6 


6-468,409 


6-632,975 


6-801,912 


6-975,318 




7 


7-662,462 


7-898,294 


8142,008 


8-393,837 




8 


8-892,336 


9-214,226 


9-549,108 


9-897,467 




9 


10159,106 


10-582,795 


11-026,664 


11-491,315 




10 


11-463,879 


12-006,107 


12-577,892 


13180,794 




11 


12-807,795 


13-486,351 


14-206,787 


14-971,642 




12 


14-192,029 


15-025,805 


15-917,126 


16-869,941 




13 


15-617,790 


16-626,837 ' 


17-712,982 


18882,137 




14 


17086,324 


18-291,911 


19-598,631 


21-015,066 




15 


18-598,913 


20023,587 


21*578,563 


23-276,969 




16 


20-156,881 


21-824,531 


23-667,491 


26-672,528 




17 


21-761,587 


23-697,512 


25840,366 


28-212,879 




18 


23-414,435 


25-645,412 


28-132,384 


30-906,662 




19 


25-116,868 


27-671,229 


$0-539,003 


33759,991 




20 


26-870,374 i 


29-778,078 


33066,954 


36-785,691 




21 


28-676,485 


31-969,201 


35-719,251 


39992,726 




22 


30536,780 


34 247,969 


38-506,214 


43-392,290 




23 


32-452,883 


36-717,888 


41-430,475 


46-995,827 




24 


34-426,470 


39082,604 


44-501,998 


60-815,577 


25 


36-459,264 


41-645,908 


.47-727,098 


64-864,512 




26 


38-553,042 . 


44-311,744 i 


51-113,463 


69-156,382 




27 


40-709,633 


47*084,214 : 


64-669,126 


63705,765 




28 


42 930,922 


49-967,682 


.58-402,682 


68-528,111 




29 


45-218,850 


62 966,286 ' 


62-322,711 


73-639,798 




30 


47-575,415 


56-084,937 


66-438,847 


79058,186 




31 


50002,678 


59-328,335 


70-760,789 


84-801,677 




32 


62-502,758 


62*701,468 - 


75-298,289 


90-889,778 




33 


65077,841 


66 209,527 


80-063,770 


97-343,164 




34 


57-730,176 


69-857,908 


85-066,959 


104-183,754 




35 


60*462,081 


73*652,224 


90-320,307 


111*434,779 




36 


63-275,944 


77-598,313 


95-836,322 


119-120,866 




37 


66-174,222 


81*702,246 


101-628,138 


127-268,118 




38 


69-159,449 


85-970,336 


107'709,545 


135*904,205 




39 


72-234,232 


90-409,149 


114-095,023 


145-058,468 




40 


75-401,259 


95-025,515 


120-799,774 


154-761,966 




41 


78-663,297 


99-826,536 


127*839,762 


165 047,683 


42 


82-023,196 


104-819,597 


136*231,751 


175-950,544 


43 


85-483,892 


110-012,381 


142-993,338 


187-507,677 




44 


89-048,409 


116-412,876 


151-143,006 


199-768,031 




45 


92-719,861 


121*029,392 


169*700 156 


212-743,513 




46 


96-501,457 


126-870,567 


168*686,163 


226-508,124 




47 


100-396,500 


132-945,390 


178*119,421 


241-098,612 




48 


104-408,395 


139-263,206 


188026,392 


256-564,528 




49 


108-540,647 


145833,734 


198-426,662 


272*958,400 




50 


112-796,867 


152-667,083 


209-347,996 


290*335,904 
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TABLB III., SH0W1N( 


> THE PRESENT 


VALUE OF AN ANNUITY OF £1. 
5 per cent. 6 per cent. 


Yrs. 

1 


8 per cent. 


4 per cent. 


•970,874 


•961,638 


•962,381 


•943,396 


2 


1-913,470 


1-886,194 


1-859,410 


1-833,392 


3 


2-828,612 


2-775,190 


2-723,248 


2673,011 


4 


3-717,099 


3-629,994 


3-546,950 


3 465,106 


6 


4-579,708 


4-461,821 


4 329,476 


4-212,363 


6 


5-417,192 


5-242,136 


5-075,691 


4-917,324 


7 


6-230,284 


6-002,054 


5-786,372 


5-682,381 


8 


7019.693 


6-732,744 


6-463,211 


6-209,793 


9 


7-786,110 


7435,331 


7-107,820 


6-801,691 


10 


8-580,204 


8-110,896 


7 721,733 


7-860,086 


11 


9252,625 


8-760,576 


8-306,412 


7886,874 


12 


9-954,005 


9-385,073 


8863,249 


8-383,843 


13 


0634,956 


9-985,647 


9 393,670 


8 862,682 


14 


11-296,074 


10-563,122 


9 898,638 


9-294,983 


15 


11-937,936 


11-118,487 


10379,656 


9-712,248 


16 


12-561,103 


11-662,396 


10837,767 


10-105,894 


17 


13-166,119 


12166,668 


11-274 064 


10-477,258 


18 


13-753,514 


12-669,396 


11689,686 


10-827,602 


19 


14-323,800 


13-133,938 


12085,319 


11-168,115 


20 


14-877,476 


13-690,325 


12-462,208 


11-469,920 


21 


15-415,025 


14029,159 


12821,150 


11-764,075 


22 


15-936,918 


14-461,114 


1316-3,000 


12-041,680 


23 


16*443,610 


14-856,840 


13488,571 


12-303,377 


24 


16-935,544 '■ 


15-246,961 


13798,639 


12-550,366 


25 


17-413,150 


16622,078 ' 


14093,942 


12-783,356 


26 


17-876,845 


15-982,767 


14-375,183 


13003,165 


27 


18327,034 


16-329,684 


14643,031 


13210,633 


28 


18 764,111 


16-663,061 


14-898,125 


13-406,163 


29 


19188,457 


16-983,712 


15141,071 


13-690,720 


^0 


19-600,444 


17-292,031 


11372,448 


13-764,830 


31 


20000,431 


17-588,491 


15-592,807 


13-929,085 


32 


20-388,768 


17-873,649 


15-802,673 


14-084,042 


38 


20-765,794 


18 147,648 • 


16002,646 


14-230,228 


34 


21 131,839 


18-411,195 


16-192,901 


14-368,140 


35 


21-487,222 


18-664,610 


16-374,191 


14498,245 


86 


21-832,254 


18-908,279 


16-546,848 


14-620,986 


37 


22-167,237 


19-142,676 


16-711,284 


14-736,779 


38 


22-492,463 


19-367,861 


16-867,889 


14-846,018 


39 


22-808,217 


19-684,482 


17-017,037 


14-949,074 


40 


23114,774 


19-792,771 


17-169,083 


15-046,296 


41 


23-412,402 


19-993,049 


17-294,366 


16138,016 


42 


28-701,361 


20186,624 


17-423,206 


16-224,542 


43 


23*981,904 


20-370,792 


17-646,909 


15-306,172 


44 


24-254,276 


20-548,838 


17-662,770 


15-383,181 


45 


24-618,715 


20720,036 


17-774,067 


16-466,831 


46 


24-776,452 


20'884,650 


17-880,064 


16-524,369 


47 


25-024,711 


21-042,933 


17-981,013 


15-689,027 


48 


25-266,710 


21-196,128 


18077,155 


16-660,025 


49 


25-501,660 


21-341,469 


18168,719 


15-707,671 


50 


25-729,767 


21-482,182 


18-256,923 


15-761,869 
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TABLE IV., SHOWING THE V AT.UE OF AN ANNUITY ON A SIN6LB LLFK. 


Ages 
10 


3 per cent. 


4 per cent. 


6 per cent. 


Ages 
54 


S per cent. 


4 per cent. 


5 percent. 


24-148 


20077 


17-057 


12*462 


11*351 


10*396 


11 


23-995 


19-982 


16-998 


55 


12-094 


11043 


10135 


12 


23-814 


19-865 


16-919 


56 


11-724 


JL0731 


9*871 


13 


23-610 


19-728 


16-824 


67 


11-353 


10*417 


9*602 


14 


23-390 


19*578 


16*717 


68 


10-981 


10-100 


9*330 


15 


23-158 


19-417 


16*602 


69 


10-608 


.9-780 


9054 


16 


22-922 


19-252 


16*482 


60 


10-236 


9-459 


8*776 


17 


22-686 


19-087 


16-362 


61 


:9-866 


9-138 


8*497 


18 


22-458 


18-928 


16-248 


62 


9*498 


8-818 


8*217 


19 


22-243 


18-780 


16-142 


63 


9-134 


8-600 


7-938 


20 


22-043 


18-644 


16-047 


64 


J8774 


8-186 


7*65» 


21 


21-848 


18-513 


15-957 


65 


.8*418 


7-870 


7*381 


22 


21*656 


18-384 


15-868 


66 


8*064 


7*667 


7-102 


23 


21-460 


18-251 


15*776 


67 


7*712 


7*243 


6*821 


24 


21-254 


18-110 


16*678 


68 


7-360 


6*928 


6*538 


25 


21-038 


17-961 


16-572 


69 


7007 


6*610 


6*251 


26 


20-814 


17-804 


16-460 


70 


6-657 


6*293 


6*968 


27 


20-582 


17-641 


16*342 


71 


6-311 


6-979 


6*676 


28 


20-347 


17-474 


15-221 


1 72 


5-976 


6*672 


6*395 


29 


20-109 


17-304 


16-097 


73 


6*663 


5-377 


6*123 


30 


19-867 


17-131 


14-971 


74 


6*348 


5-097 


4-866 


31 


19-623 


16-955 


14-842 


76 


5*061 


4-8S3 


4*622 


32 


19-373 


16-774 


14-708 


76 


4*782 


4-574 


4-382 


33 


19-117 


16-587 


14-570 


77 


4*512 


4.324 


4149 


34 


18-855 


16-395 


14-4?6 


78 


4*249 


4-079 


3-921 


35 


18-587 


16197 


14-277 


79 


3-992 


3-838 


3-695 


36 


18-314 


16*994 


14-124 


80 


3-742 


3-604 


3-476 


37 


18037 


15-786 


13-966 


»l 


3-507 


3-382 


3-266 


38 


17*756 


15-575 


13-805 


82 


3*290 


3-178 


3*073 


39 


17-469 


15-358 


13-638 


83 


3*089 


2-989 


2:894 


40 


17176 


15135 


13*466 


84 


2*908 


2:818 


2*732 


41 


16-876 


14-904 


13-287 


86 


2-73J9 


2-658 


2*581 


42 


16-566 


14*664 


13099 


86 


2-570 


2-498 


2*430 


43 


16-248 


14*417 


12-903 


87 


2-393 


2*330 


2*270 


44 


15-924 


14*162 


12-701 


88 


2-206 


2*152 


2*100 


45 


15-594 


13*901 


12-491 


89 


1*987 


1-942 


1*898 


46 


15-260 


13-635 


12-278 


90 


1*740 


1-704 


1*669 


47 


14-923 


13-366 


12-061 


91 


1-487 


1-459 


1*432 


48 


14-585 


13-094 


11*840 


92 


1*229 


1*208 


1*188 


49 


14-242 


12-817 


11*614 


93 


•951 


•937 


*924 


50 


13-896 


12-636 


11*383 


94 


•677 


•668 


•660 


51 


13*545 


12-249 


11*146 


95 


•415 


•4U 


•406 


52 


13*188 


11*955 


10-902 


96 


•178 


•177 


•176 


53 


12-826 


11*655 


10-651 


97 


*000 


•000 


•000 



?ABLE v., SHOWING THE PRESENT VALUE OF AN ANNUITY 01 
£1 ON THE JOINT CONTINUANCE OF TWO LIVES. 



Ageg 



3 per cent. 



10 



15 



SO 



85 



30 



10 
15 
20 
25 
30 
35 
40 
45 
£0 
65 
60 
65 
76 
75 
80 



4 per cent. 



15 
20 
25 
80 
35 
40 
45 
60 
■55 
60 
65 
70 
75 
80 



20 
25 
80 
85 
40 
45 
50 
55 
60 
65 
70 
75 
80 



25 
30 
36 
40 
46 
50 
55 
60 
65 
70 
75 
80 



35 
40 
45 
50 
65 
60 
65 
70 
75 
80 



21-008 

20-405 

19-658 

18-979 

18-122 

17133 

15-991 

14-657 

13-180 

11-568 

9-867 

8-171 

6-500 

4-9^ 

3-686 



19-866 

19-187 

18-671 

17-774 

16:841 

15'760 

14-462 

13-027 

11-452 

9-784 

8-116 

6-468 

4-950 

3-680 



18 582 

18-039 

17-315 

16-451 

15-424 

14194 

12-809 

11-279 

9-650 

8-015 

6-394 

4-899 

3-646 



17-670 

16-926 

16-139 

15-182 

14-013 

12:JS79 

11^89 

9-590 

7-977 

6-3f73 

4-888 

3-640 



16-373 

16-681 

14-816 

13-731 

12-469 

11:038 

9-486 

7HK)7 

6-328 

4-860 

3-623 



17-866 

17-435 

16-888 

16-411 

15-786 

15-051 

14-181 

18-130 

11-934 

10-691 

9-135 

7:649 

6-160 

,4-744 

3-561 



17-044 

16-639 

16-101 

15-616 

14-819 

18-985 

12-968 

11-806 

10-492 

9-063 

7-601 

.6-121 

4-780 

8-646 



16081 

16-689 

16163 

14-604 

13-714 

12-740 

11-616 

10-338 

8-942 

'7*608 

6053 

4-6^2 

3-613 



^6-346 

14^62 

U-266 

13-624 

12-695 

.11-608 

10-262 

8^890 

7-475 

6*033 

4-671 

8-608 



14-440 

13*908 

13-232 

12-366 

11-332 

10-132 

8798 

^-412 

5-992 

4-645 

3-492 



Ages 



35 



40 



«6 



50 



55 



60 



65 



80 



35 
40 
45 
50 
65 
60 
65 
70 
75 
80 



3 per cent. 



40 
46 
50 
55 
60 
66 
70 
75 
80 



45 
50 
55 
60 
66 
70 
75 
80 



60 
65 
60 
65 
70 
75 
80 



65 
60 
65 
70 
75 
80 



60 
66 
70 
75 

80 



65 
70 
75 
80 



80 



16-096 

14-341 

13-363 

12-195 

10-844 

9-364 

7-821 

6-274 

4-828 

3-605 



4 per cent. 



13-710 

12-862 

11-818 

10-573 

9171 

7-703 

6203 

4-787 

3-582 



12-162 
11-269 
10-166 
8-886 
7-515 
6-086 
4-717 
3-643 



10-643 
9-611 
8-486 
7-246 
5-915 
4-615 
3-484 



8-868 
7-931 
6-866 
5-663 
4-462 
3-395 



7-199 
6-321 
5-301 
4-233 
3-258 



6-652 
4-831 
3-927 
3-069 



Q 3 



2-049 



13-450 

12-854 

12064 

11-104 

9-967 

8-683 

7-335 

5-944 

4-616 

3-475 



12-348 
11-656 
10-789 
9-737 
8-624 
7-230 
6-879 
4-578 
3-463 



11-076 
10-327 
9-387 
8-275 
7-062 
5-772 
4-613 
3-416 



9-710 
8-908 
7-924 
6-820 
6-617 
4-419 
3-361 



8-260 
7-433 
6-471 
5-387 
4-276 
3-277 



6-779 
5-987 
6-065 
4-064 
3-148 



5-377 
4-621 
3-778 
2-969 



70 


70 
75 
80 


4-223 
3-610 
2-801 


4-056 
3-387 
2-716 


75 


75 
80 


2-988 
2-442 


2-893 
2-374 



1-997 
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ANSWERS TO EXERCISES. 

' NUMERATION. 

Ezer. 1. Twenty-four. 2. One hnndred and forty-four. 3. 
Three hundred and sixty-five. 4. One thousand. 5. One thou- 
sand, seven hundred and twenty-eight. 6. Two thousand, two 
hundred and forty. 7. Nine thousand, seven hundred and ninety. 
8. Thirty-seven thousand, and forty-eight. 9. Thirty thousand and 
nine. 10. Four millions, fifty-five thousand, and seventy. 11. 
Three hundred thousand, four hundred and five. 12. Seventy-nine 
millions, five hxmdred and three thousand, and forty-six. 13. E^ht 
hundred millions, five hundred and sixty thousand, and eighty. 1 4. 
Fifty-fieven millions, two hundred and ninety thousand. 15. Six 
hundred and eighty millions, and forty-two. 16. Ninety-three 
millions, ninety thousand, and ninety-three. 17. One hundred and 
thirteen thousand, three hundred and fifty-five. 18. Seven hundred 
and eighty-five thousand, three hundred and ninety-eight. 19. Seven 
millions, thirty thousand, four hundred and sixty-two. 20. Twenty- 
four millions, nine hundred and two thousand, four hundred and 
ninety. 21.'*' Nine billions, three millions, eight thousand and five. 
22.* One hundred billions, and one thousand. 23.* Sixty billions, 
six hxmdred and sixty millions, six hundred and seven thousand, and 
seven. 24.* One trillion, twenty billions, three hundred and four 
millions, fifty thousand, six hundred and seven. 25.'*' Nine hundred 
and ten billions, one hundred and ten millions, one hundred and 
twenty thousand, three hundred and one. 26.* Two hundred 
billions, thirty millions, forty thousand, five hundred and thirty- 
eight. 27.* Eight hundred and twenty trillions, seven hundred and 
sixty billions, five millions, one hundred and ninety-two thousand, 
six hundred and forty-five. 28.* Ten trillions^ ten billions, one 
million, one hundred. 29.* Forty trillions, five hundred and six 
billions, seventy millions, eighty-nine thousand. 30.* Seven hun- 
dred and ninety-four quadrillions, six hundred and twenty-eight 
trillions, nine hundred billions, six hundred and forty millions, thirty 
thousand, and four. 

-* * According to tTie common Notation r 

Exer. 21. Nine thonsand and three millions, eight thousand and fiTe. 22. One 
4iundred thousand millions, and one thousand. 23. Sixty thousand six hundred 
and sixty millions, six hundred and seven thousand, and seven. 24. One billion, 
twenty thousand three hundred and four millions, fifty thousand, six hundred 
and seven. 25. Nine himdred and ten thousand, one hundred and t^i millions, 
one hundred and twenty thousand, three hundred end one. 26. Two hundred 
thousand and thirty millions, forty thousand, five hundred and thirty-efght. 27. 
Eight hundred and twenty billions, seven hundred and sixty thousand and five 
millions, one hundred and ninety-two thousand, six hundred and forty-five. 28. 
Ten billions, ten thousand and one millions, one hundred. 29. Forty billions, 
five hundred and six thonsand and seventy millions, eighty-nine thousand. 
80. Seven hundred and ninety-four thousand six hundred and twenty-eight 
billions, nine hundred thousand six hundred and forty millions, thirty thousand 
and four. 
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NOTATION. 




Ex. 


1. 


52 


Kt 


. 8. 3008 Ex. 15. 


11002000 




2. 


300 




9. 5070 16. 


110020000 




3. 


504 




10. 4504 17. 


1050000 




4. 


1024 




11. 20084 18. 


1000200000* 




6. 


2000 




12. 650090 19. 


70000010088* 




6. 


1815 




18. 7007010 20. 


900068000020* 




7. 


7854 




14. 64000300 





21. 35500000, 66300000, 91600000. 140000000, 

476000000, 874000000, 1760000000, 2750000000. 

SIMPLE ADDITION. 





Ex. 1. 21655 




Ex. 11. 463140294 






2. 206343 




12. 444470727 






3. 1508939 




13. 10867114613 






4. 1383458 




14. 96840996 






5. 21225092 




16. 207306 








6. 904388 




16. In 181^ 


) or 182C 


) 




7. 121888988 




17. Tn 139? 


\ 






8. 27457989 




18. 36633 miles. 






9. 86171735 












10. 20967446 












SIMPLE SUBTRACTION. 






Ex. 1. 


13031 Ex. 


14. 


89998999 Ex. 21. 


1253 


273 


2. 


15708 


16. 


28 yards 


884 


261 


3. 


17368 


16. 


2997000 


779 


232 


4. 


32131 


17. 


164 galbiig 


660 


221 


5. 


590731 


18. 


299997 


622 


189 


6. 


8285367 


19. 


78 years 


584 


74 


7. 


3209877 


20. 


6720 iofi^t 


645 


70 


8. 


763544529 






463 


60 


9. 


10101001 






435 


46 


10. 


333232333 






425 


37" 


11. 


7468063687 






422 


29 


12. 


327504427 






383 


20 


13. 


99579930 






332 
287 
286 
284 


16 

10 

9 

1 




* According to (he common Ifotation : 








Ex. 


18. 
19. 


1000000200000 
70000000010088 










20. 


900000068000030 




1 
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ANSWERS TO EXERCISES, 



SIMPLE MULTIPLICATION. 



Ex. 1. 432 

2. 3180 

3. 3645 

4. 5616 

5. 11193 



Ex. 6. 1000 

7. 27414 

8. 80388 

9. 20748 
10. 18160 



Ex. 11. 1615040 

12. 161504000 

13. 573440000 

14. 7068600 

15. 49152000 



Ex. 1. 156950 

2. 457441J 

3. 8531961 



SIMPLE DIVISION. 

Ex. 4. 6303411 

5. 10236481 

6. 34324161 



Ex. 7. 82882021 



8. 4840788^ 

9. 4106265ft 



COMPOUND ADDITION. 



j£ 8. d» 



Ex. 1. 


3852 15 


10 


2. 


36 12 


if 


3. 


21849 18 


4. 


48 


5. 


2431 9 


6. 


3765 15 


7. 


1478 13 


8. 


13512 6 


9 


9. 


1503 4 


6J 


10. 


10 4 


6 


11. 


2204 10 


4| 


12. 


313 12 


61 


13. 


615 1 


1 


14. 


4488 5 


7k 



£ 8. d. 
Ex. 15.' 2162 14 OJ 

16. 3555 12 .81 

17. 4600 6 4 

18. 224 cwt. 1 qr. 11 lbs. 

19. 97 R>s. 1 oz. 15 drs. 
^0. 383 tons, 8 cwt. 

21. M2 lbs. 

22. ^52 cwt. q. 6 lbs. 

23. 579 cwt. 3 q. 9 lbs. 

24. 306 t. 12 c. 2 q. 17 lbs. 

25. 489 a. 1 r. 23 p, 

26. 1115 a. 1 r. 12 p. 

27. 42 ft. 2 in. 

28. 219° 32'. 



COMPOUND SUBTRACTION. 



£ s. d, 

Ex. 1. 10 « 6| 

2. 451 1 9| 

3. 103 14 7 

4. 263 12 7| 

5. 7 2 4| 

6. 98 17 3 

7. 2 19 5 

8. 2 13 

c. q. lbs. 

9. 4 18 

10. 5 1 11 

11. 25 2 15 

12. 9 t. 14 3 14 

£ s. d, 

13. 7 

14. 11 



Ex. 16. 


6° bf ^ 




2 39 43 




1 52 24 




2 34 44 




3 58 26 


16. 


57 45 


17. 


22 3 15 


18. 


1 16 <) 




d. h. m. 


19. 


136 17 33 




140 13 26 




321 17 22 




3645 14 31 




6426 15 15 




19927 14 25 
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COMPOUND MULTIPLICATIOl^r. 

£ s, d, 

Ex. 1. 7 9 7 

2. 6 13 2i 

Z. 3 15 9 

4. 7 11 8 

5. 22 Id IJ 

6. 7 19 3 

COMPOUND DiyiSJON. 

£ «. d. Rem, £ s. d. Rem. 

Ex. 1. 5 5 lOj Ex. 7. !$ 5L..ld 

2. 18 10|...K fi. 13 l|..-JdL 





£ 8. 


d. 


Ex. 7. 


23 10 





8. 


60 





9. 


7 18 


6i 


10. 


103 4 


4 


11. 


47 15 


6 


12. 


21 19 






9. IQ 3 



8. 1 1 6l..id. 

4. 1 17 10|...|<?. 10. 1 13 5i 

5. 1 8 0|...l<f. 11. 3 4 

«. 5 7i...l(«. 12. 2 l6i...i<i. 
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NOTE. 

On Homei'a Method of Resolving EquaMona. 

Thb roles for the extraction of roots given in pa^s 260 and 264 * 
are only particular applications of the general method of resolving 
algebraic equations, discovered by the late Mr. Homer of Bath. As 
that method — the best by far that has been given for the purpose- 
is but little known, the following brief article may not be unaccept- 
able to some mathematical readers, especially those who may not 
have time to study the subject at greater length. 

The rules for evolution, abeady referred to, will serve equally for 
the resolution of numerical equations, if the columns, instead of 
being headed with ciphers, be headed with the coefficients of the 
given equation. Thus, if it be required to resolve the equation, 

j:* + 3a?*+2«=71, or** + 3x« + 2ar-71 = 0,t 

the work will be as follows, one of the roots being found by trial to 
lie between 3 and 4 ; — 



3 
3 


2 
18 


-71(3-2213072, answ, 
60 


6 
3 


20 
27 


-1 1000 
9888 


9 
3 


4700 
244 


-1112000 
1043448 


120 
2 


4944 
248 


-68552 
52438 


122 
2 


519200 
2524 


-16114 
15735 


124 
2 


521724 
2528 


-379 
367 


1260 
2 


524252 
13- 


-12 
10 


1262 
2 


52438 
13 


-2 


1264 
2 


52451 

• • • • 




1266 

• • 







* The common method of extracting the square root (page 356) is also, vir- 
taally, a case of the same general method. 

t For obtaining uniformity in the process, it is better to have all the signifi- 
cant terms in the same member, and then to take as headings for the oolmnns in 
the work the various numbers, with their respective signs. In that case, all the 
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If the equation to be resolved were x* + 5x^ 50, or, which is equi- 
valent, ar* + 0x'+5jp— 50 = 0, the headings would be 0, 5, and —50; 
while, if it were x* + 6a^ = 50, or «• + 5x^ + Ojp — 50 — 0, they would 
be 5, 0, and — 50. If, a^in, the equation were «•— 7d^— 3jr— 6 — 0, 
the headings would be —7, ~ 3, and —6. 

As another example, let it be required to resolve the equation, 
ar* + a^— 29dp'— 27x— .6 = 0. A few trials will show, that one value 
of X lies bf'-.«reen 5 and Q-; .the substitution of 5 for x giving 
5* + 5»-29x 5^-27x5-6, or -116, instead of 0; while the suV 
stitution of 6 gives, instead of 0, 6* + 6*- 29 x 6* - 27 x 6 - 6, or 300 : 
and these results having cipposite signs, at least one value of x must 
lie between 5 and 6.* Of this valtie, therefore, the first figure is 5 ; 
and the work will be as follows :-^ 



1 

5 
6 
5 

11 
5 


-29 

30 

1 
55 

56 
80 


-27 
5 

-22 
280 

258000 
42717 


- 6(5*372282, AMW. 
-110 

-1160000 
902151 

-257849 
249459 


16 
5 


13600 
639 


300717 
44661 


-8390 
7354 


210 
3 


14239 
648 


345378 
1099- 


-1036 
736 


213 
3 


14887 
657 


S5637 
1106 


-800 
294 


216 
3 


1554^ 
1- 


36743 
3 


-6 
7 


219 
3 


157 
1 


3677 
3 




222 

• 


158 
1 

159 

• 


3680 

• • 





prodnots by each figoreeCiSniKW^ most be ad(M, in the al^tfftraie sense; thongh 

when the signs are different, the process comes to be $tibtra4:tion in l^e arith- 

metieal sense. Thus, in adding -60 and —71, we get —11, as the algebraic som. 

It may also be remarked, that, in this example, —71 may be rogarded as the 

tcoefBcient of 4f , which is eqtdTalant to 1. 

* Snoh trials are effected most easily by employing the same sort of process, 

as that which is used stt the commencement of the work for finding the root. 

Thus, 

1 -29 -27 -6(6 

6 30 J -lip 

6 1 -M -116 



Also, 1 


-39 


-S7 


-6(6 


6 


48 


78 


806 


7 


18 


51 


800 



Here, the last results, —116 and 800, are the samA as those found by the other 
method. 
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RESOLUTION OF EQUATIONS. 



By farther trial, it would be found, that another of the roots lies 
between — 5 and — 6, and the work for finding it will be as follows : — 



1 

-6 


-29 
20 


-27 
45 


-6(- 5*449489 
-90 


-4 
-5 


-9 
45 


18 
-180 


-960000 
830016 


-9 
-6 


36 
70 


- 162000 
-45504 


-129984 
104568 


-14 
-6 


10600 
776 


-207504 
-48672 


-25416 
24102 


-190 
-4 


11376 
792 


-256176 
-524- 


-1314 
1076 


-194 
-4 


12168 
808 


-26142 
-524 


-238 
215 


-198 
-4 


12976 


-26666 
-12r 


-23 
24 


-202 
-4 


131 

• 


-2678 
-11 





-206 



-2689 



The former of these two rqots should be 5*^722813, and the 
latter —6*4494897; so that, by short and easy operations, they 
have both been determined with much accuracy : .and by postponing 
sufficiently the commencement of the contracted part of th^ process, 
any assigned degree of accuracy wha^ver might be attained. It 
would be found in a similar manner, that the two remaining roots 
are -0*3722813 and -0'5505103.* 

To illustrate the principle of this method in a familiar manner, 
let us assume the equation, 

ar' + ax' + 6x + c=0 (1); 



* The mathematical reader will recollect, that after finding tiie first root, we 
might divide ar*+x»-29a:»-27ar-6 by a:-6*372282 ; and that^ by patting the 
quotient equal to we Bhonld have a cubic equation, the three joots of which 
would be the remaining roots of the given equation : and again, that after one 
€ft the roots of that cubic equation was computed, a similar divisi<Hi would give a 
quadratic equation, the roots of which would .be the two xiemaining roots oi the 
original equation. 

The division by a:— 5*872262 is most easily effected by a process of exactly the 
same natiu-e, as that employed in the first line of any of the operations for finding 
roots ; the sole difference being, that d'372282 is employed, iastead of a singlei 
figure. The work is as follows :— 



5-372282 
6-372282 



-29 
34-233696 

5'2336U6 



27 

281H891 
1-116891 



-6(6-372282 
6-000253 

0-000253 



In this process 34-233696 is the product of 5-372282 and 6-872282 ; 28*116891, that 
of 5-372282 and 5*233696 ; and 6*000253, that of 5*872282 and 1-116891. Were 
5*372282 the exact root, there would be no remainder. The smallness, however, 
of the remainder, 0*000253, shows, that 5-872282 must be a near approzimation to 
one of the roots. Employing the first three numbers now obtained, we find that 
the cubic equation above referred to, is x'+6'372282j;'+5-233696ar+l*116891=0. 
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and let us suppose that r is a part of the value of x (the first figure 
in the present case). Let also d/ be the remaining part of x so that 
xssr + a/. Hence, 

jr2=r« + 2rar' + ar^, andar'^r' + Sr^y + Srx^ + ar"; 

the substitution of which in equation (1) gives 

r* + 3r*a/ + 3ra?'2 + ir" + ar' + 2ary + aar^ + ^ + ftj?' + c = 0, or 
j/* + (3r + a)a?^ + (3r* + 2ar + 6)4/ + r* + ar» + ftr + c « 0. . .(2) * 

The resolution of this equation would give the value of a/, the part 
of X still to be found : and the following process will show, that the 
coefficients of equation (2) will be obtained by applying Homer^s 
process to those of equation (1) : — 



a 
r 


b 

r^+ ar 


f* + ar» + br 


r + a 

r 


r*+ ar + b 
2r*4- nr 


t* + ar^ + br+o 


2r + a 
r 


3r« + 2ar+ft 





Zr + a 

Here we add r in the first column. Then, multiplying the sum, r + a, 
by r, we write the result, r* + ar, in the second column. Hence, by 
addition we get r^M-arA-b ; the product of which by r is set in the 
third column, and added to c. Then, returning to the first column, 
we add, multiply, &c., according to Homer's process ; and the final 
results turn out to be the same ,^,s the coefficients of af^, or', and x^, 
in equation (2): and a like illustration may be^ven in every case. 

If wo now put, for simplicity and brevity, €tf, If, (K,. to denote the 
three results just found, equation (2) becomes 

a^ + a'x^ + b^x' + </^0 (3). 

This equation e;sactly .resembles equati<»i (1); .and therefore, if the 
first figure in the Talueof j/, which is plainly the second figure in 
that of a:, be denoted by /, and the remaining part of the value by 
a/', so that j/ « / + j:", an equation of the form 

would be obtained by the usual process. From this, in a similar 
manner, the first figure of the value of x", or a third in that of x, 
would be found : and thus the process might be continued, till there 
should be no remainder, or till as many figures were computed, as 
sbould be cpnsidered necessary. 

^, ^ ■ . - — - ■ .1 ■ ■ ■■ ■ ^ ■■■ ■—.,■■»■ ■ , ■■■■■ » 

* It will readily appear to the mathematical reader, that in this and every 
similar equation found by changing x into x'+r^ the coefficients of the powers 
of x' tak«n in reversed order, are the same as the first member of the original 
equation, its first differential coefficient divided by 1, its second divided by 
1 X 2, its third by 1 x 2 x 3, &c., x being changed into r in each of them. 
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From (3), by transposing <?', and dividing by «"+«'«'+&', we get 

x^ + a'x' + b" 
which, whea ^ is small, becomes nearly 

I 

and hence we see the reason of dividing the number in the last 
column by the one in the column before it, with the contrary sigQ, 
to find the fig^e to be tried as the next figure of the root. 

The principle of the method of contraction, which is evidently of 
great importance, will be easily understood by those who are ac- 
quainted with the contracted method of division in decimal fractions. 
It may be illustrated by working an example at fall length, and 
then cuttiug off the i^uperfluous figures. The annexing of one cipher 
in the first column, two in the second, &e., has the advantage of pre- 
venting all necessity of employing the 8ef>aratiqg point for deeimals, 
and of considering its position, except in the root, where it is to be 

E laced, as soon as all the periods of whole numbers in the number 
eading the last column, have been employed. 

As the extraction «of the cube root is evidently a particular case 
of the general method, its explanation is contained in what is ^ven 
above. It will be the same, in fact, if a and h be taken each equal 
to nothing, and e negative in equations (1) and (2). 

It may be remarked, that this method of extracting the cube 
root is, in substance, the same as that which is given in most of the 
books on arithmetic. The mode qf operating^ however, is in some 
decree changed for the purpose of rendering the process more simple 
and easy. When presented thus, too, it forms an easy And an appro- 
priate introduction to the method of resolving equations, above 
illustrated. 

It may also be remarked in conclusion, that in addition to the 
one important method of contraction which has been given in what 
precedes, various other abbreviations in the arithmetical processes 
will readily suggest themselves to the intelli^nt reader. Few of 
these, however, will be found to be of much value ; as, in most 
instances, they do little more than shorten the process to the eye, 
without abridging the mental labour. 

The experienced algebraist wiil pffe&r the foikrwing investi- 
gation of this method of solution. 

Let ar»+/>,««-i+^2^"*+...+p^=0, be the equation to be re- 
solved ; and let the first member be represented by fx. Now, by 
the theory of equations, if r be a root of /r= 0,/x will be divisible 
by or— r. Let r not be a root, however, and in that case, there will 
be a remainder, so that 

fx H 

J- — «/,«+ — L. ; and, consequently, /d?«B/,4r(«—r) + E,...(l): 
X — T J?— r 
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"where fyX is an expression of the (»— l)th degree in x^ such as 
jp»-i + jj'jar«-» + &c. In a similar manner we abonld get 

/,««/^.(x-r) + E2 (2). 

/2J?«/^.(ar-r) + R, (3), 



where /jJT, /,«, iand/^_jjr are expressions of the (n— 2)th, 

(»— 3)th, , and 1st orders, while R„ R^, , and R^_, are 

mere numbers. Now, since the coefficient of x" in fx is unity, it 
follows frwM. the nature of division, that the coefficients of the 
highest powers of x in the expressions, /,a:, /^, , and/ _jJ?, 

are each unity. Hence, f^^-^x must be of the form jr + A ; and there* 
fore we have 

;r— r x—r x—r x—r 

whence f^^^x '^X'-r + R^ (n). 

By substituting this value oif^_^x in equation (»— 1), we obtain 

By substituting this in equation ^i>— 2), we find 

/,_,«=(«-')• + R,(«-r)'+ R,.,(«-r) + E^, : 

and, by similar substitutions, we should at length get 
/r-(a?-r)»+R^(a?-r)»-i + R^.j(x-r)»»-«+ + R, (a). 

Now, if r be the first figure of a root, and y the rest of the same 
root, so that xmr + xf, and consequently *«— r=:a/, equation (a) 
becomes /r=s 

ar"» + R^x'«-» + R^.ja:^-«+ -1-R2a?'+R,*=0 (ft). 

If we now represent the ;first figure of the value of a/ by r', and the 
rest of it by or", the value of a?" would be found from the equation, 

«"* + R' a?"«-i + + R', - ; 

where R'^ ^'n-r » ^^ ^""'^^ ^ found from the first menjber 

of (A), in the same manner as R^^, R^.j, &c., were found from fx. 
This process may be continued as far as we please, and the numbers, 
r, /, r", &e., are the first, second, third, &c., figures of the required 
root. 

To find /jX, /yT, &c., by a simpler and more convenient form of 
division, than that which is ordinarily employed, let us assume 

fix^x^'^ +p',a:»-»+y^-» + +y»_i • 
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then from (1), we have 



or, by actual multiplicatioii, 



— r 









jr + R, 



From this, by equating the coefficients of the like powers of «, and 
transposing, we get 

y, =i>, + r, /,=!>, + rp'„ ......y^.i ^i'j,-; + »?'..,. 

Hence we have the foLLowing form of the division by jr— r: 
i'l Vt Pt P,-! Pj^r 

/l ^2 P'. K-l ^ 

By operating in a similar manner on all the quantities thus found, 
except Rj, we should obtain the coefficients c^ f^y and the second 
remainder, , R, ; and by a continuation of the process, all the re- 
mainders, R„ &c., would be found : and these being the coefficients 
of equation (6), that equation becomes known. Now, the various 
steps in the operation by Horner's process are nothing else than the 
steps in the divisions by jr— r, j:' — /, &c., in the manner just shown, 
the coefficients * alone being employed : and hence, as it would be 

* The method of detached co^fieientSt that is, the usiiig of the coefficients 
alone, without the quantities to which they belong, may be employed, in many 
instances, with much advantage. Thus, for example, if it were xequired to 
multiply Sx"- 5x+4 by Sar'+ir*- 10, the work woold stand aa follows i— 
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-6 
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-10 
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-10 


8 
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-6 

-30 


4 




50 -40 



6 3 -10' -27 4 fiO -40* 

or (tet+8a:*— lOar*— 27d:*+4a:*+ 60a:— 40, by supplying the powers of x. 

In like manner, to divide 2x*— 5ar"+6ar*— 2x*+&«r"+3 by a:*— 2a;+8, we may 
write the coefficients cS. the dividend in succession, and after them the coefficients 
of the divisor, omitting the first as being 1, and changing the signs of the rest, 
which change converts subtraction into addition throughout tiie operation. 
Then the work will stand thus :— 

8-56-250 8(2 -8 
J _6 3 6 9 -U 

_1 -2 -4 ■;:;6 10 -12 

-2 -8 19 
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shown from equation (6), that the value of the figure r* would be 
estimated by dividing — E, by Bg* just as the same was shown from 
equation (3> in the former illustration, the truth of Horner's method 
is established. 

Those who wish to study this subject more particularly, will 
find Mr. Horner's own papers regarding it in the " PhUosophical 
Transactions ''for 1819, and in the new series of Leyboum's " Mathe- 
matical Sepository," vol. v. They will also find the subject exten- 
sively and ably discussed, and much more simply and mtelligibly 
than by Homer himself, in Professor Young^s " Treatise on Alge- 
braical Equations*" 

The following exercises are subjoined for the use of those who 
may choose to gain practice by working them. 

Exer. 1.. Required the roots of the equation, «*— 12x + 25==0. 
Answ, 9*3166248, and 2'683a752. 

2. Find the roots of the equation, «• + or^ — 1 7a? + 10 = 0. Aiisw, 
3*2668179, 0*62567, and -4 8924879. 

3. Sesolve the equation, a?*— 7j? — 9 = 0. Answ, One root 
■■ 3*1409233. The other roots are imaginary. 

4. What are the roots of the equation, ar*— 4**— 20x*+36jr 
-11 = 0? Anm, 6-236068, 1-763932, -02679492, and - 3*7320608. 

6. Besolve the equation, ar* + 6ar* — 22ar* — 198.T — 243 = 0. Answ. 
5*6055513, and — 1*6055513. The rest of the roots are imaginary. 

6. Find the number which has the sum of its first, second, third, 
fourth, and fifth powers equal to 100. Answ, 2-239643. 



Henoe, by Bapplying the proper powers of x after 2, —1, —2, —8, 5, and 19, iK'e 
have for quotient, 2x*— x*— 2x*— 8^+5 ; and, for remainder, 19x— 12 : and, if it 
were wished, we could easily continue the process in the same manner, so as to 
obtain any number of terms in x with negative indices. It will be seen, that the 
division by x— r i];L Horner's method, proceeds on this principle. 
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School Songs for 2 and S Voices. 2Books, 8vo. ....................................each fid. 

Time and Tune in the Elementary School, crown 8vo 2t. fid. 

Exercises and Figures in the same, crown 8vo. It. or 2 Parts, fid. eadtu 
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Political and IKstarical Geography. 

Bnrlrary'B Mary's Geography, 18mo. 2«. 6d. ^^.^^^....^.^.^^..^ QneetlonB 
Butler'a Ancient and Modem Geography, post 8vo. 

— Sketch of Modem Geography, post 8vo 

— Mcetoh oA Ancient Geography, poet Svo 

HUey'B Ohild's First Geography, 18mo. ~.»..« •mm.m.m.m ~.m....m.m.>mm 

— Elementary Geography for Beginners, 18mo. ^.. ^.^..^...^^^ 

— Oompenditim of European G^graphy and History, 12mo .^^^^^ 

— Adatio, African, American and Australian Geograi^, ISmo 

Hnghee's Ohild's First Book of Geography, Itaio. » ...^.^.^.^^^^.^.^ 

— Geography of the British Empire, for Beginners. 18mo. ^^^ 

— General Geography, for Beginners, ISmo. 9d. Qnestions, 9d.| 
Hughes's Geography of British History, fcp. 8vo 

— Manual of Geography, with Six Ooloored Maps, fop. 8vo 

Or in Two Farts ;— 1. Europe, it. 6d. 11. Asia, Africa, Ameriea. ko,^.^^ 

Hughes's Manual of British Geography, fcp. Svo 

Johnston's Gompetitiye Geography of the World, post Svo. ...................... 

— — — British Isles, post Svo. ...^.^^ 

— — Elementary Geography, fop. 8vo. 
Keith Johnston's Gazetteer, or GNsographical Dictionary, 8to 
Iiupton's Examination-Papers in Geography, crown Svo. .. 
M'Leod's Geograptiy of Palestine or the Holy Land, ISmo. .^.^...... 

Mannder's Treasury of Geography, fcp. Svo. 

The Stopping-Stone to Geography, ISmo. ......................^.......^.^« 

BuUivan's, Geography Generalised, fcp. it, or with Maps, it. 6d. 

— * Introduction to Ancient and Modem Geography, ISmo. 



•■• ■•• •■« ■•• 



» ■■• •«• ••• 



»••••••»••••«#••••••#•••• 



It. 

7t.6d. 
it. 
it. 

9d. 
It. M. 
8«.ed. 

u, 

9d. 

5ff. 

7».6d. 

it. 
5s. 

It. 6d. 
1«. 3d. 
4it. 
It. 

If. 6ft. 
6t. 
It. 

It. 



Physical Geography and Geology, 

Ootta's Bodm Glassifled and Described, by Lawrence, poet Svo lit. 

Hughes's (B.) Outlinee of Physical Geography, 12mo. 8t. 6d. Questions. 6d. 

— (W.) Physical Geography for Beginners, ISmo It. 

Kdth's Treatise on the Use of the Globes, 12mo 6t. M. Key it.M. 

Maury's Physical Geography for Schools and General Headers, fcp. Svo i§. m. 

Niools's Puzsle of Life (Elementary Geology), crown Svo.. it.M. 

Pxoetor's Elementary Fhysioal Geography, fcp. Svo It. 6d. 

Woodward's Geology of England and Wales, crown Svo. lit. 



School Atlases and Maps, 

Butler's Atlas of Modem Geography, royal Svo lOt. M. 

— Junior Modem Atlas, comprising 12 Maps, royal Svo. it.6d, 

— Atlas of Ancient Geography, royal Svo 12«. 

— Junior Ancient Atlas, comprising 12 Maps, royal Sva 4«. M. 

<— Gtoneral Atlas, Modem ft Ancient, royal ito 22«. 

Public Schools Atlas of Ancient G^graphy. 25 entirely New Coloured Maps. 

imperial Svo. or imperial ito. 7t. 6d. cloth. 
Public Schools Atlas of Modem Geography. 81 entirely New Ooloured Maps. 

imperial Svo. or imperial 4to. bt. doth. 

Natural History and Botany, 

Tiindlef and Moore's Treasury of Botany. Two Parts, fcp. Svo 12t. 

Macalister's Systematic Zoology of Vertebrates. Svo lOt. 8d. 

Mannder's Treasury of Natural History, revised by Holdsworth, fcp. Svo. 6t. 
Owen's Natural History for Beginners, ISmo. Two Parts 90. each, or 1 vol. 2t. 

— Stepping-stone to Natural History. ISmo St.6d. 

Or in Two FHrtB.—I. Mammalia, it. n. Birdt, RepW^t, and FUhtt It. 
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*\.*^^V^./v^^-A.^^^. ' i^^ ^ 



Wood's Bible Animala, 8vo. ^.......14*. 

— Homea without Hands, 870. 14*. 

— Iiueots at Home, 8vo *........14«. 

— InsectB Abroad, 8vo lit, 

— Out of Doors, crown 8vo 7f. M, 

— Stranse DweUings, crown 8vo 7t. 6d. 



Chemistry and Telegraphy, 



Azmstronff's Organic Ohemistry, small 870 Sc. 6d 

Orookes's Select Methods in Chemical Analysis, crown 8vo. lit. 6d. 

Cnlley'B Practl(»l Telegraphy. 8to Ute. 

Ifillor'B Elements of Chemisti^* S vols. 8vo. 

Part I.— Chemical PhysicB, Sixth Edition, 18v. 

Part IX.— Inorganic Chemistry, Sixth Edition. 84*. 

Part m.— Organic Chonistry. Sixth Edition in the press. 

*- Introduction to Inorganic Chemistry, small 8vo 8». fid. 

Odling's Course of Practical Chemistry, for Medical Students, crown 8yo... 6«. 

Preeoe and Sivewright's Telegraphy, crown 8vo 8f.6d. 

Tate's Outlines of Experimental Chemistry, 18mo 9d. 

Thorpe's Qutfitltative Chemical Analysis, small 8vo 4*. fid. 

Thorpe and Muir's Qualitative Chemical Analysis, small Sro.......... 8«. fid. 

Tilden's Chemical Philosophy, small 8vo 3«. M. 

— Practical Chemistry, Principles of Qualitatiye Analysis, fcp. 8yo. 1«. 6c^. 

Natural Philosophy and Natiural Science. 

Bloxam's Metals, their Properties and Treatment, small 8yo. .~... .».......!.... S«. fid. 

Day's Numerical Examples in Heat, crown 8vo ^...^ It. fid. 

— Electrical ft Magnetic Measurement, Ifimo St. fid. 

Downing's Practical Hydraulics, Part 1. 8vo.«. ~. m..m... St. fid* 

Ganot's Physics, translated by Prof. B. Atkinson, large crown 870 ISs. 

— Natural Philosophy, translated by the same, crown 8vo 7«. fid. 

Gore's Art of Scientific Discovery, crown 8vo 15t. 

Helmholti' Popular Lectures on Scientific Subjects, 8to. ...................^.....ISt. fid. 

Irying's Short Manual of Heat, small 8to St. fid. 

Jenldn's Eleatrioil7 ft Magnetism, small 8vo ^ St. fid. 

Maroef s Conversations on Natural Philoeophy,fcp.8vo 7«. fid. 

Maxwell's Theory of Heat, small 8vo St. fid. 

Merrifield's Natural Science Beading Books 

Tate's Light ft Heat, for the use of Beginners. 18mo 9d. 

— Hydrostatics. Hydraulics ft Pneumatics, 18mo 9d. 

— Electricil7i explained fortheuseof Begixmers,18mo 9d. 

— Magnetism, Voltaic Electricil7 ft Electro-Dynamics, 18mo. 9d. 

Tyndall's Lesson in Electrici^, with 68 Woodcuts, crown 8vo. ................. St. fid. 

— Notes of Lectures on Electricitgr, It. sewed. It. fid. doth. 

— Notes of Lectures on Light, It. sewed. It. fid. doth. 

Weinhold's Introduction to Experimental Physics, 8vo Sl«. fid. 



Text-Books of Science, Mechanical and Physical. 



Abney's Treatise on Photography, small 8vo. . 
Anderson's (Sir John) Strength of Materials... 

Armstrong's Organic Chemistry 

Bany's Bailway Appliances 

Bloxam's Metals t 

Goodeve's Elements of Mechanism , 

~~ Princdples of Mechanics 

Gore's Art of Electro-Metallurgy ^^ 

Griffin's Algebra and Trigonometry 



• ••« ••••••••• •••••• •••••• •••• 



St. fid. 
St. fid. 
St.fid. 
St. fid. 
St. fid. 
St.fid. 
St.fid. 
fit. 
St. fid. 
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JenUn's Eleotrioity and Magnetism ....^ 

liazwell'B Theory of Heat 

Merrifleld's Technical Arithmetio and MensHratbm 

Miller's Inorganic Ohemlstry » 

Preeoe ft Sivewright's Telegraphy » ^. 

Autley's Study of Books, a Text-Book of Petrology 

Sh^ey's Workshop Appliances 



••••••••••••••••■•••I 



• ••«»•••••■••■•■••■••■••••■••••••••••«•••••••••••■«••*•••• 99* #•• 



Thom6's Straotnral and Physiological Botany 

Thorpe's Quantitative Chemical Analysis 

Thorpe * Muir's QualltatiYe Analysis 

Tildcn'B Chemical Philosophy ^, 

Unwin's Elements of Machine Design 

Watson's Plane and Solid Geometry 



8«.6d. 

8«.6d. 

8s. 6d. 

4«.6d. 

8f.6d. 

8«. 

i»,M, 

8<.6d. 

Ito.ed. 

8«.6d. 

8f. 6d. 



The London Science Ckus-Books, Elementary Series* 



• ••• ••• ••• ••■ 



Astronomy* by B. S. Ball, LIi.D. F.B.S ~.~ 

Botany. Morphology and Physiology, by W. B. McNab. M.D ^. 

— the Classification of Plants, 1^ W. B. McNab. M.D. ...^....^ 

(Geometry. Congruent Figures, by O. Henrid, F.B.S. — 

Hydrostatics and Pneumatics, by P. Magnus, B.Sc. 1«. 6d. or with Answers 

Mechanics, by B. S.Bali, LIj.D. F.B.S. ». 

Practical Physics : Molecular Physics & Sound, by F. Guthrie, F.B.8 

Thermodynamics, by B. Wormell. MJL. D.Sc 

2k)ology of Vertebrate Animals, by A. McAUster, M.D „ 

Zoology of Inyertebrate Animals, by A. McAUster, M.D 



■ •••#•■••«••• 



l«.6d. 
U6d. 
U,M. 
lf.6d. 
U. 

1«. 6d. 
l«.6d. 
Is. 6d. 

is.ed. 



Mechanics and Mechanism, 

Barry's BaOway Appliances, small 8?o. Woodcuts.^ St. M. 

Goodfiye's Blements of Mechanism, small Svo. 8«. M, 

— Principles of Mechanics, small 8vo ^^^ St. 6d. 

Haughton's Animal Mechanics, 8yo ^ ...Sit. 

Magnus's Lessons in Elementary Mechanics, small 8?o. ^...^... St. 6d. 

Shelley's Workshop Appliances, small 8va Woodcuts St. 6d. 

Tate's Exercises on Mechanics and Natural Philosophy, 12mo St. Key St. 6d. 

— Mechanics and the Steam-Engine, for Beginners. 18mo 9d. 

Twisden's Introduction to Practical Mechanics, crown 8yo lOt. 6d. 

— First Lessons in Theoretical Mechanics, crown 8to. ^ St. 6d. 

Willis's PrindpleB of Mechanism, 8vo 18t. 

Engineering J Archttecturej && 

Anderson (Sir J.) on the Strength of Materials and Structores, small 8vo. St. M. 
Bourne's Treatise on the Steam-Bngine, 4to 4St. 

— Catechism of the Steam-Bngine, fcp. 8vo „.„ e«. 

— Becent Improvements in the Steam-Engine, fcp. Svo 6t. 

— Hai^book of the Steam-Engine, fop. Sro » 9t. 

Downlng's Blements of Practical Construction, Past I. 8to. Plates 14t. 

Falrbaim's Mills and Millwork, 1 vol. 8vo ^ 25t. 

•> Useful Information for Sbrgineers. S vols, crown Svo. Sit. M. 

Gwllt's BncydopflBdla of Architecture, 8?o 5St. 6d. 

Main and Brown's Marine Steam-Bngine, 8?o ISt. 6<t. 

— — Indicator ft Dyzuunometer, 870 4t.6d. 

— — Questions on the Steam-Engine, 8vo. ftt.6d. 

Mitchell's Stepping-Stone to Architecture. 18mo. Woodonts It. 
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Popular Astronomy and Navigation, 

BilnldeT'a Astronomy, by Btabbs ft Brnnnow, orowa 870 <te. 

Even's Navisration ft Great Girole Sailing, 18mo U. 

HerHohel's Outlinea of Afitronomy, Twelfth Edition, aqnare crown 8to 12$, 

Jeanfl'a Handbook for the Stars, royal Sro U, 9d. 

— Natrigation and Nautioal Astronomy, royal 8yo. Praetieal., 7«. Od. 
Part II. TheortUedl^ 7«. 6d. or the 2 Parts in 1 vol. price \U. 

Langhton's Nautical Soryeying, small 8vo ^^^..,^ te. 

Merrifleld's Magnetism ft Deviation of the Oompas8,18mo. U. 6d. 

Proctor's Lessons in Elementary Astronomy, fcp. 8vo U. 6d. 

— Library Star AUas.foUo 16«. 

— New Star Atlas for Schools, crown 8vo ^ fit. 

— Handbook for the Stars, sqnare fcp. 8vo St. 

The Stepping-Stone to Astronomy. ISmo. » 1«. 

Tate's Astronomy and the use of the Globes, for Beginners. ISmo gd. 

Animal Physiology and Preservation of HeaUh, 

Bray's Edncation of the Feelings, crownSvo ^ ^ 

— Physiology and the Laws of Health, Uth Thonsand, fcp. 8vo. ^ 

— Diagrams for Glass Teaching per pair 

Buckton's Food and Home Cookery, crown Svo ^ 

— Health in the Honse, crown Svo. ^ 

— Town ft Window Gardening, crown Svo - 

Harass Air and its Relations to Life, small Svo. 

Honse I Live In ; Stmctnre and Fonctions of the Hunan Body, ISmo. ... ... 

Hapother's Animal Physiology, l^no 



lc.6d. 
Si.ed. 

2«. 
U, 

6«. 

1«. 



Oenerai Knowledge and Chronology* 



OeooY% Events of England in Rhyme, sqnare Iflmo 

Slater's BmiUnUm Okronoloffiom, the Original Work, 12mo 

— — — improved by Miss Sewell. ISmo. ... 

Stepping-stone (The) to Knowledge. ISmo 

Second Series of the Stepping-Stone to General Knowledge, ISmo. 
Sterne's QoestionB on Generalities. Two Series, each 2«. Keys 



.each 



la. 

It.M. 

8t.6d. 

1«. 

1«. 



Mythology and Antiquities, 

Becker's CMUtw. Roman Scenes of the Time of Aogastns, post Svo 7<. 6d. 

— Charicln, illustrating the Private Life of the Ancient Greeks ... 7«. 6d. 

Ewald's Antiotdties of Israel, translated by Solly. Svo ^ 12t. 6d. 

Hort's New Pantheon. ISmo. with 17 Plates U. 6d, 

Rich's ninstrated Dictionary of Roman and Greek Antiquities, post Svo.... 7«. M. 

Biography, 

Gleig's Life of the Duke of Wellington, crown Svo 6«. 

Jones's Life of Sir Martin Frobisher, crown Svo 6<. 

Macaulay's Olive, annotated by H. 0. Bowen, MJL. fcp. Svo 2t. 6d. 

Maunder's Biographical Treasury, re-written by W. L. R. Oates, ,fcp. Svo. 6*. 
Stepping-Stone (The) to Biography. ISmo. U, 



Epochs of Modem History, 



Church's Beginning of the Middle Ages, fcp. Svo. Maps... 
Cordery's I^ndh Revolution to the Battle of Waterloo ... 
Cox's Crusades, fcp. Svo. Maps ......................................... 

Creighton's Age of Elizabeth, fcp. Svo. Maps... .. ,. .. 

Gairdner's Houses of Lancaster ft York, fcp. Svo. Maps. 



••• •«• ••••••••••••»••••••• 



In preparation, 
^ U. M 



■ »•« ••« ••« ••• ••« «•« ••« 



Gardiner's Thirty Tears' War, 1618-1648. fcp. Svo. Maps ............................. U.6d, 
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CtaTdlner'B First Two Stuarts and the Puritan Bevolution, f cp. 8vo. Maps St. 6d. 

Hale's Fall of the Stuarts, fcp. Svo. Maps ^.».^... .^^^^^.^^^^.. 2«. 6d. 

Johnson's Normans in Europe, fcp. 870. Mape................^....^...................*. 2t. <^. 

Ijongman's Frederick the Great and the 7 Tears' War .../« preparation. 

Ludlow's War of American Independenoe. fop. 8vo. Maps^............ S«. 6d. 

McCarthy's Epoch of Parliamentary Beform In preparation. 

Moberly's Early Tudors In preparation, 

Morris's Age of Anne, fcp. 8vo. Maps ...m.m.»....~.~.m.m....~.~.~.~.— 2t> 6d. 

— Early Hanoyerians ►. .,. In preparation 

Seebohm's Protestant Revolution, fcp. Svo. Maps^ ............................... 2f. 6<l. 

Stubbfl's Early Plantagents, fcp. 8vo. Maps «.....». 2#. 6d. 

— Empire under the House of Hohenstauf en In preparation, 

Warburton'B Edward the Third, fcp. 8yo. Maps ........................................ 2t.6(l. 



Epochs of English History, 



i«. 



Creighton's Shilling History of Englmd, Introductory, fcp. Sro..........^.... 

Browning's Modem Engluid, from 1880 to 1876 9d. 

Cordery's Struggle against Absolute Monarchy, 1008-1688, fcp. Maps 9(1. 

Oreighton's Engluid a Continental Power, 1066-1216, fcp. Maps 9d. 

— Tudors and the Beformation, 1485-1608, fcp. 8to. Maps 9d. 

Powell's Early England up to the Norman Conquest, fcp. 8yo. Maps 1«. 

Rowley's Bise of the People and Growth of Parliament. 1215-1485, fcp. Maps. 9d. 

— ■ Settlement of the Constitution, 1688-1778, fop. Maps - 9(1. 

Tanoock's England during the Bevolutionary Wars, 1778-1830. 9<l. 

Epochs of EngUsh History, complete in 1 vol. fcp.Svo. St. 



British History, 

Armitage's Childhood of the English Nation, fcp. 8to 

Bartle's Synopsis of English History, fop. 8to 

Cantlay'B English History Analysed, fcp. 8vo. ......... ... ... ... ... . 

Catechism of English History, edited by Miss Sewell. ISmo. 
Epochs of English History, edited by Greighton, fcp. 8yo. 



•••••••••«#••••• 



»••• •••**• ••• «•« 



lf.6d. 

8«.6(i. 

2t. 

l«.6d. 

5«. 



Gairdner's Bichard III. and Perkin Warbeck, crown 8to lOt. 6<i. 

Gleiff^s School History of England, abridged, 12mo 6f. 

~- First Book of History— England, 18mo. 2ff. or 2 Parts, 9d. each. 

— British Colonies, or Second Book of History. 18mo 1«. 

— British India, or Third Book of History, 18mo 94. 

— Historical Questions on the above Three Histories, 18mo 9d. 

LitUewood's Essentials of English History, fop. 8vo U, 

Lupton'B Examination-Papers in History, crown 8vo 1«. 

— English History, revised, crown 8vo 7«. 6(1. 

Macaulay's History of England, Student's Edition. 2 vols, crown 8vo 12«. 

Morris's Class-Book History of England, fcp. 8vo '. St. 6d. 

The Stopping-Stone to English History, 18mo It. 

The Stepplng-Stone to Irish History, 18mo. ...m.m.... •..^.m.m.^.mm. It. 

Turner's Ani^lyBia of English and French History, fcp. 8vo 2t. 6d. 



Epochs of Ancient History, 



• •••••••• •••••• v»«« 



••«•• •••••• • 



Beedy's Graoohi, Marius and SuUa, fcp. 8vo. Maps 

Capes's Age of the Antonlnes, fcp. 8vo. Maps 

— Early Boman Empire, fcp. 8vo. Maps 

Ooac's Athenian Empire, fcp. 8vo. Maps.. .. — . 

— Greeks * Persians, fcp. 8vo. Maps .....................~....~............. 

' Cnrteis's Bise of the Macedonian Empire, fcp. 8vo. Maps........... — 

Ihne's Bome to its Capture by the Gauls, fcp. 8vo.Maps....«...»....... 

Merivate's Boman Triumvirates, fcp. 8va Maps — 

Sankoy's Spartan and Theban Supremacies, fop. 8vo. Maps 



•••••••«••»• 



««•••« ••*•*•»•« 



■ »•••••••• 



•«•• ••• ••• 



2t.6d. 
2t.6d. 
2t.6d. 
2t.6d. 
St. 6(1. 
2t.6d. 
2t.6(l. 
2t.6d. 
2t.6(l. 
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History J Ancient and Modem, 

Browne's Histoiy of Greeoe, for BeglxmerB, 18mo 9d. 

— History of Borne, for BetrinnerB, ISmo 9d. 

Gleig'B History of France, 18mo » ^ It. 

lime's Roman History, Vols. I. to m. Svo 45t. 

Macleod's English Battles of the Peninsula, fcp. Svo 1*. 

Mangnall's Historical and Miscellaneoos Questions, 12mo 4f. 6d. 

Manndor'a Historical Treasury, with Index, fcp. Svo 6«. 

Merivale's History of the Romans under the Empire. 8 vols, post Svo 48«. 

— Fall of the Roman Republic, l2mo 7«. 6<i. 

— General History of Rome, crown Svo. Maps 7». M. 

Puller's School History of Rome, abridged from Merivale, fcp. Maps .. S». 6d. 

Rawlinson's Sixth Oriental Monarchy (the Parthians), Svo. Maps fto. .^...16». 

— Seventh Oriental Monarchy (the Sassanians) Svo. Maps ftc. ...88<. 
Bewell's Ancient History of Egypt, Assyria, and Babylonia, fop. Svo 69. 

— Catechism of Grecian History, ISmo «. 1«. Bd, 

— Child's First History of Rome, fcp. Svo S«. 6d. 

— First History of Greece, fcp. Svo 29. 6d, 

— Popular History of France, crown Svo. Maps .« .« ....~...~. 7». 6d. 

Smith's Cathage and the Cathaginians, crown Svo 10«. 6d. 

The Stepping-stone to Grecian History, ISmo It. 

The Stepping-Stone to Roman History, ISmo „ 1«. 

Taylor's Student's Manual of Ancient History, crown Svo 7«. 6d. 

<— Student's Manual of Modem History, crown Svo 7t. 6d. 

— Student's Manual of the History of India, crown Svo 7«. 6d. 

Turner's Analysis of the History of Greece, fcp. Svo 2«. 6d. 

— Analysis of Roman History, fcp. Svo ta, 6d. 

Scripture History ^ Moral and IteligiotAB Works. 

Ayre's Treasury of Bible Knowledge, fcp. Svo ., 6s. 

Boultbee's Commentary on the Thirty-Nine Articles, crown Svo. 6«. 

Browne's Exposition of the Thirty-Nine Articles, Svo 16«. 

Examination Questions on the above, fcp. Svo Ss. 6d. 

Gender's Handbook to the Bible, post Svo. Maps, &c .^.^ 7c. 6d. 

Oonybeare and Howson's Life and Epistles of St. Paul, 1 vol. crown Svo. ... 9». 

Drummond's Jewish Messiah, Svo ISc 

Gleig's Sacred History, or Fourth Book of History. ISmo. 2«. or 2 Parts, each 9(1. 
Ealisch's Bible Studies, Part I. the Prophecies of Balaam, Svo. 10«. 64. 

— — Part II. the Book of Jonah 10«.6d. 

Kalisch's Commentary on the Old Testament; with a New Translatioxu 

Vol. I. Genesis. Svo. 18«. or adapted for the General Reader, I2t. YoL II. 

Exodus, 16«. or adapted for the General Reader, ISt. Vol. III. 

Leviticus, Part I. Ihs. or adapted for the General Reader, 8«. Vol. IV. 

Leviticus, Part II. 15«. or adapted for the General Reader. 8«. 

Norrls's Cate<}hiBt's Manual, ISmo Is. 8d. 

Potts's Paley's Evidences and Horas PaulinsB, Svo 10s. 6d. 

Pnlliblank's Teacher's Handbook of the Bible, crown Svo. St. 6d. 

Riddle's Manual of Scripture History, fcp. Svo it. 

— Outlines of Scripture History, fcp. Svo 2t. M, 

Rogers's School and Children's Bible, crown Svo 2t. 

Rothschild's History and Literature of the Israelites, 2 vols, crown Svo 12t. 6d. 

— — — — — Abridged, fcp. 8vo«.. St. 6d. 

Sewell's Preparation for the Holy Communion, SSmo St. 

The Bteppin^-Stone to Bible Knowledge, ISmo It. 

Whately's Introductory Lessons on Christian Evidence, ISmo 6d. 

Mental and Moral Philosophy, and CivH Law* 

Amos's Fifty Tears of the British Constitution, crown Svo lOt. Sd. 

— Science of Jurisprudence, Svo ....M....lte. 

— "Bthnsit of English Constitution and Government, crown Svo. St. 
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GurdliMr^ nntTwo Otuarta mnd t^ PnritMi BtiolDUoDi fOp. Sto. Km U. M. 

Bals'i Fall Dt tbe Stnarts, tot>. Bn>. Uata ~ ..«~ tLM. 

Jolnuon'a DetBuni In Bnrope, foil. Sro. Huh _- It. *<>. 

Longmui'iTTednlek tb* Qnat and the 7 T«an' Var. J> fnsorcMm. 

lindloW«WarotAn«r)OMilBdCTienaeiiii«.fiip.*T0.1Iaji IlM. 

MoCuUiy'i Epodl ol ParUamniUiT BBlocm Inprtfaratlim. 

Moberi^'BBMljTiiaoni „ InfrtparaUm. 

Morria-.AKeof Anna. ton. Bto. MapB It.M. 

- Barlj HanoTorUM _ ^ImfiparaUim 

BeebohiD'H Pn>t«taiit Bevolntloti, fcp. Sto. F^fiM tMt id* 

Btubbs'H EuIt PlanUsenU, tap. 8rD. Uapa ... U.td, 



WarbiirMn'iKdwiitdtheTliltd,fcv.9yo. lUpa 

Epoch* of Ertgluh Hutory, 

Crdffhtod'c HMHInff Hlfttory of Bn^land. IntiodaatoTT, fcp. SrOr.... 

Brownlnff'H Hoden] Bnffluid. rrom tSBO to isro. .„._ _ 

Ondeir'a etmgils aisljiBt AbMlnte Mooamliy. isH-iess, fcp. Map 



XpoDlu of £DgU>li HlBloiy, ccropioteml ml. top. two. 

Sritiih Sittoty, 

AmltBBe'B Ohfliihood o( the EniUsh NhUoii, (op. b« ..— 

Battla'aarnopelBor Englis)! HiaUur. fop. Sto — .,. 

OaBlla7^EniU>bHlaiO(TAiialy>ed,Iap.BTo. 

OtacaiiiBi at EnElUh HlitiuT. edlt»d br Hta SeiHiII. ISmo, 
Epoolu ol Eofllib Slsiotj, edlud b7 Or^taum, lop. »n. _. 

Oalrdnar'a BlObaifl m. ana Perkln Warbotpk. nown iTD 

UlctK'i Bobool Bfrtocy of Encland. abridged, Ibno. — 

— Firvt BDOk of Hiatorr— Analaiid, Iflmo. ti. Dr > Farta, 

— Btitiflb OolonlH.or Second Book oFHiatoiT.lBixio.-..- 

— BnHih India, or Third Book ol HlatoT7. IRmo 

— HlaUriDal Qautloiu on tba aboTB Three Blitarlea, U 
UtUnmod'B&BsenUalaDtBiiEUabHlBtaTT.Iip.aTo 



14 General Lists of Scliool-Books 



Fowle's Ftnt Ea87QreekBeaclixiir-Book,12mo » Kt. 

— First Book of Homer's Hiad, 12mo. «. - 2#. 

Grant's Bthica of Aristotle, with Essays and Notes, 2 vols. Sro .'. 82*. 

Hewitt'B Greek Examination-Papers. 12mo. ...'. l«.6d. 

Isbister's Xenophon's Anabasis, Books I. o IIL with Ncraea, 12ino. St. M, 

Kennedj's Greek Grammar, 12mo — i«.6d. 

Liddelland Scott's Lar^rer Greek-Lezioon, crown 4to 86«. 

— — — Greek-Ibaglish Lexicon abridged, sgaare 12mo. 7t. fid. 

liinwood's Sophocles, Greek Text. Latin Notes. 4th Edition, 8yo 16t. 

— Theban Triology of Sophocles literally explained, crown 8vo. ... 7«. M. 
Mahaffy's History of Classical Greek Literature, 2 vols, crown Syo....Nearlp ready. 

Morris's Greek Liessons. sqiiarft 18mo Part I. i$. 6d, Part II. 1«. 

Parry's Elementary Greek Grammar, 12mo 8«. 6d. 

Sheppard and Eyans's Notes on Thnf^dides, oiown 8vo 7«. Sd. 

Thncydides' Peloponnesian War, translated by Crawley, 8to 10c. 6d. 

Valpy's Qteek Delectus, improved by the Ber. Dr. White, 12mo. 2«.6d. Key 2f. 6d. 

White's Xenophon's Expedition of Cyms. with English Notes, 12mo. 7«. Bd. 

Wilkina'B Mannal of Greek Prose Composition, crown 8vo 7«. 6<l. Key Sc 

— Exercises in Greek Prose Composition, crown 8to. ...4«. M, K^ it, 6d. 

— Progressive Greek Delectus, 12mo 4s, Key It, 6d. 

— Progressive Greek Anthology, 12mo 6t, 

— Scrlptores Attici, Excerpts with English Notes, crown 8vo 7«- 6d. 

— ' Speeches from Thui^dides translated, post 8vo St. 

WUliams's Nioomachean Ethics of Aristotle translated, crown 8vo 7t. 6d. 

Wrights Plato's PhtBdms, Lysis and Protagoras, translated, fcp. 8vo 4t. 6d. 

Yonge's Larger English-Greek Lexicon, ito ...............Sit. 

— English-Greek Lexicon abridged, square l&no...... St, 6d. 

Zeller's Plato and the Older Academy, by Alleyne ft Goodwin, cr. 8vo 18t. 

— Socrates, translated br Beichel. crown 8vo. lAt. 6d, 

—• Stoics, Epicureans, and Sceptics, by Beichel, crown 8vo ......ISt. 

Wliite's Qrammar-School Greek Texts^ 



JBsop (Fables) and PalsBphatus 

(Myths), 82mo Price It. 

Homer, Hiad, Book I................ It. 

Luoian, Select Dialogues It. 

Xenophon, Anabasis, Books I. IIL 

ft V. It. 6d. each ; Book II. It. 

The Four Gospels in Greek, with Greek-English Lexicon. Edited by John T. 

White, D.D.,Oxon. Square 32mo. price 5t. 



St. Matthew's and St. 'Luke's 
Gospels, 2t. 6d. each. 

St. Mark's and St. John's Gos- 
pels, If. 6d. each. 

The Acts of the Apostles 2t. 6d. 

St. Paul's Epistle to the Bo- 
mans M.... It. 6d. 



White's OrammarSchool Latin Texts, 



OtBsar, GaUio War, Books I. ft n. 

V. ftVI. i«. each. 
OsBsar, Gallic War, Books III. ft IV. 

9(2. each. 

Cicero, Cato Major It. 6d. 

Cicero, Laslius lt.6d. 

Eutropius, Boman History. 

Books I. ft II. It. Books III. 

ft IV. It. 
Horace, Odes, Book I. n. ft IV. 

It. each. 
Horace. Odes, Book III... It. 6d. 



Nepos, Miltiades, Cimon, Pan- 
sanias, Aristides Price M. 

Ovid, Selections from Epistles 
andFaeti it, 

Ovid, Select Myths from Meta- 
morphoses M. 

Phtedms, Select Easy Fables . . 9d. 

PhtBdrus. Fables, Book I. ft H. It. 

Sallnst, Bellum Catillnarium ... it. 6d. 

Virgil, Georgics, BoQklV it. 

Virgil, .Sneid, Books I. to VI. 
each \t. 



Livy, Books XXII. and XXm. The Latin Text with English Explanatory 
and Giwnmatical Noties, and a Vocabulary of Proper Names. Edited by | 
John T. White, D .D. Oxon. l2mo. price 2t. 6d. each Book. i 



London, LONGMANS & CO. 



flsneral Litta of Sohool-Boob 



TheXotut Languagt, 



■ding-dDok.orMTiiciniiiin T^tiuTiEi. I; 

ilBfOiM Bdo^m thSPKUIeVtaol'l 

rr_^. ..=u-i.=_w japloConitnMUon.ii.M. JI. SjuUi. 

ZOT to Ois Butotua In AiiudNa PrfMurin. PuU 1. a n. irice i 
KeoDBdj'a SkA'Ui' Frinsrla. Ill, tins IMia OompoTuid BEDteuoe. m 

— OuiTloiaoBi BUli Lallai, ISmo. «•. M. Ksi, 7i. SJ. 

— PftlsstTB lAtino. or SHOid IaUd Randlsi-Bcwk, Itmo, 

■(KuiT'i Okut'i Oommenuilea. Bunk I. ISrno, li. Bwlu n. « III. „ 
Lawl>iindaiiott'iJ^tdnDiotion»W,»lo. ........ m,,„_ 

- Vlrril'«*neifl, Bookal. rt, III.4T.1B010 eaclil! 

SUlimondJBmiB'a Anfipnrtns, lemo. „ ....,„. 

"""-Bloii'iaelB(!tjoiiB(orI*tliiPraM. om™ Bvo. _ Si.M. 

~ ■ ' ~ fch™ LJry, wlUi Snglinb SoMi. erown fro. 



EIUiler't^ErodDoUaD U> Omapgillihmof LaUc VerM. Itmo.. 
iiUddla'e ToDDE Soholar's l^-Wat. k Bail.-Idl>- I>iotiloDBi7. nj 
a—.— ..1, JTb« lilin-Sniiliith Dlotloiun. »t, 

BlddIeuiaAnuiia'BBn^ldvlALlDliBilai>n.Rn>. „ 

8b«PMrd una Tnrnet's XldB to Claii6i™i Smdj, ISao. 



Vlrifi'B Works, editv.l 
WalfoM'B PfOtfKF^,.l 

WhllflBiidRldcUc'i' I'' 
Whlto'BOoUeml.rir.ii. 



n't FnireialTe IMin Deilscw*, Itmo „.. ti. 

KMirl*MBpK»Kw4n*<o<"niSTo.b.M. E^ II 



„ u iJonlor OIUBH. Ud 

I'l Odea tad fooAu nt Hoiua, SAool XdlnoD, t 
Batliw Bad HpiEtliw ol Uinase, Ballim KdlOo 

UbiuvBdiiiuii □! OiB Worinu Hoiua, Kn, 



it» Bdmuii u Oie Worinot Hoiua, sn 

Ib t^a^Uif" '"'■''■*'' ^'"^ ^nt"™* 

London, LORGHASS & CO. 



Oeneral Lilts of Soliool-Booki 



The French Languai/e. 

AlbUes' Ho« to Bpe&k French, fcp-frro^ ,■.-,«.,<„ E 

- _ Ins»ntan«)u»iFrenchEsErcii,6a.fep.ti.Kii,*i. 

Ca.ut » RuchDT'a Urinated Fnncbi^iineiM<m'B(KAlPlii^^^ 
OonUnsean'B PraciicBl FreHDh Bnd EngliBh DicClonui, pHtSro. „ 1 

— pr)ijk«t Frencb and EngUib tHoUaiuiT, iqiiueliiBn^ I 

— Preqii*rB« LectnrM, limo _ ^ _ 1 

— FitBl Step Id Premjii, IKmo. _ _.„...„.._ K. «d. K 

French Gnunmsr. Itmo. u. K 

OaDtannenu'e Uiddlg^liiu Franob Oomu, fsc, Sro. 



_ , .. French DfJ.; . ._. _ 

ih ConysTMHon-Book, M, First iVyrrb Rtader. jd. 

Frspoh EierciBB-Book. gd. Sscoad Frenoli Keader, M. 

id French Eiprclae-Book. Sd. f^eaoh ud KnxluA Dislojnwa. nr. 

I'l Gnida to Freiicl:Tniulatlon,UnuL W,«dL Est Si. ft 

ProuCBiui aC PolM* Tmudi, lloo, Gi. 

Pt4d«dBl>IilttdratiinFBiinlw,1taab _.,. 1b.A 

Abijid di I'Btatoln de Anaoi^ llBO. _..—..— Si. «• 



ByntBi of the Tnnch Gnomuir. Is 
or n™ch Wrlteri'feiirS 



_ Apercn de U LtttdTStnie FtuicbIm. lop. Bm. ._. 

-• EiBrcleea In French OompoBltJDD, lop. Sro. ...... 

— French Synonymei, top. 810. ........j^. _, 

— SynopMa ol French Oiuunw, fn>. Sn. ..... 



The stenpimr-BtoM to Fmuih FmnduslBMaii. IBmo. 
Hon<wtrp?» Phl1oBaphewiule>Tcdta,1v8tJiTeiind. 
StieiBnard'B LecttlToa rnncalsM fromUodtni Anti 



Snlea and Eiercfeeg on tht FloMb 



I LmVii>ci.I*i 
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THE PUBLIO SOHOOLS ATLASESOF^ANCIEIIT ARO MODERN BEOdHAPHY. 

Just published, in Imperial Qoarto, or in Imperial Octavo, price 7s. 6d. doth, 

THE PUBLIC SCHOOLS ATLAS OF 
ANCIENT GEOGRAPHY. ' 

IN T'VOSNTT-EiaHT SNTIKBIiT NWS7 OOIiOTTBUD MAPS. 

t Edited by the Bev. GEOBGE BT7TLEB, M.A. Principal of liverpool Oollege. 



The World as known to the Ancients. 

JSgyptxa. 

Greek and Phcenician Oolonies. 

Greek Settlements in Asia Minor. 

Asia Minor. 

6. Begnnm Alexandri Magni. 

7. Kingdoms of the Saccessors of Alex- 
ander. 

Palestine in the time of Our Lord. 
Africa Septentrionalls. 
Greece and Western Asia Minor at the 
time of the Peloponnesian War 
(Double Map). 
. Peloponnesna. 
12. Gnecia ExtA PA>ponne8mn. 
18. Greece, period of the Achaean and 

iBtolian League. 
4. Plan of Athens. 



1. 
2. 
8. 
4. 
5. 



8. 
9. 
0. 



11. 



16. niyricnm. 

16. Greek Settlements in Italy sod Sidly. 

17. Plans of Syracuse. 

18. Italia at the b^;inning of the First 

Punic War. 

1 9. Italia at the time of Augustas. 

20. The Boman Empire at its greatest 

extent. 

21. Plan of Bome. 

22. Vicinia Bomania. 

28. Gallia in the time of CsBsar. 

24. Gallia in the time of Augustus. 

25. Hispania. 

26. Britannia. 

27 & 28. Germania, Yindelicia, Noiioum, 
Bhaetia, and Panncmia (Two Half- 
Maps). 



Uniform with the above, a New Edition, in Imperial 4to. or in Imperial 8va 

price 6s. cloth, 

THE PUBLIC SCHOOLS ATLAS OF 
MODERN GEOGRAPHY. 

IN THIBT7-ONE ENTIBEIiT JSTEW OOIiOUBED MAPS. 

Exhibiting clearly the more important Physical Features of the Countries delineated, and 
noting all the Chief Places of Historical, Commercial, or Social Interest, with Diagrams 

of the World on various Projections. 

Edited by the Bev. GBOBGB BUTLEB, M.A. Principal of Liverpool College. 



1. The World in Hemispheres. 

2. Europe. 

8. Asia. [of Abyssinia. 

' 4. Africa, with additional enlarged Map 

5. North America, with additional and 

enlarged Maps of Britidi Columbia, 
Vancouver Island, San Juan Island, 
Haro Strait, and of Mexico. 

6. South America, with additional and 

enlarged Maps of La Plata, and' of 
Pern, Bolivia, and Chili. 

7. England and Wales, with enlarged Map 

of Strait of Dover. 

8. Scotland, with additional enlarged Map 

of the Firth of Forth, &o. 

9. Ireland. [in provinces 

10. France, with additional Map of France 

11. The German Empire. 

12. Holland and Belgium. 

13. Sweden, Norway, and Denmark, with 

separate Map of Iceland. 

14. Bussia. 

Id. Switzerland. 

16. Spain and Portugal. 

17. Italy, with additional enlarged Maps 



of the neighbourhood of Naples, and 
of the Battlefields of Solfeiino, kc. 

18. Austrian Empire. 

19. Turkey in Europe and Greece. 

20. Turkey in Asia. 21. India. 

22. Egypt and part of Arabia, with a Map 

of the Istbmus of Suez before the 
construction of the Canal, and an 
additional enlarged Map of the 
Peninsula of Sinad. 

23. Palestine, with Plan of Jemsalf m. 

24. Cape of Good Hope Colony and Natal, 

with additional enlarged Maps of 
the neighbourhood of Cape Town, 
and of Graham's Town. 

25. The Malay Archipelago. 

26. The United States (a double Map). 

27. Canada, with additional enlarged Map 

of the neighbourhood of Ottawa. 

28. West Indies and Central America. 

29. Australia. 

80. South-eastern Provinces of Australia. 

31. New Zealand, with additional enlarged 
Maps of the Alps of the Province of 
Canterbury, and of Cook St 
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London, LONGMANS & CO. 




